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THE FIRST SIX BOOKS tl 
TOGE THER WITH THE 

„ ELEVENTH and TWELFTH. 


The Errors, by which Tmxzon, or others, have long ago 
vitiated theſe Books, are correfted, 


428 


And ae of Euclip's Demonſtrations are reſtored. 


4 LS oO | - 
Tux BOOK or 


EUCLID'S DATA, 


In like maner corrected. 
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K t : N G 
THIS EDITION 


1 


-PRINCIDAL BOOKS 


ELEMENTS or EUCLID, 


AND OF THE 
B OO R K DATA, 
IS MOST, HUMBLY. DEDICATED, 


+ 


HIS MMAJESTY's 


MOST DUTIFUL, AND 


MOST DEVOTED 


SUBJECT AND SERVANT, 


ROBERT SIM'S ON. 


— 


ae. 


HE Opinions of the Moderns concerning the Author of 

the Elements of Geometry, which go under Euclid's 

name, are very different and contrary to one another. Peter 
Ramus aſcribes the Propoſitions, as well as their Demonſtra- 
tions, to 'Theon ; others think the Propoſitions to be Euclid's, 
but that the Demoattrations are Theon's; and others main- 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own. John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this laſt, and the greater 
part of Geometers have ever ſince been of this Opinion, as 
they thought it the moſt probable. Sir Henry Savile, after 
the ſeveral Arguments he brings to prove it, makes this Con- 
cluſion (Page 13. Praelect.) „ That, excepting a very few 
Interpolations, Explications, and Additions, Theon altered 
„nothing in Euclid.” But, by often conſidering and com- 
paring together, the Definitions and Demonſtrations as they 
are in the Greek Editions we now have, I found that Theon, 
or whoever was the Editor of the preſent Greek Text, by 
adding ſome things, ſuppre1 others, and mixing his own 
with Euclid's Demonſtrations, had changed more things to the 
worſe than is commonly ſuppoſed, and thoſe not of ſmall mo- 
ment, eſpecially in the Fifth and Eleventh Books of the Ele- 
ments, which this Editor has greatly vitiated; for inſtance, 
by ſubſtituting a ſhorter, but inſufficient Demonſtration of 
the 18th Prop. of the 5th Book, in place of the legitimate one 
which Euclid had given; and by taking out of this Book, 
beſides other things, the good Definition which - Eudoxus or 
Euclid had given of Compound Ratio, and given an abſurd 
one in place of it in the 5th Definition of the 6th Bock, 
which neither Euclid, Archimedes, Appolonius, nor any 
Geometer before Theon' s time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in. any of 
their Writings z and, as this Definition did much embaraſs 
Beginners, and is quite uſeleſs, it is now thrown out of the 
Elements, and another, which, without doubt, Euclid had 


given, .is put in its * proper place among the Definitions of the | 


5th 


vi F 


5th Book, by which the Doctrine of Compound Ratios i is reu- 


dered plain and caſy. Beſides, among the Definitions of the 
11th Book, there is this, which is the 1oth, viz © Equal and 
« ſimilar ſolid Figures are thoſe which are contained by fimilar 
% Planes of the ſame Number and Magnitude.” Now, this 
Propoſition is a Theorem, not a Definition; becauſe the equa- 
tity of Figures of any kind muſt be demonſtrated, and not affu- 
med; and, therefore, though this were a true Propoſition, it 
ought to have been demonſtrated. But, indeed, this Propo- 
ſition, which makes the 1oth Definition of the 11th Book, 1s 
not true univerſally, except in the caſe in which each of the 
ſolid angles of the Figures is contained by no more than three 
plane Angles ; for, in other Caſes, two ſolid Figures may be 
contained by fimilar Planes of the fame Number and Magni- 
tude, and yet be unequal to one another; as fhall be made evi- 
dent in the Notes ſubjoined to theſe Elements. In like manner, 


in the Demonſtration of the 26th Prop. of the 11th Book, it is 
taken for granted, that thoſe ſolid Angles are equal to one 


another which are contained by plain Angles of the fame Num- 
ber and Magnitude, placed in the fame Order ; but neither is 
this univerſally true, except in the caſe in which the ſolid 
Angles are contained by no more than three plam Angles; 
nor of this Cafe is there any Demonſtration in the Elements we 
now have, though it be quite neceſſary there ſhould be one. 
Now, upon the 1oth Definition of this Book depend the 25th 
and 28th Propoſitions of it; and, upon the 25th and 26th 
depend other eight, viz. the 27th, 31ſt, 32d, 33d, 34th, 36th, 
37th, and goth of the ſame Book; and the 12th of the 12th 


Book depends upon the eighth of the fame, and this 8th, and: 


the Corollary of Propoſitions 17, and Prop. 18th of the 12th 
Book, depend upon the gth Definition of the 11th Book, 
which is not a right Definition; becauſe there may be Solids 
contained by the fame number of fimilar plane Figures, which 
are not ſimilar to one another, in the true Senſe of Similarity 
received by all Geometers ; and all theſe Propofitions have, 
for theſe Reaſons, been inſufficiently demonſtrated fince Theon's 
time hitherto. Beſides, there are ſeveral other things, which 
have nothing of Euclid's accuracy, and which plainly ſhew, 
that his Elements have been much corrupted by unſkilful 
Geometers ; and, though theſe are not fo groſs as the others 


ted. 
Upon theſe Accounts it 8 neceſſary, and I hope will 


pore acceptable to all Lovers of accurate Reaſoning, 557 of 
a- 


now mentioned, they ought by * means to remain uncorrec- 
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Mathematical Learning, to remove ſuch Blemiſhes, and reſtore 
the principal Books of the Elements to their original Accuracy, 
as far as I was able; eſpecially ſince theſe Elements are the 
Foundation of a Science by which the Inveſtigation and Diſco- 
very of uſeful Truths, at leaſt in Mathematical Learning, is pro- 
moted as far as the limited Powers 'of the Mind allow ; and 
which likewiſe is of the greateſt Uſe in the Arts both of Peace 
and War, to many of which Geometry is abſolutely neceſſary. 
This I have endeavoured to do, by taking away the inaccurate 
and falſe Reaſonings which unſkilful Editors have put into the 
place of ſome of the genuine Demonſtrations of Euclid, who 
has ever been juſtly calebrated as the moſt accurate of Geo- 
meters, and by reſtoring to him thoſe Things which 'Theon or 
others have ſuppreſſed, and which have theſe many ages been 
buried in Oblivion. 

In this Seventh Edition, Ptolemy's Propofition concerning a 
Property of quadrilateral Figures in a Circle is added at the 
End of the fixth Book. Alſo the Note on the 29th Prop. 
Book 1ſt, is altered, and made more explicit, and a more gene- 
ral Demonſtration is given, inſtead of that which was in the _. 
Note on the 10th Definition of Book 11th ; befides, the Tranſ- 
lation is much amended by the friendly Aſſiſtance of a learned 
Gentleman. | 

To. which are alſo added, the Elements of Plane and Spherical 
Trigonometry, which are commonly taught after the Elements 


of Euclid, 


—ů— —— 


—  — —— 
Ms es ey ——p—˖＋é—r 


— 


— > — — 
. — 


— — — 


4 - K — * . P / ] 
* n . : 
* 
z * 
* Kas p t — 
IT a 1 | | 
| | * i 20 2 . ” P 


e oY 


= — * » a 4 us * 


D EFINI IT LON 8. 


1 
Point! is that which hath no parts, or which bath no mag- ges Note 
nitude. 1 | 


A line is length without breadth. 
ö 5 III. 
The extremities of a line are points. 
IV. 
A ſtraight line is that which lies evenly between its extreme 


points. 
V. 


A ſuperficies is that which hath only length and breadth. 
VI. 
The extremities of a ſuperficies are lines. 
VII. | 
A plane ſuperficies is that in which any two points being taken, see N. 
the ſtraight line between them lies wholly 1 in that ſuperficies. 
VIII. 
* A plane angle is the inclination of two lines to one another gee N. 
« in a plane, which meet together, but are not in the ſame i 
te direction.? n pre | > 
+: 12 3 gt. A Xx ty 
A plane reQtilineal Ld is the welination — two  Graight E 
to one another, which er bogether, but are not in the 
ſame ſtraight line. pa 
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N. B. When ſeveral angles are at one point B, any one of 
them is expreſſed by three letters, of which the letter that is 
cat the vertex of the angle, that is, at the point in which the 
c ſtraight lines that contain the angle meet one another, is put 
© between the other two letters, and one of theſe two is ſome- 
< where upon one of thoſe ſtraight lines, and the other upon 
© the other line: Thus the angle whigh is contained by the 
© ſtraight lines AB, CB, is named the angle ABC, or CBA; that 
© which is contained by AB, DB is named the angle ABD, or 
< DBA; and that which is contained by DB, CB is called the 
© angle DBC, or CBD ; but, if there be only one angle at a 
< point, it may be expreſſed by a letter placed at that point; as 
£ the Angle at E. * — i N 


X. Aa N 
When a ſtraight line ſtanding on ano- | net Aﬀe 
ther ſtraight-line makes the adjacent A at vi a, of 
'angles equal to one another, each of | | | 
the angles is called a right angle; 1343 38 « A 
and the ſtraight line which ſtands on 11 ce 
the other is called a perpendicular PHU 
to it. * I a Rec 
| c 
An obtuſe angle is that which is greater than a right angle. | 
| CY h Tri! 
Qu: 
n a 5 ; — | =” 5. 442 444 Mu 
acute angle is that which is leſs than a right angle. 
. 8 N Es of 
& A term or boundary is the extremity of any thing.” t 


A figure is that which is incloſed by one or more houndarigd. ‚ = 


* . 
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XV. ad 


- 


" 


Book. F. 


A circle is a plane 3 contained by one line, which is called 


the circumference, and is ſuch that all ſtraight lines drawn 
from a certain point within the figure to the circumference, 
are equal to one another: 


And this point is called the centre of the circle. 
WS © 4) | 


A diameter of a circle is a ſtraight line drawn through the 6 cen- | 


tre, and terminated both ways by the circumference. 
XVIII. 
A ſemicircle is the figure contained by a diameter and the part 
of the circumference cut off 9. — the diameter. 
XI 
tc A ſegment of a circle is the figure contained by a A 
cc line, and the circumference 1 it cuts off.” 


XX. 
Rectilineal figures are thoſe which are contained by graigh 
lines. | 
XXI. 


Trilateral figures, or triangles, by three Rraight lines, 
XXII. EY 
Quadrilateral, by four ſtraight lines. 


XXIII. 
Multilateral . or polygons, by more chan four Araight 
lines. 
XXIV. 


Of three ſided figures, an equilateral OE, is that which hag 
three equal ſides. | 


XXV. 
An iolcele SR is that * has wat two. 0 XVI 
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A ſcalene triangle, is that which h fas three unequal ſides. 
- AXVIL 

A right angled triangle, is that which has a right angle. 
XVVIII. 

An obtuſe angled triangle, is that which has an obtuſe angle. 


£4 8 23 


That 
An acute angled triangle, 1 is that which has three acute ads. in 
Of four fided figures, a 5 is chat which has all its ſides ay 
equal, and all its angles right angles. b 
: 
| ; | H . 
| FANS; LEES I 
An oblong, is that which has all its angles right angles, but has Ife 
not all its ſides equal. 
XXXII. | If e 
A rombus, is that which has all its ſides equal, but its angles are 
not right angles. Ife 
2 | | If 
Th 
X Th 
XXIII. | | 
A rhomboid, is that which has its oppoſite ſides equal to one M 


another, but all its fades are not equal, nor its angles right 


angles. 


- 
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XXXIV. | Book-1. 
All other four fided figures beſides theſe, are called Trapeziums. ah 
XXV. | 


Parallel ſtraight lines, are ſuch as are in the ſame plane, wa 
which, being n ever ſo far both ways, do not meet. 


i em. 


COPE URLS. 


I, 
ET it be granted that a ſtraight line may be drawn from 
any one — to any other point. 1 
II. 
That a terminated ſtraight line may be produced to any length 
in a ſtraight line. 
_ 


And that a circle may be deſcribed from any centre, at any 
diſtance from that centre. 


"A X IO M 8. 


4. 
HINGS which are equal to the ſame are equal to one an- 
other. Py 


as If equals be added to equals, tow wholes are equal. 


If equals be taken from equals, the remainders are equal. 
IV. 
If equals be added to unequals, the wholes are e unequal. 
V. 


re 


If equals be taken from * the remainders are unequal. 
VI. 
Things which are double of the ſame, are equal to one another. 
VII. 


Things which are halves of the ſame, are equal to one another. 
| VIII. 
le Magnitudes which cgincide with one another, that is, which 
ut exactly fill the ſame ſpace, are equal t to one another. 0 
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ä sn. be 2 i . 


Two ſtraight lines cannot incloſe a ſpace. I 
MI 4. 8 Let 
An right angles are ood to _ another. | n equ 
| II. 
c If a ſtraight line meets two ſtraight lines, ſo as to make the 4 
cc two interior angles on the ſame fide of it taken together 2CD 
e leſs than two right angles, theſe ſtraight lines being con- de < 
tc tinually produced, ſhall at length meet upon that ſide on le ; 
c which are the angles which are leſs than two right angles. "oe 
r See the notes on Prop. 29. of Book I. I Lakes 


A, C 
hall b 
Bec: 
qual 
ircle 

equ: 
B; | 
anothe 
re eq 
quilat 
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Let 
requir 
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PROPOSITION I. PROBLEM. Book 
O deſcribe an equilateral N upon a given fi- HER 


nite ſtraight line, 


Let AB be the given ſtraight line; it is required to deſeribe 
n equilateral triangle upon it. 


From the centre A, at the di- 
ance AB, deſcribe the circle 
BCD, and from the centre B, at 
he diſtance BA, deſcribe the 
ircle ACE; and from the point 
, in which the circles cut one 
another, draw the ſtraight lines d 
A, CB to the points A, B; ABC 
hall be an equilateral triangle. 

Becauſe the point A is the centre of the circle BCD, 401 is 
qual © to AB; and becauſe the point B is the centre of the <- 15- Des 
ircle ACE, BC is equal to BA: But it has been proved that CA finition. 
equal to 'AB; therefore CA, CB are each of them equal to 
B; but things which are equal to the ſame are equal to one 
N mother 4; therefore CA is equal to CB; wherefore CA, AB, BC! it Au 
re equal to one another; and the triangle ABC is therefore 5 
quilateral, and it is deſcribed upon the given ftraight line AB. 
hich was as required to be OO ; 


PROP. I. R OB. 


ROM a given point to draw a 1 line e fc to 
a given ſtraight line. 


Let A be the given point, and BC the given ſtraight line; it is 
required to draw from the point A a ſtraight line equal to BC. 


From the point A to B draw 
the ſtraight line AB; and upon it 
deſcribe d the equilateral. triangle 
AB, and produce the ſtraight 
ines DA, DB, to E and F; from 
he centre B, at the diſtanct BC, 
leſcribe 4 the circle CGH,” and | 

from the centre D, at the diſtance - 
DG, deſcribe the circle GL. AL 
hall be equal to BC. 


» the 
ether 
con- 
e on 
gles. 


? O- 


A. 1. Poſt. 


\ 4 VLA 
c. 2. Poſh 


ry » 
** 
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1 


equal 
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Becauſe the point B is the centre of the circle CGH, BC 


© to BG; and becauſe D is the centre of the circle GK 


©, x5. Def. DL is equal to DG, and DA, DB, parts of them, are equz 
t. 3. Ax. therefore the remainder AL is equal to the remainder f B0 


. 


1 


But it 


and BC are each of them equal to BG; and things that 


equal 


ſtraight line AL is equal to BC. Wherefore from the giv 
point A a ſtraight line AL has been drawn equal to the giv 
ſtraight line BC. Which was to be done. | | 


has been ſhewn, that BC is equal to BG ; wherefore / 


to the ſame are aqual to one another; therefore 


PROP. III. PRO B. 


ROM the greater of two given ſtraight lines to c 


off a part equal to the leſs. 


Let AB and C be the two given 


ſtraight lines, whereof AB is the 
greater. 
trom AB, the greater, a part equal 
to C, the leſs. 
+.x, From the 
ſtraight line AD equal to C; and 
from the centre A, and at the diſ- 
b* 3. Poſt. tance AD, deſcribe d the circle 
DEF; 


: D 
It is required to cut off 


point A draw * the 12 


and becauſe A is the centre ; 


of the circle DEF, AE ſhall be equal to AD; but the ſtraig 
line C is likewiſe equal to AD; whence AE and C are eat 
of them equal to AD; wherefore the ſtraight line AE is equ 
c. 1. Ax, to © C, and from AB, the greater of two ſtraight lines, a pa 


AE has been cut off equal to 


done. 


they 


O the leſs. Which was to | 
| 


P RO P. V. THEOREM. 


F two triangles have two ſides of the one equal to tu 

ſides of the other, each to each; and have likewi 
the angles contained by thoſe ſides equal to one anothe 
ſhall likewiſe have their baſes, or third fides, equil 
and the two triangles ſhall be equal; and their othy 
angles ſhall be equal, each to each, viz. thoſe to whuc 


the equal ſides are oppoſite. 


Let ABC, DEF be two triangles which have the two fid 
AR, AC equal to the two ſides DE, DF, each to each, vi 


AB t 
and t 
the a 
ſhall 
EF; 
to th 
the © 
the e. 
ſhall 
viz. t 
angle 
ACB 
Fo! 
A ma 
B ſha 
and / 
cauſe 
alſo t. 
{traig 
the p 
EF, | 
the b. 
lines 
the b: 
it. 
whole 
of the 
and b 
and t 
two fi 
each, 
qual t 
trianp 
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be de 
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AB to DE, and AC to DF; D 
and the angle BAC equal to A .O 
the angle EDF, the baſe BC | 

ſhall be equal to the baſe 
EF; and the triangle ABC 
to the triangle DEF; and 
the other angles, to. which 
the equal ſides are oppoſite, | 
ſhall be equal each to each, — 
viz. the angle ABC to the 
angle DEF, and the angle 
ACB to DFE. 


For, if the triangle ABC be applied to DEF, ſo that the point 
A may be on D, and the ſtraight line AB upon DE; the point 
B ſhall coincide with the point E, becauſe AB is equal to DE; 
and AB coinciding with DE, AC ſhall coincide with DF, be- 
cauſe the angle BAC is equal to the angle EDF; wherefore - 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal to DF: But the point B coincides with 
the point E; wherefore the baſe BC ſhall coincide with the baſe 
EF, becauſe the point B coinciding with E, and @with F, if 
the baſe BC does not coincide with the baſe EF, two ſtraight 
lines would incloſe a ſpace, which is impoflible *+ Therefore « 10. Ax. 
the baſe BC ſhall coincide with the baſe EF, and be equal to 
it. Wherefore the whole triangle ABC ſhall coincide with the 
whole triangle DEF, and be equal to it; and the other angles 
of the one ſhall coincide with the remaining angles of the other, 
and be equal to them, viz. the angle ABC to the angle DEF, 
and the angle ACB to DFE. Therefore, if two triangles have 
two ſides of the one equal to two ſides of the other, each to 
each, and have likewiſe the angles contained by thoſe ſides e- 
qual to one another, their baſes ſhall likewiſe be equal, and the 
triangles be equal, and their other angles to which the equal 


ſides are oppoſite ſhall be equal, each to each. Which was to 
be demonſtrated. 


CE 


PROP. v. THE OR. 


HE angles at the baſe of an Iſoſceles triangle are 
equal ro one another; and, if the equal fides be 
produced, the angles upon the other fide of the baſe 

mall be equal. | | 
Let ABC be an Iſoſceles triangle, of which the fide AB is e- 
SS qual 


* 
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8 | 
Book I. qual to AC, and let the ſtraight lines AB, AC be produced t L 

| D and E, the angle ABC ſhall be equal to the angle ACB, an ang 
the angle CBD to the angle BCE. | F 

| In BD take any point F, and from AE the greater, cut off the 
23. J. AG equal to AF, the leſs, and join FC, GG. . qual 


Becauſe AF is equal to AG, and AB to AC, the two ſides fore. 
FA, AC are equal to the two GA, AB, each to each; and DB 


they contain the angle FAG com- 
| mon to the two triangles AFC, A 3 
| AGB; therefore the baſe FC is e- * | angl 
bl. duale to the baſe GB, and the tri- ther. 
| angle AFC to the triangle AGB; AB, 
| and the remaining angles of the one the 
| are equal b to the remaining angles er; 
| of the other, each to each, to which B C not 
| the equal ſides are oppolite 3 viz. <3 it. 
the angle ACF to the angle ABG, F. Tc Ct 
and the angle AFC to the angle 1% 
AGB: And becauſe the whole AF. / 
15 equal to the 'whole AG, of which D F 
the parts AB, AC, are equal; the 
io: his. remairder BF ſhall be equal © to the remainder CG; and FC 


was proved to be equal to GB; therefore the two ſides BF, FC 
are equal to the two CG, GB, each to each; and the angle 
BFC is equal to the angle CGB&nd the baſe BC is common to 
the two triangles BFC, CG herefore the triangles are equalb, 
and their remaining angles, each to each, to which the equal 
ſides are oppoſite; therefore the angle FBC is equal to the angle 
GCB, and. the angle BCF to the angle CBG : And, ſince it has 
been demonſtrated, that the whole angle ABG is equal to the 
whole ACF, the parts of which, the angles CBG, BCF are alſo 
equal; the remaining angle ABC is therefore equal to the re- 
maining angle ACB, which are the angles at the baſe of the 
triangle ABC : And it has alſo been proved that the angle FBC 
is equal to the angle GCB, which are the angles upon the o- 
ther fide of the baſe. Therefore the angles at the baſe, &. 
Q. E. D. ' 
CoroLLary. Hence every equilateral triangle is alſo equi- 
angular. 7 | | | . 


PROP. VI. T HE OR. 


F two angles of a triangle be equal to one another, 
the ſides alſo which ſubtend, or are oppo/ete to, the 


than i 
equal angles, ſhall be equal to one another, 
6-2 = N Let 


% 1 "Il PM, 
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3 Let ABC be a triangle having the angle ABC equal to the Book I. 
1 angle ACB; the fide AB is alſo equal to the fide AC. A 
| For, if AB be not equal to AC, one of them is greater than 
off the other: Let AB be the greater, and from it cut * off DB e- 2 3. 1. 
| qual to AC, the leſs, and join DC; there- | 
es fore, becauſe in the triangles DBC, ACB, 
nd DB is equal to AC, and BC common to 
both, the two {ſides DB, BC are equal to 
the two AC, CB, each to each; and the 
angle DBC is equal to the angle ACB; 
therefore the baſe DC is equal to the baſe 
AB, and the triangle DBC is equal to 
the triangle ® ACP, the lels to the great- 
er; which is abſurd. Therefore AB is 
not unequal to AC, that is, it is equal to 
it. Wherefore, if two angles, &c. Q. E. 
3 Cor. Hence every equiangular triang! 


alſo equilateral. 


P RO P. VII. THE 


E | 
FC PON the ſame baſe, and on the ſame fide of it, see x. 
FC there cannot be two triangles that have their ſides 


igle MW which are terminated in one extremity of the baſe equal 
to one another, and likewiſe thoſe which are terminated 
in the other extremity. : 


If it be poffible, let there be two triangles ACB, ADB, up- 
on the ſame baſe AB, and upon the ſame fide of it, which have 
their ſides CA, DA, terminated in the extremity A of the baſe 
equal to one another, and likewiſe 'Þ 7 
their ſides CB, DB, that are termi- 
nated in B. | 

Join CD; then, in the caſe in 
which the vertex of each of the tri- 
angles is without the other triangle, 
Decauſe AC is equal to AD, the 
angle ACD is equal“ to the angle 
ADC: But the angle ACD is greater MN 
than the angle BCD; therefore the A - 1 51 
angle ADC is greater alſo than BCD; 7 
much more then is the angle BDC greater than the angle BCD. 
Again, becauſe CB is equal to DB, the angle BDC is equal * to 
the angle BCD; but it has been demonſtrated to be greater 
than it; which is impoſſible. - - | "a e 

8 2 „ 


a 5. Is 


20 


Book I. | 
Ach; produce AC, AD to E, F; there- 


44. 1. 


triangle ACD, the angles ECD, FDC 
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But if one of the vertices, as D, be within the other triangle 


fore, becauſe AC is equal to AD in the E F 


upon the other ſide of the baſe CD are 
equal * to one another, but the angle 
ECD is greater than the angle BCD; 
wherefore the angle FDC is likewiſe 
greater than BCD ; much more then is 
the angle BDC greater than the angle 8 
BCD. Again, becauſe CB is equal to A 
DB, the angle BDC is equal * to the 
angle BCD; but BDC has been proved to be greater than the 
ſame BCD; which is impoſſible. The caſe in which the ver- 
tex of one triangle is upon a ſide of the other, needs no de- 
monſtration. 


Therefore upon the ſame baſe, and on the ſame ſide of it, 


there cannot be two triangles that have their ſides which are 


terminated in one extremity of the baſe equal to one another, 
and likewiſe thoſe which are terminated in the other extremity. 


Q. E. D. 


PROP. vin. T HE OR. 


F two triangles have two ſides of the one equal to two 
ſides of the other, each to each, and have likewiſe 
their baſes equal; the angle which is contained by the 
two ſides of the one ſhall be equal to the angle contain- 
ed by the two ſides equal to them, of the other. 


Let ABC, DEF be two triangles having the two ſides AB, 
a equal to the two ſides DE, DF, each to each, viz. AB to 
„ and AC to 7 
DF; and alſo the A DG 
baſe BC equal to 
the baſe EF. The 
angle BAC is e- 
qual to the angle 
EDF. 

For, if the tri- Cl 
angle ABC be ap- B 3 F 
plied to DEF, ſo 
that the point B be on E, and the ſtraight line BC upon EF; 
he point C ſhall alſo coincide with the point F. Becauſe 


BC 


gle 
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BC is equal to EF therefore BC coinciding with EF, BA and Book I. 
AC ſhall coincide with ED and DF ; for, 1 the baſe BC coin- LYN 
cides with the baſe EF, but the des BA, CA do not coincide 

with the ſides ED, FD, but have a different ſituation, as EG, 

FG; then, upon the ſame baſe EF, and upon the ſame fide of 

it, there can be two triangles that have their ſides which are 
terminated in one extremity of the baſe equal to one another, 

and likewiſe their fides terminated in the other extremity : But | 
this is impoſſible * ; therefore, if the baſe BC coincides with the a 7. 1. 
baſe EF, the ſides BA, AC cannot but coincide, with the ſides 

ED, DF; wherefore likewiſe the angle BAC coincides with the 

angle EDF, and is equal d to it, Therefore if two triangles, b 8. Ax! 


Q. E. D. 
PROP. IX. PROB. 


13 biſect a given reQtilineal angle, that is, to divide 


it into two equal angles. 


Let BAC be the given rectilineal angle, it is required to bi- 
ſect it. ** 


Take any point D in AB, and from AC cut * off AE equal toa 3. © 
AD; join DE, and upon it deſcribe » dr 2. 
an equilateral triangle DEF; then A | 
join AF; the ſtraight line AF biſects 
the angle BAC. 

Becauſe AD is equal to AE, and 
AF is common to the two triangles D 
DAF, EAF; the two ſides DA, AF, 
are equal to the two ſides EA, AF, 
each to each; and the baſe DF is e- B 
qual to the baſe EF; therefore the F 0 ce. 1. 
angle DAF is equal to the angle 4 
EAF; wherefore the given rectilineal angle BAC is bilected by : 
the ſtraight line AF. Which was to be done. 


PROP. X. PR OB. 


O biſect given finite ſtraight Iine, that is, to di- 
it into two equal parts. 


Let AB be the given ſtraight line; : it is required to divide i 
into two equal parts 
Deſcribe * upon it an equilateral triangle ABC, and biſe&'" 9» 
o the angle ACB by the ſtraight line CD - AB js cu; into two d 9. f. 
equal parts in the point D. 
B 3 Becauſe 


42 
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e 4. I. 


See N. 


a 3. 1. 
b rx. I, 


Fc; the ſtraight line FC drawn 
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Becauſe AC is equal to CB, and CD i 1 
common to the two triangles ACD, * 

BCD; the two ſides AC, CD are equal 
to BC, CD, each to elt and the 
angle ACD is equal to the angle BCD; 

therefore the baſe AD is equal to the 
bate@DB, and the ſtraight line AB is 
divided into two equal parts in the point 


bY? Which was | to be done. A + ag B 


PRO FP. N.. PRO B.. 


O draw a ſtraight line at right angles to a given 
ſtaight line, from a given point in the ſame. 


Let AB be a given ſtraight line, and C a point given in it; 
it is required to draw a ſtraight line from the point C at right 
angles to AB. 

Take any point D in AC, and * make CE equal to CD, and 
upon DE deſcribe > the equi- F 
lateral triangle DFE, ahd join | 


from the given point C is at 
right angles to the given 
ſtraight line AB: 

Becanſe DC is equal to CE, | 
and FC common to the two 2 
triangles DCF, ECF; the two A: B CO E 5 
ſides DC, CF, are equal to the two EC, CF, each to each; and 


the baſe DF is equal to the baſe EF; therefore the angle DCF 


e 8. 1. 


d. 10. Def. is called a right 


draw BE at nt angles to AB; and becauſe ABC is a ſtraight 


is equal © to the angle ECF; and they are adjacent angles. 
But, when the adjacent angles which one ſtraight line makes 
with another firaighy line art equal to one another, each of them 
angle; therefore each of the angles DCF, 
ECF, is a right angle. Wherefore, from the given point C, in 
the given ſtraight line AB, FC has been drawu at right angles 
to AB. Which was to be . | 
Cor. By help of this problem, it may be demonſtrated, that 
two ſtraight lines cannot have a common ſegment. _ 
Ik it be poſſible, let the two ſtraight lines ABC, ABD have 
the ſegment AB common to both of them. From the point B 


line, 
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Book 1. 
yYNI 


a 10. Det. 


line, the angle CBE is equal * to E 
the angle EBA; in the ſame 
manner, becauſe ABD is a ; | 
{ſtraight line, the angle DBE is . 
equal to the angle EBA; w -bere- i 
fore the angle DBE is equal to 
the angle CBE, the leſs o the - 
greater; Which is impo le; 
therefore two ſtraight hges can 
not have a common 2 | 


| C 
PROP. xu PROB. 


'k O draw a Nrifght line perpendicular to a given 
{traight lige of an unlimited length, from a given 
point without NY 


Let AB be the given net lige, which may, be produced to 
any length both ways, and Tet C be a point without N It is 
required to drad at 5 2 ht line 
perpendicular to 15 i. the 
point C. 

Take any point D upon the 
other ſide of AB, and from 
the centre C, at the diſtance 
CD, deſcribe d the circle EGF __ 
meeting ABinF, G; and bi- A Þ 
ſecte FG in H, and join CF, 

CH, CG; the ftraight line CH, drawn from the given point C, © 10. f. 
is perpendicular'to the given ſtraight line AB. 

Becauſe FH hs equal to HG, and HC common to the two 
triangles FHC, \GHC, the two ſides FH, HC are equal to the 
two GH, HC, each to each; and the baſe CF is equal 4 to the , 1 Det. 
baſe CG; therefore the angle CH IE gual eto the angle CHG; 
and they are adjacent angles; biſt Mn a ſtraight line ſtanding 8.1 
on a ſtraight line, makes the adjaccht ogles equal to one ano- 
ther, each of them is a right angle, and the ſtraight line which 
ſtands upon the other is called a perpendfevlar to it; therefore 
from the given point C a perpendicular CH has been drawn to 
the given ftraight line AB, Which was to be gone. 


PROP. XIII. 1 HE OR. 


r ; HE angles which one —_ line makes with an- 

other upon the one ſide of it, are either two right 

angles, or are tne equal to two right angles. 2 
| 4 . 


* 2 b 3. Polt. 
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| book l. Let the ſtraight line AB make with CD, upon one fide of 


i, the angles CBA, ABD; theſe are either two right angles, 
or are together equal to two right angles. 
For, if the angle CBA be equal ro ABD, each of them is a 


| 7 E A 


D B C 
a def. 10. Tight * angle; but, if not, from the point B draw BE at right 
b 11. 1. angles d to CD; therefore the angles CBE, EBD are two right 
angles *; and becauſe CBE is equal to the two angles CBA, ABE 
together, add the angle EBD to each of theſe equals ; there- 
© 2. Ax, fore the angles CBE, EBD are equal © to the three angles CBA, 
ABE, EBD. Again, becauſe the angle DBA is equal to the 
two angles DBE, EBA, add to theſe equals the angle ABC; 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC; but the angles CBE, EBD have been de- 
monſtrated to be equal to the ſame three angles; and things 
that are equal to the ſame are equal d to one another; therefore 
the angles CBE, EBD are equal to the angles DBA, ABC; but 
CBE, EBD are two right angles; therefore DBA, ABC are 


d t. Ax. 


Vä — — — — 7 — — _ 
— 8 — — E— OCR 


— 


-” 5 — 
A — 


line, &c Q. E. D. 


P R O P. XIV. THE OR. 


F, at a point in a ſtraight line, two other ſtraight lines, 
1 upon the oppoſite ſides of it, make the adjacent angles 
together equal to two right angles, theſe two ſtraight 
lines ſhall be in one and the ſame ſtraight line. 


At the point B in the ſtraight A. 
line AB, let the two ſtraight lines 
BC, BD upon the oppoſite ſides 
of AB, make the adjacent angles 
ABC, ABD equal together to 
two right angles. BD is in the 
{ame ſtraight line with CB. | 

For, if BD be not in the ſame 8 _ 
ſtraight Tine with CB, let BE be 


— #4 


— — 
—— —ů——— * 
—— 


together equal to two right angles. Wherefore, when a ſtraight | 


in the 
line . 
of it, 
angles 
to tw 
to the 
the r. 
ABD 
is not 
it ma 
ſtraig 
ſtraig 


OF EUCLID. 2g 


in the ſame ſtraight line with it; therefore, becauſe the ſtraight Book I. 
line AB makes angles with the ſtraight line CBE, upon one fide Wwwad 
of it, the angles ABC, ABE are together equal“ to two right 13. 1. 
angles; but the angles ABC, ABD are likewiſe together equal 

to two right angles; therefore the angles CBA, ABE are equal 

to the angles CBA, ABD: Take away the common angle ABC, 

the remaining angle ABE is equal b to the remaining angle b 3. Ax. 
ABD, the leſs to the greater, which is impoſſible; therefore BE 

is not in the ſame ſtraight line with BC. And, in like manner, 

it may be demonſtrated, that no other can be in the ſame 
ſtraight line with it but BD, which therefore is in the ſame 
ſtraight line with CB. Wherefore, if at a point, &c. Q. E. D. 


PROP. XV. THEOR. 


F two ſtraight lines cut one another, the vertical, or 
oppoſite, angles ſhall be equal. 


Let the two ſtraight lines AB, CD cut one another in the 


point E; the angle AEC ſhall be equal to the angle DEB, and 
CEB to AED. 


Becauſe the ſtraight line AE 
makes with CD the angles CEA, 


AED, theſe angles are together C $5" 
equal to two right angles. Ms 


Again, becauſe the ſtraight line 5—— — 
DE makes with AB the angles A. E B 
AED, DEB, theſe alſo are to- 


gether equal to two right angle; D 

and CEA, AED have been de- ' | 

monſtrated to be equal to two right angles; wherefore the angles 

CEA, AED are. equal to the angles AED, DEB. Take away 

the common angle AED, and the remaining angle CEA is e- 

qual d to the remaining angle DEB. In the ſame manner it b z. Ax, 
can be demonſtrated that the angles CEB, AED are equal. 
Therefore, if two ſtraight lines, &c. Q. E. D. 

Co. 1. From this it is manifeſt, that, if two ſtraight lines 
cut one another, the angles they make at the point where they 
cut, are together equal to four right angles. 4 

Cor. 2. And conſequently that all the angles made by any 
number of lines meeting in one point, are together equal to four 
right angles · | A | 

PROP. 


— 


Book I. 


b 15. 2» 


4. Is 


115. 1. 


8 16. 1. 


fore the baſe AB is equal © 06 
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PROP. XVI. THE OR. 


heſe ac 
greater 
ether 
BCA a 
emonſ 
wo rig 


F one fide of a triangle be produced, the exteriot 
angle is greater than either of the interior oppoſite 


Let ABC be a triangle, and let its fide BC be produced to D, 
the exterior angle ACD is greater than either of the interior 
oppolite angles CBA, BAC: | 

Biſect AC in E, join BE 
and produce it to F, and 
make EF equal to BE ; join 
2 FC, and produce AC to 


Becauſe AE is equal to 
EC, and BE to EF; AE, 
EB are equal to CE, EF, 
each to each; and the angle 1 ; 5 
AEB is equal Þ to the —— B — 
CEF, becauſe they are op- 
poſite vertical angles; there- 


to the baſe CF, and the tri- 

angle AEB to the triangle CEF, and the remaining angles to 
the remaining angles, each to each, to which the equal fifes 
are oppoſite; wherefore the angle BAE is equal to the angle 
ECF; but the angle ECD is greater than the angle ECF; 
therefore the angle ACD is greater than BAE: In the fame 
manner, if the ſide BC be biſected, it may be demonſtrated that 
the angle BCG, that is 4, the angle ACD, is greater than the 
angle ABC. Therefore, if one ſide, &c. Q E. D. 


PROP. XVII. THE OR. 


Let 

NY two angles of a triangle are together leſs than ¶ man 

two right angles. fide 4 

Fo: 

Let ABC be any triangle; any muſt 
two of its angles together are leſs t] 
leſs than two right angles. cauſe 
Produce BC to D; and be- a be ec 
cauſe ACD is the exterior angle but | 
of the triangle ABC, ACD is — 4 » not 
greater * than the interior and . N leſs; 


oppoſite angle ABC; to each of 
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heſe add the angle ACB; therefore the angles ACD, ACB are Book J. 
rater than the angles ABC, ACB; but ACD, ACB are to- 
vether equal b to two right angles; therefore the angles ABC, b 13. x. 
BCA are leſs than two right angles. In like manner, it may be 
emonſtrated, that BAC, ACB, as alſo CAB, ABC, are leſs than 

wo right angles. Therefore any two angles, &c. Q. E. D. 


riot 
oſite 


o D, 
erior 


PROP, XVIII. T HE OR. 


HE greater ſide of every triangle is oppoſite to the 
T greater angle. 


Let ABC be a triangle, of 
which the ſide AC is greater A 
than the fide AB; the angle 
ABC is alſo greater than the 
angle BCA. - 
Becauſe AC is greater than D 
AB, make AD equal to AB, 
and join BD; and becauſe ADB 1 
is the exterior angle of the tri- C 
angle BDC, it is greater ® than Saks. 
es to che interior and oppoſite angle DCB; but ADB is equal © to, 5. 2. 
ge; BD) becauſe the fide AB is equal to the fide AD; therefore 
_ 5 the angle ABD is likewiſe greater than the angle ACB ; where, 
CT. bre much more is the angle ABC greater than ACB. Theres 
ame ! bere the greater fide, &c. QE. D. | 


that 
| the 


&S! 


* 2 3. Fs 


PROP. XIX. THE OR. 


HE greater angle of every triangle is ſubtended by 
the greater fide, or has the greater fide oppoſite to it. 


Let ABC be a triangle, of which the angle ABC is greater 
Bn the angle BCA ; the ſide AC is likewiſe greater than the 
e AB | N 

For, if it be not greater, AC 
muſt either be equal to AB, or 
leſs than it; it is not equal, be- 
cauſe then the angle ABC would 
be equal“ to the angle ACB; 
but it is not; therefore AC is 
not equal to AB; neither is it 
leſs; becauſe then the angle 


than 


a 5. 1 


Ky ' ABC 
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Book I, ABC would be leſs d than the angle ACB ; but it is not; there. 
fore the fide AC is not leſs than AB; and it is has been ſhewn 
b 18. 1. that it is not equal to AB; therefore AC is greater than AB, 

Wherefore the greater angle, &c. Q. E. D. d 


angle / 
herefo 


are gre 


pain, by 


ED of 
PROP. XX THEOR. greater 
See N. NY two ſides of a triangle are together greater = 
than the third ſide. CD, 1 
Let ABC be a triangle; any two ſides of it together are fhewn 
greater than the third fide, viz the ſides BA, AC greater than Her tha 
the fide BC; and AB, BC greater than AC; and BC, Ca When a 
greater than AB. Aga 
Produce BA to the point D, he int 
a3-% and make AD equal to AC; riang| 
and join DC. PC 
Becauſe DA is equal to AC, nd it 
the angle ADC is likewiſe equal the an 
b Sr. 1. d to ACD; but the angle BCD the an 
is greater than the angle ACD ; — — 
therefore the angle BCD is great- B | C 
er than the angle ADC; and be- 
cauſe the angle BCD of the triangle DCB is greater than its T 
EE angle BDC, and that the greater © fide is oppoſite to the greater 
9 angle; therefore the fide DB is greater than the fide BC; but! the 
8163 greate e ide : 
DB is equal fo BA and AC; therefore the ſides BA, AC are Let 
greater than BC. In the ſame manner it may be demonſtrated, two w 
that the ſides AB, BC are greater than CA, and BC, CA great-Wthan ( 
er than AB. Therefore any two fides, &c. Q. E. D. requir 
A, B, 
PROP. XXI. THEOR. Tak 
* limited 
See N. F, from the ends of the ſide of a triangle, there be wake 
drawn two ſtraight lines to a point within the tri- P 
angle, theſe ſhall be leſs than the other two ſides of the P we! 
triangle, but ſhall contain a greater angle. | ſcribe 
Let the two ſtraight lines BD, CD be drawn from B, C, the and tr 
ends of the fide BC of the triangle ABC, to the point D within che di 
it; BD and DC are leſs than the other two fides BA, A' ano 
of the triangle, but contain an angle BDC greater than the and j. 
angle BAC. | triang 
Produce BD to E; and becauſe two ſides of a triangle art * 
ec 


greater than the third ſide, the two ſides BA, AE of the tri 
| | angle 


* 
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angle ABE are greater than BE. To each of theſe add EC; Book I. 
herefore the ſides BA, AC Wa 
re greater than BE, EC : A- 
un becauſe the two ſides CE, 
ED of the triangle CED are 
greater than CD, add DB to 
dach of theſe ; therefore the 
Gdes CE, EB are greater than 
CD, DB ; but it has been | 
ſhewn that BA, AC are great- 93 C 

er than BE, EC; much more 

hen are BA, AC greater than BD, DC. 

Again, becauſe the exterior angle of a triangle is greater than 
he interior and oppoſite angle, the exterior angle BDC of the 
riangle CDE is greater than CED; for the ſame reaſon, the 
exterior angle CEB of the triangle ABE is greater than BAC; 
nd it has been demonſtrated that the angle BDC is greater than 
the angle CEB; much more than is the angle BDC greater than 
the angle BAC. Therefore, if from the ends of, &c. Q. E. D. 


PROP. XA. PROD. _ 
O make a 3 e of which the ſides ſhall be equal 


an its 

(UPS to three given ſtraight lines, but any two whatever 

„ bu of theſe muſt be greater than the third“. a, 20. I, 
C- are 


Let A, B, C be the three given ſtraight lines, of which any 
two whatever are greater than the third, viz. A and B greater 
than C; A and C greater than B; and B and C than A. It is 
required to make a triangle of which the ſides {hall be equal to 
A, B, C, each to each, 

Take a ſtraight line DE terminated at the point D, but un- 
limited towards E, and FRY 


Te be make DF equal to A, | a 3. I» 
e tri. FC to B, and GH equal 
ff the to C; and from the centre 
F, at the diſtance FD, de- 
ſeribe d the circle DKL : D d. 3. Foſt. 


C, the and from the centre G, at 
within the diſtance GH, deſcribe | 
\, ACE? another circle HLK; _ 
an the and join KF, KG; he 


triangle KFG has its fides C | 
equal to the three {ſtraight lines, A, B, C. 


Becauſe the point F is the centre of the circle DEL, FD is 
equal 


Ve are 
he tri- 
angle 
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Book. I. equal © to FK; but FD is equal to the ſtraight line A; there. 
WV fore FK is equal to A: Again, becauſe G is the centre of the 
© 15* Def. circle LKH, GH is equal © to GK; but GH is equal to C; 

therefore alſo GK is equal to C; and FG is equal to B; there. 
fore the three ſtraight lines KF, FG, GK, are equal to the three 
A, B, C: And therefore the triangle KFG has its three ſides 
KF, FG, GK equal to the three given ſtraight lines A, B, C. 
Which was to be done. 


PROP. XXII. PRO B. 


T a given point in a given ſtraight line, to make a 
rectilineal angle equal to a given rectilineal angle, 


Let AB be the given ſtraight line, and A the given point in 
it, and DCE the given rectilineal angle; it is required to make 
fides of which ſhall be 


an angle at the given 

point A in the given 

ſtraight line AB, that C A 

ſhall be equal to the 

given reCtilineal angle 

equal to the three B 

ſtraight lines CD, DE, CE, fo that CD be equal to AF, CE to 
AG, and DE to FG; and becauſe DC, CE are equal to FA, 
AG, each to each, and the baſe DE to the baſe FG; the angle 
DCE is equal Þ to the angle FAG. Therefore, at the given 


DCE. 
point A in the given ſtraight line AB, the angle FAG 1s made 


Take in CD, CE 

any points D, E, and 

equal to the given rectilineal angle DCE. Which was to be 
Cone. | | 


join DE; and make 
the triangle AFG the 


A 42. 1. 


5 8. 1. 


PROP. XXIV. THE OR. 


F two triangles have two ſides of the one equal to 
two. ſides & the other, each to each, but the angle 
contained by the two ſides of onè of the greater than 
the angle contained by the two fidesEqual to them, of 
the other; the baſe of that which has the greater angle 
{hall be greater than the baſe of the other. 5 


4* - 
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Let ABC, DEF be two triangles which have the two ſides Book I. 
B, AC equal to the two DE, DF, each to each, viz. AB equal WW 


o C; DE, and AC to DF; but the angle BAC greater than the 
here. Wangle EDF; the baſe BC is alſo greater. than the baſe EF. 

three WM Of the two ſides DE, DF, let DE be the fide which is not 
ſides MWpreater than the other, and at the point D, in the ſtraight line 


DE, make * the angle EDG equal to the angle BAC; and , 23 . 
ake DG equal d to AC or DF, and join EG, GF. 

Becauſe AB is equal to DE, and AC to DG, the two ſides 
BA, AG 1 equal x the two ED, DG, each to each, and the 
nole is equa 

gs angle EDG A D 

herefore the baſe BC 
s equal © to the baſe 
EG; and becauſe DG 
s equal to DF, the 
ingle PFG is equal 9 
o the angle DGF; 
ut the angle DGF is | — 
greater than the angle B C 
LGF; therefore the | 

angle DFG is greater than EGF ; and much more is the angle 

FEG greater than the angle EGF ; and becauſe the angle EFG 

f the triangle EFG is greater than its angle EGF, and that 

the greater © fide is oppoſite to the greater angle; the ſide EG e 19. f. 


b 3. 1. 


C4. Is 


: 5 therefore greater than the ſide EF; but EG is equal to BC; 
and therefore alſo BC is greater than EF. Therefore, if two 
Fangles, &c. * D. 
CE to 
angle 
given i F two e have two ſides of the one equal to 
* two ſides of the other, each to each, but the baſe of 
N he one greater than the baſe of the other; the angle 
alſo contained by the ſides of that which has the great- 
er baſe, ſhall be greater than the angle contained by the 
| ſides equal to them, of the other. 
Al to 
Nl Let ABC, DEF be two trian * which the two ſides 
than AB, AC equal to the two ſides BE, DF, ca each, iz. AB 
qual to DE, and A ade DF; but the baſe CR i greater than 
, he baſe EF ; the ang © BAC 3 Is likewiſe Jour —_ the _ 
$M $I IE «4 70 71 


EDF. 
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Book I. For, if it be not greater, it muſt either be equal to it, or leſs; $des ( 
A ͤ but the angle BAC is not equal to the angle EDF, becauſe then the ar 


the baſe BC would GC i: 
a 4. 1. be equal to EF; but A | D angle 
it is not; therefore each, 
the angle BAC is not GCB 
equal to the angle ſis, e. 
EDF; neither is it | | equal 
leſs; becauſe then the poſſit 
, baſe BC would be leſs to it; 
24 f. Þ than the baſe EF ; . equal 
but it is not; there- B C E F equal 
fore the angle BAC the b 
is not leſs than the angle EDF ; and it was ſhewn that it is not 
equal to it; therefore the angle BAC is greater than the angle Ne 
EDF. Wherefore, if two triangles, &c. Q. E. D. | _ 
PROP. XXVI N E OR. 1 
1 two triangles have two angles of one equal to two wy 
angles of the other, each to each; and one ſide e. des 
qual to one ſide, viz. either the ſides adjacent to the e. AC: 
qual angles, or the ſides oppoſite to equal angles in t2 E 
each ; then ſhall the other fides be equal, each to each; thirc 
and alſo the third angle of the one to the third angle o 1 
the other. equa 
Let ABC, DEF be two triangles which have the angles ABC the 1 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and ther 
BCA to EFD; alſo one ſide equal to one fide; and firſt let ABI 
thoſe ſides be equal which are adjacent to the angles that are «MW cach 
qual in the two tri- the 
angles, viz. BC to A to tl 
EF; the other ſides ( the 
ſhall be equal, each AH 
to each, viz. AB to imp 
DE, and AC to DF; equ: 
and the third angle BU 
BAC to the third 25 
angle EDF. F, 
For, if AB be not B GC EE FI tor: 


equal to DE, one of them muſt be the greater. Let AB be the 
greater of the two, and make BG equal to DE, and join GC; 
therefore, becauſe BG is equal to DE, and BC to EF, the Gan 

& 
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gdes GB, BC are equal to the two DE, EF, each to each; and Book I. 
the angle GBC is equal to the angle DEF; therefore the baſe WY ae 
GC is equal to the baſe DF, and the triangle GBC to the tri- 4 4. 2. 


r leſs; 
e then 


angle DEF, and the other angles to the other angles, each to 
4 to which che equal ſides are oppoſite; therefore the angle 
GCB is equal to the angle DFE ; but DFE is, by the hypothe- 
ſis, equal to the angle BCA ; wherefore alſo the angle BCG is 
equal to the angle BCA, the leſs to the greater, which is im- 
poſſible ; therefore AB is not unequal to DE, that is, it is equal 
to it z and BC is equal to EF; therefore the two AB, BC are 
equal to the two DE, EF, each to each; and the angle ABU is 


F equal to the angle DEF; the baſe therefore AC is equal? to 
the baſe DF, and the third angle BAC to the third angle EDF. 
1 Next, let the ſides 
ange which are oppoſite to A D 
equal angles in each 
triangle be equal to 
ane another, viz. AB 
to DE; | likewiſe in 
0 two this caſe, the other 
« e-. des ſhall be equal, 
ne e. AC to DF, and BC xF 2 2 K 
es in to EFF; and alſo the B H C . F 
ach; third angle BAC to the third EDF. 
le of For, if BC be not equal td EF, let BC be the greater of them, 
and make BH equal to EF, and join AH; and becauſe BH is 
| equal to EF, and AB to DE; the two AB, BH are equal to 
ABC the two DE, EF, each to each; and they contain equal angles; 
„and therefore the baſe AH is equal to the baſe DF, and the triangle 
r{t let ABH to the triangle DEF, and the other angles ſhall be equal, 
are e cach to each, to which the equal ſides are oppoſite ; therefore 


the angle BHA is equal to the angle EFD; but EFD is equal 
to the angle BCA; therefore alſo the angle BHA is equal to 
the angle BCA, that is, the exterior angle BHA of the triangle 
AHC is equal to its interior and oppoſite angle BCA; which is 


impoffible o; wherefore BC is not unequal o EF, that is, it is x6, 1. 


equal to it; and AB is equal to DE ; therefore the two AB, 
BC are equal to the two DE, EF, each to each; and they con- 
tain equal angles; wherefore the baſe AC is equal to the baſe 
DF, and the third angle BAC to the third "_ EDF. There- 


| F tore, if two triangles, &c. O. E. D. 
2e the 
e two | | 


Book I. 


a 16. I. 


» 35. Def. 


THE ELEMENTS 


PROP. XXVII. THE OR. 


F a ſtraight line falling upon two other ſtraight lines 
makes the alternate angles equal to one another, theſe 
two ſtraight lines ſhall be parallel. 


Let the ſtraight line EF, which falls upon the two ſtraight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another; ; AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced ſhall 
meet either towards B, D, or towards A, C; let them be pro- 


duced and meet towards B, D in the point G1 ; therefore GEF 

it, which is impoſſible; there- 

may be demonſtrated that C 8 D 

rallel d to one another. AB therefore is parallel to CD. 
makes the exterior angle equal*o the interior and 


is a triangle, and its exterior angle AEF is greater * than the in- 
terior and oppoſite angle 
EFG; but it is alſo equal to / 
fore AB and CD being pro- E — B 
duced do not meet towards + 7; | . 
B, D. In like manner it 2 G 
they do not meet towards A, 
C; but thoſe ſtraight lines 
which meet neither way, though produced ever ſo far, are pa- 
Wherefore, if a ſtraight line, &c. Q. E. D. 

PROP. AXVILL THE OR 
FE a ſtraight line falling upon, two other ſtraight lines 


oppoſite upon the fame ſide of the line; or makes the 
interior angles upon the ſame ſide together equal to two 
right angles ; the two ſtraight lines ſhall be Parallel to 
one another. 


Let the ſtraight line EF, which F 
falls upon the two ſtraight lines 
AB, CD, make the exterior angle 
EGB equal to the interior and 
oppoſite angle GHD upon the 
ſame ſide; or make the interior 
angles on the ſame fide BGH, -___ — 
GHD together equal to two right H 
angles; AB is 1 to of 

Becauſe the angle EGB is e- * 
qual to the angle GHD, and the 
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OF EUCHID. | _— 
angle EGB equal * to the angle AGH, the angle AGH is __ Book I. 


to the angle GHD; and they are the alternate angles; therefore Wa 


AB is parallel» to CD. Again, becauſe the angles BGH, GHD 3: 15: 2. 
are equal © to two right angles; and that AGH, BGH, are alſo . By Hyp. 
equal 4 to two right angles; the angles AGH, BGH are equal r3. :. 


do the angles BGH, GHD : Take away the common angle 


BGH ; therefore the remaining angle AGH is equal to the re- 
maining angle GHD; and they are alternate angles; therefore 
AB is parallel to CD. Wherefore, if a ſtraight line, &c. 


Q. E. P. 
PROP. XXIX. T H E OR. 


1 a ſtraight line fall upon two parallel ſtraight lines, it See the 
makes the alternate angles equal to one another; and this prope« 
the exterior angle equal to the interior and oppoſire upon ſi ion. 

tlie ſame ſide ; and likewiſe the two interior angles upon 


the ſame ſide together equal to two right angles. 


Let the ſtraight line EF fall upon the parallel ſtraight lines 
AB, CD; the alternate angles AGH, GD are equal to one 
another z and the exterior angle EGB is equal to the interior 


= 


and oppoſite, upon the ſame fide, 

GiiD; and the two interior angles 

BGH, GHD upon the ſame 1ide Js 

are together equal to two right 3 E199 ©. =" 

nate l \. , A. 1 E 
For, if AGH be not equal to 2 : 

GHD, one of them muſt be greater — — - 

than the other; let AGH be theC H D 

greater; and becauſe the angle AG F 

is greater than the angle GHD, add 

to each of them the angle BGH; therefore the angles AGI, 

BGH are greater than the angles BGH, GHD; but the angles 

46H, BGH are equal * to two right angles; therefore the a 3. 1. 

angles BGH, GHD are leſs than two right angles; but thoſe 

ſtraight lines which, with another ſtraight line falling upon them, 

nake the interior angles on the ſame fide leſs than two right | 

ngles, do meet * together if continually produced; therefore 13. ax. 

he ſtraight lines AB, CD, if produced far enough, ſhall meet; See the 

"ut they never meet, ſince they are parallel by the hypothefis ; — 

therefore the angle AGH is not unequal to the angle GH, that ſtion. 


s, it is equal to it; but the angle AGH is equal Þ to the angle b xs. 2. 
GB ; therefore likewiſe EGB is equal to GHD; add to each | 
| | of 


CY 
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21 
of theſe the angle BGH; 


ELEMENTS 
therefore the angles EGB, BGH are 


WYVMV equal to the angles BGH, GHD; but EGB, BGH are equal © 


e 13. 1. 


a 29. 1. 


b 27. I. 


1s required to draw a {ſtraight line E 


a 23. I, 


b a7. 1. 


to two right angles; therefore alſo BGH, GHD are equal to 
two right angles. Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. XXX. THE OR. 


r lines which are parallel to the ſame ſtraight 
line are parallel to one another. 


Let AB, CD be each of them parallel to EF; AB is alſo pa- 
rallel to CD. 


—F 
—D 


Let the ſtraight line GHE cut AB, EF, CD; and becauſe 
GHE cuts the parallel ſtraight | 

lines AB, EF, the angle AGH 1s 

equal * to the angle GHF. A- 8 

gain, becauſe the ſtraight line A — B 
GK cuts the parallel ſtra\ aht lines * 

EF, CD, the angle GHF is equal ya H/_ 

to the angle GKD; and it was K/ 

ſhewn that the angle AK is e- C R 

qual to the angle GHF ; : there- 

fore allo AGK is equal to GKD; 

and they are alternate angles 3 

therefore AB is parallel b to CD. Wherefore ſtraight lines, &c. 
Q. E. D. 


PROF. .. 00 
O draw a ſtraight line through a given point pa- 


rallel to a given ſtraight line. 


A be the given point, and BC the given ſtraight line; it 


A 3 
In BC take any point D, and join 
AD; and at the point A, in the * 
ſtraight line AD make * the angle R N 
DAE equal to the angle ADO; and B D C 
produce the firaight line EA to F. 
Becauſe the ſtraight line A5, which meets the two ſtraight 
lines BC, EF, makes the alternate angles EAD, ADC equal to 
one another, EF is parallel ꝰ to BC. Therefore the mi 


through the point A, parallel to the 


ſtraight line BC. 


ſtraig 


equal 
theſe 
are e. 
ACD 
angle 
tore, 


Cc 


parallel to CE and AC meets E 


many triangles as the figure has 
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EAF is drawn throughthe given point A parallel to the given Bock I. 
ſtraight line BG. Which was to be done. | 


PROP: Di. TFH EON. 


F a fide of any triangle be produced, the exterior 

angle is equal to the two interior and oppoſite angles; 

and the three interior angles of every triangle are equal 
to two right angles. 


bu | ; 

Let ABC be a triangle, and let one of its ſides BC be produ- 
ced to D; the exterior angle AC is equal to the two interior 
and oppoſite angles CAB, ABC; and the three interior angles 
of the triangle, viz. ABC, BCA, CAB, are together equal to two 
right angles. 

Through the point C draw - 
CE parallel * to the ſtraight 
line AB; and becauſe AB is A 


them, the alternate angles 
BAC, ACE are equal bv. A- 
gain, becauſe AB is parallel 
to CE, and BD falls upon — 
them, the exterior angle ECD B C 2 

is equal to the interior and | 
oppolite angle ABC ; but the angie ACE was ſhown to be equal 

to the angle BAC; therefore the whole exterior angle ACD is 

equal to the two interior and oppolite angles CAB, ABC; to 

theſe equals add the! angle ACB, and the angles ACD, ACB 

are equal to the three angles CBA, BAC, ACB; but the angles 
ACD, ACB are equal ro two right angles therefore alſo the c 13. z, 
angles CBA, BAC, ACB are equal to two right angles. Where» 

tore, if a fide of a triangle, &c. Q. E. D. 

Con. 1. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has ſides. 

For any rectilineal figure 
ABCDE can be divided into as 


des, by drawing ſtraight lines 


from a point F within the figure A 3 
to each of its angles. And, by | ; 
C 3 the 


15. 1 


d 4. 1. 


Book l. the preceeding propoſition, all the angjgs 
WY equal to twice as many right angles as there are triangles, that 


a 2. Cor; 


b 13. Ts N 


a 29. 1. 


THE ELEMENTS 
of theſe triangles are 


is, as there are ſides of the figure; and the ſame angles are equal 
to the angles of the figure, together with the angles at the point 
F, which is the common vertex of the triangles : that is“, to- 
gether with four right angles. Therefore all the angles of the 
figure, together with four right angles, are equal to twice as 
many right angles as the figure has ſides. 

Con. 2. All the exterior angles of any rectilineal figure, are 
together equal to four right angles. | 

Becauſe every interior angle 
ABC, with its adjacent exterior 
ABD, is equal » to two right 
angles; therefore all the interior, 
together with all the exterior 
angles of the figure, are equal to | 
twice as many right angles as 
there are ſides of the figure; 4 
that is, by the foregoing corol- D B 
lary, they are equal to ail the“ 
interior angles of the figure, to- : 


gether with four right angles; therefore all the *exterior angles 
are equal to four right angles. fe woes. 


PROF. TED 


IHE ſtraight lines which join the extremities of two 
equal and parallel ſtraight lines, towards the ſame 
parts, are alſo themſelves equal and parallel. 


Let AB, CD be equal and pa- A B 
rallel ſtraight lines, and joined | 
towards the ſame parts by the 
ſtraight lines AC, BD; AC, BD 
are alſo equal and parallel. 

Join BC; and becauſe AB 1s "ary - 
parallel to CD, and BC meets 3 
them, the alternate angles ABC, BCD are equal * ; and becauſe 
AB is equal to CD, and BC common to the two triangles ABC, 
DCB, the two fides AB, BC are equal to the two DC, CB; 
and the angle ABC is. equal to the angle BCD; therefore the 
baſe AC is equal b to the baſe BD, and the triangle ABC to the 
triangle BCD, and the other angles to the other angles d, each 
to cach, to which the equal fides are oppoſite; therefore the 


angle 
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angle ACB is equal to the angle CBD ; and becauſe the ſtraight 


39 


Book J. 


line BC meets the two ſtraight lines AC, BD, and makes the WY 


alternate angles ACB, CBD equal to one another, AC is pa- 


. 
- 


rallel e to BD; and it was ſhewn to be equal to it. Therefore, c 27. 1. 


ſtraight lines, &c. Q. E. D. 


P BOP. V. THEO. 


HE oppoſite ſides and angles of parallelograms are 
equal to one another, and the diameter biſects 
them, that is, divides them in two equal parts. 


N. B. A parallelogram is a four ſided figure, of which 
the oppoſite fides are parallel; and the diameter is the 


Rtraight line joining two of its oppoſite angles. 


Let ACDB be a parallelogram, of which BC is a diameter; 
the oppoſite ſides and angles of the figure are equal to one ano- 
ther; and the diameter BC biſects it. , 

Becauſe AB is parallel to CD, A 
and BC meets them, the alter- 
nate angles ABC, BCD are equal 
to one another; and becauſe 
AC is parallel to BD, and BC 
meets them, the alternate angles 
ACB, CBD are equal to one 
another; wherefore the two triangles . ARC, CBD have two 
angles ABC, BCA in one, equal to two les BCD, CBD in 
the other, each to each, and one fide BC common to the two 
triangles, which is adjacent to their equal angles; therefore 
thele other ſides ſhall be equal, each to each, and the third 


a 29. fo 


angle of the one to the third angle of the other b, viz. they 26. x, 


ſide AB to the ſide CD, and AC to BD, and the angle BAC 


equal to the angle BDC: And becauſe the angle ABC is equal 


to the angle BCD, and the angle CBD to the angle ACB, the 
whole angle ABD is equal to the whole angle ACD: And the 
angle BAC has been ſhown to be equal to the angle BDC; 
therefore the oppoſite ſides and angles of parallelograms are e- 
qual to one another; alſo, their diameter biſects them; for AB 
being equal to CD, and BC common, the two AB, BC are e- 
qual to the two DC, CB, each to each ; and the angle ABC is 


C4 ' equal 
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Book I. equal to the angle BCD ; therefore the triangle ABC is equal 
do the triangle BCD, and the diameter BC divides the paral- 


C 4. 1. 


Sce N. 


See the 2d 
and 3d , ft- 
gures. 


à 34. 1. 


br. Ax, 


C 2+ or 3. 
Ax 


d 191. 
© 4 Is 


3. Ax. 


lelogram AC DB into two equal parts. Q. E. D. 


PROP. XXXV. THE OR. 


ARALLELOGRAMS upon the ſame baſe and between 
the ſame parallels, are equal to one another. 


Let the parallelograms ABCD, EBCF be upon the ſame baſe 
BC, and between the ſame parallels AF, BC; the parallelogram 
ABC ſhall be equal to the parallelogram EBCF. 

If the fides AD, DF of the paral- 
lelograms ABCD, DBCF oppoſite to 
the baſe BC be terminated in the ſame A — D — F 
point D; it is plain that each of the | 
parallelograms is double * of the tri- 
angle BDC; and they are therefore 
equal to one another. — 

But, if the ſides AD, EF, oppoſite B C 
to. the baſe BC of the parallelograms | 
ABCD, EBCF, be not terminated in the ſame point; then, be- 
cauſe ABC is a parallelogram, AD is equal to BC ; for the 
ſome reaſon EF is equal to BC; wherefore AD is equal ® to 
EF; and DE is common ; therefore the whole, or the remain- 
der, AE is equal © to the whole, or the remainder DF; AB al- 
ſo is equal to DC; and the two EA, AB are therefore equal to 


A _ PE FARE DEF 


B C 1 


the two FD, DC, each to each; and the exterior angle FDC-F 
equal d to the interior EAB; therefore the baſe EB is equal to 
the baſe FC, and the triangle EAB equal © to the triangle FDC; 
take the triangle FDC from the trapezium ABCF, and from the 
ſame trapezium take the triangle EAB; the remainders there- 
fore are equalf, that is, the parallelogram ABCD is equal 
to the parallelogram EBCF. Therefore, parallelograms upon 
the ſame baſe, &c. Q. E. D. 

| PROP, 
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1 
lines t. 
theref. 
paralle 
the {a1 
For th 
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ral. 
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3 al- 
il to 


Ci 
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DC; 
the 
1CTC» 
qual 
pon 


) P, 


| 


parallelograms upon e- 


qual baſes BC, FG, and | 


els AH, BG; the paral- | 
lelogram ABCD is equal 
to EFCH. 


becauſe BC is equal to 
FG, and FG to * EH, BC is equal to EH; and they are paral- 2 24. r. 
lels, and joined towards the ſame parts by the ſtraight lines BE, 
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ARALLELOGRAMS upon equal baſes, and between 
the ſame parallels, are equal to one another. 


D E 
* 


H 


between the ſame paral- 


r 


3 G 


Join BE, CH; and 


CH : But ſtraight lines which join equal and parallel ftraight 


lines towards the {ame parts, are themſelves equal and parallel b; b 33. r. 


therefore EB, CH are both equal and parallel, and EBCH is a 
parallelogram; and it is equal © to ABCD, becauſe it is upon c 35. 1. 
the fame baſe BC, and between the ſame parallels BG, AD: 

For the like reaſon, the parallelogram EFGH is equal to the 

ſame EBCH : Therefore alſo the parallelogram ABC is equal 

to EFGH. Wherefore parallelograms, &c. Q. E. PD. 


FEOF, een HEN. 


RIAN GCLES upon the ſame baſe, and between the 
ſame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the ſame baſe BC and 
between the fame parallels x . 
AD, BC: 'The- triangle ABC E 9 A D_ F 
is equal to the triangle DBG. | 

Produce AD both ways to 
the points E, F, and through 
B draw * BE parallel to CA; 
and thro* C draw CF paral- 


2 31. 2. 


lel to BD: Therefore each B C 
of the figures EBCA, DBCF 
is a parallellogram; and EBCA is equal» to DBCF, becauſe b 35. 2. 
they are upon the ſame baſe BC, and between the ſame parallels 
BC, EF; and the triangle ABC is the half of the parallelo- 
gram 
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C 34. 1. 
a 7. Ax. 


e 34. 1. 


d 7. Ax. 


231. 1. 


THE ELEMENTS 


Book. I. gram EBCA, becauſe the diameter AB biſects © it; and the tri. 
WYV angle DBC is the half of the parallelogram DBCF, becauſe the 


diameter DC biſects it: But the halves of equal things are e- 
qual 4; therefore the triangle ABC is equal to the triangle 
DBC. Wherefore triangles, &c. Q. E. D. 


P ROT. . 1.2 £2 


IRAN OLES upon equal baſes, and between the ſame 
parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal baſes BC, EF, 
and between the ſame parallels BF, AD: The triangle ABC is 
equal to the triangle DEF. | x 

Produce AD both ways to the points G, H, and through B 
draw BG parallel* to CA, and through F draw FH parallel to 
ED : Then each of | 
the figures GBCA, G A * D H 
DEFH is a paralle- 
iogram z3 and they 
are equal tod one 
another, becauſe they 7 
BC, EF, and be- 
tween the ſame pa- B C E F 
rallels BF, GH; and the triangle ABC is the half © of the pa- 
rallelogram GB CA, becauſe the diameter AB biſects it; and the 
triangle DEF is the half © of the parallelogram DEFH, becauſe 
the diameter DF biſccts it: But the halves of EQual things are 


qual d; therefore the triangle ABC is equal to the triangle 
DEF. Wherefore triangles, &c. Q. E. D. 


are upon equal baſes 


PROF.  AXRIE © DEED. 


QUAL triangles upon the ſame baſe, and upon the 
| fame ſide of it, are between the ſame parallels. 


Let the equal triangles ABC, DBC be upon the ſame baſe 
BC, and upon the ſame fide of it; they are between the ſame 
parallels. 

Join AD; AD is parallel to BC]; for, if it is not, through the 
point A draw * AE parallel to BC, and join EC: The rang 
| AE 
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ABC is equal d to the triangle EBC, becauſe it is upon the ſame Book I. 
baſe BC, and between the fame paral- A D 
lels BC, AE: But the triangle ABC is 2 
equal to the triangle BDC; therefore 
allo the triangle BDC is equal to the 
triangle EBC, the greater to the leſs, 
which is impoſſible: I herefore AE is 
not parallel to BU. In the ſame man- L40 
ner, it can be demonſtrated that no o- B | C 
ther line but AD is parallel to BC; AD is therefore parallel to 
it. Wherefore equal triangles upon, &c. Q. E. D. 


p 37. I, 


P RO?, 2. THEDE 


QUAL triangles upon equal baſes, in the ſame 
ſtraight line, and towards the ſame parts, are be- 
tween the {ame parallels, 


Let the equal triangles ABC, DEF be upon equal baſes BC, 
EF, in the ſame ſtraight 
line BF, and towards the A D 
ſame parts; they are be- 
:ween the ſame parallels. 

Join AD; AD is paral- 
eto BC: For, it it is not, 4 
through A draw“ Cp A a 31. 1. 
rallel to BF, and join GF: bs U 
The triangle ABC is equa] Þ C. E F b 38. 2. 
to the triangle GEF, becauſe they are upon equal baſes BC, EF, | 
and between thP ſame parallels BF, AG: But the triangle ABC 
is equal to the triangle DEF ; therefore alſo the triangle DEF 
is equal to the triangle GEF, the greater to the leſs, which is 
impoſſible : Therefore AG is not parallel to BF: And in the 
ſame manner it can be demonſtrated that there is no other pa- 
rallel to it but AD; AD is therefore parallel to BF, "Where« 
tore equal triangles, &c. Q. E. D. 


PROP. XII. THE OR. 


IF a parallelogram and triangle be upon the ſame baſe, 
and between the ſame parallels ; the parallelogram 
{hall be double of the triangle, 5 12 


' a JO, T, 


* r 41.1. 


44 THE ELEMENTS 


Book I. Let the parallelogram ABCD and the triangle EBC be upon 
I the ſame baſe BC, and between the ſame parallels BC, AE; the 

parpllelogram ABCD is double of the | 
triangle EBC. 

Join AC; then the triangle ABC A " DE 
is equal to the triangle EBC, becauſe 
they are upon the ſame baſe BC, and 
between the ſame parallels BC, AE. 
But the parallelogram ABCD is 
double d of the triangle ABC, becauſe 
the diameter AC divides it into two ; 
equal parts; wherefore ABCD is B rt 
alſo double of the triangle- EBG. 

Therefore, if a parallelogram, &c. Q. E. D. 


a 37. 1. 


b 34. 1. 


PROP. XLII. PR O ZB. 


O deſcribe a parallelogram that ſhall. be equal to a 


to a given rectilineal angle. 


Let ABC be the given triangle, and D the given rectilineal 
angle. It is required to deſcribe a parallelogram that ſhall be 
equal to the given triangle ABC, and have one of its angles 
equal to D 

Biſect BC in E, join AE, and at the point E in the ſtraight 
line EC make b the angle CEF equal to D; and through A draw 
© AG parallel to EC, and thro' 

C draw CG © parallel to EF : AF G 
Therefore FEC G 1s a parallelo- 
gram: And becauſe BE is equal 
to EC, the triangle ABE is like- 
wiſe equal 4 to the triangle AEC, 
ſince they are upon equal baſes 
BE, EC, and between the ſame 
parallels BC, AG; therefore the /__ 
triangle ABC is double of the B E C 

triangle AEC: And the paral- | 

lelogram FECG is likewiſe double © of the triangle AEC, be 
cauſe it is upon the ſame haſe, and between the ſame parallels" 
Therefore the parallelogram FECG is equal to the triangle 
ABC, and it has one of its angles CEF equal to the given 
angle D ; Wherefore there has been deſcribed a a” 


b 23. 1. 
C 31. 1, © 


d 38. 1. 


D 
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ECG. equal to a given triangle ABC, having one of its Book 1. 
ngles CEF equal to the given angle D. Which was to bee 


One. P 


PROP. XIII. THE O R. 


— 


HE complements of the parallelograms which are 
abour the diameter of any parallelogram, are equal 
o one another. 


Let ABCD be a parallelogram, of which the diameter is AC, 
and EH, FG the parallelo- | | 

grams about AC, 5 is, thro A . H hs 
awhich AC paſſes, and BK, 
KD the other parallelograms 
rhich make up the whole fi- 
gure ABCD, which are there- 
fore called the complements : 
Ihe complement BK is equal 
to the complement KD. — - 
Becauſe ABCD is a paral- B 6 C 


lelogram, and AC its diame- 


all beter, the triangle ABC is equal“ to the triangle ADC: And, a 34. 1. 
ngles becauſe EKH A is a parallelogram, the diameter of which is 

| AK, the triangle AEK is equal to the triangle AHK: By the 
5 {ame reaſon, the triangle KGC is equal to the triangle KFC : 

raw 


Ihen, becauſe the triangle AEK is equal to the triangle AHR, 
and the triangle KGC to KFC; the triangle AEK, together 
with the triangle KGC is equal to the triangle AHK together 
with the triangle KFC : But the whole triangle ABC is equal 
to the whole ADC; therefore the remaining complement BK 


1s equal to the remaining complement KD. Wherefore the 
complements, &c. Q. E. D 


PROP. XIIV. P R OB. 


O a given ſtraight line to apply a parallelogram, 
„ be which ſhall be equal to a given triangle, and have 
lels one of its angles equal to a given rectilineal angle. 
angle 
by. Let AB be the given ſtraight line, and C the given triangle, 
gram and D the given rectilineal angle. It is required to apply to 
Eee the ſtraight line AB a parallelogram equal to the triangle C, 
and having an angle equal to D. 


- 


Make 
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Wax parallelogram : 


a 42. 1. 


b 31. 1. 


e 29. Is 


d 12. Ax. 


e 43. 1. 


f 15. 1. 


4 42.1. 
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F 


Make * the 


BEFG equal 
to the triangle 
C, and having 
the angle EBG 
equal to the 
angle D, ſo that 
BE be in the | 
ſame ſtraight 


1 . L 
line with AB, 


and produce FG to H; and thro' A draw ® AH parallel to BG 
or EF, and join HB. Then, becauſe the ſtraight line HF falls 
upon the parallels AH, EF, the angles AHF, HFE, are toge- 
ther equal © to two right angles; wherefore the angles BHF, 
HFE are leſs than two right angles: But ſtraight lines which 
with another ſtraight line make the interior angles upon the 
ſame fide leſs than two right angles, do meet 4 if produced far 
enough: Therefore HB, FE ſhall meet, if produced; let them 
meet in K, and through K draw KL parallel to EA or FH, and 
produce HA, GB to the points L, M : 'Then HLEF is a paral- 
lelogram, of which the diameter is HK, and AG, ME are the 
parallelograms about HK; and LB, BF are the complements ; 
therefore LB is equal © to BF: But BF is equal to the triangle 
C; wherefore LB is equal to the triangle C: And becauſe the 
angle GBE is equal f to the angle ABM, and likewiſe to the 
angle D; the angle ABM is equal to the angle D: Therefore 
the parallelogram LB is applied to the ſtraight line AB, is equal 


to the triangle C, and has the angle ABM equal to the angle 
D: Which was to be done. 


G B M 


— 


PROP. XLV. PROB. 


O deſcribe a parallelogram equal to a given reQih- 


neal figure, and having an angle equal to a given 
rectilineal angle. 


Let ABCD be the given rectilineal figure, and E the given 
rectilineal angle. It is required to deſcribe a parallelogram e- 
qual to ABCD, and having an angle equal to E. 

Join DB, and deſcribe * the parallelogram FH equal to the 
triangle ADB, and having-the angle HKF equal to the angle E; 


and to the traight line GH apply ® the parallclogram GM equal 
to 


to the t 
Es and 
GHM, 
the ang 
the ang 
GHM; 
KHG 


angles; 
cauſe at 
H in tt 
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to the triangle DBC, haring the angle GH M equal to the angle Book J. 
E; and becauſe the angle E is equal to each of the angles TKH, 
GM, the angle FKH is equal to GH M; add ta each of theſe 
the angle KHG ; therefore the angles FKII, KHG are equal to 
the angles KHG, 
GHM,; but FKH A D F. . 
KHG are equal | 
©to two right 
angles; there- 
fore alſo KHG, 
GHM are equal 
to two right 
angles; and be- 
cauſe at the point B C K H M 
H in the ſtraight 
line GH, the two ſtraight lines KH, HM, upon the . oppoſite 
ſides of it make the adjacent angles equal to two right angles, 

KH is in the ſame ſtraight line 4 with HM; and becauſe the 4 14+ . 
ſtraight line HG meets the parallels EM, FG, the alternate 

angles MHG, HGF are equal ©: Add to each of theſe the 

angle HGL: Therefore the angles MHG, HGL are equal to 

the angles HGF, HGL : But the angles MHG, HCL are e- 

qual © to two right angles; wherefore alſo the angles HGF, 

255 are equal to two right angles, and FG is therefore in the 

ſame ſtraight line with GL: And becauſe KF is parallel to 

HG, and HG to ML; KF is parallel to ML: And KM, FLe 32. 1. 
are parallels; wherefore KFLM is a parallelogram ; and becauſe 
he triangle ABD is equal to the parallelogram HF, and the tri- 
angle DBC to the parallelogram GM; the whole rectilineal 
iigure ABCD is equal to the whole parallelogram KFLM ; 
there fore the parallelogram KFLM has been deſcribed equal to 
he given rectilineal figure ABCD, having the angle FEM equal 
o the given angle E. Which was to be done. 

Cor. From this it is manifeſt how to a given ſtraight line to 
pply a parallelogram, which ſhall have an angle equal to a given 
rectilineal angle, and ſhall be equal to a given rectilineal figure, 
iz, by applying d to the given ſtraight line a parallelogram e- b 44. r. 


ual to the firſt triangle BD, and having an angle equal to the 
piven angle. 3 


C29. I, 


PROP. 


Book T. 


b 3. 1. 


© 33. to 
d 34. 1. 


© 29. 1. 


a 46. 1. 


THE ELEMENTS 


PROP.' XVI. PRO B. 


; O deſcribe a ſquare upon a given ſtraight line. 


Let AB be the given ftraight line z it is required to deſcribe 
a ſquare upon AB. 

From the point A draw * AC at right angles to AB; and 
make d AD equal'to AB, and through the point D draw DE 
parallel © to AB, and through B draw BE parallel to AD ; there. 
fore ADEB is a parallelogram : whence AB is equal «4 to DE, 
2nd AD to BE: But BA is equal to Cl 
AD; therefore the four ſtraight lines 
BA, AD, DE, EB are equal to one 
another, and the parallelogram ADEBT) | 
is equilateral, likewiſe all its angles = 
are right angles; becauſe the ſtraight 
line AD meeting the parallels AB, 
DE, the angles BAD, ADE are equal 
© to two right angles; but BAD is a 
right angle; therefore alſo ADE is a 
right angle; but the oppoſite angles 2 


— . 


NI" „ 


of parallelgrams are equal d; ; therefore each of the oppoſite 


angles ABE, BED is a right angle ; wherefore the figure ADEB 
is rectangular, and it has been demonſtrated that it is equilate- 


ral; it is therefore a ſquare, and it is deſcribed upon the given 
ſtraight line AB : Which was to be done. 


Cor. Hence every parallelogram that has one right angle 
has all its angles right angles. 


PROP. XLVE. THEOR. 


N any right angled triangle, the ſquare which 1s de- 
ſcribed upon the fide ſubtending the right angle, is 
equal to the ſquares deſcribed, upon the fides which 
contain the right angle. 


Let ABC be a right angled triang|MWhaving the right angle 
BAC; the ſquare deſcribed upon th&ſide BC is equal to the 
ſquares deſcribed upon BA, AC. 

On BC deſcribe * the ſquare BDEC, ang on BA, AC the 
- 3 ſquares 
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ſquares GB, HC; and through A draw > AL parallel to BD or Book 1. 
ck, and join AD, FC; 18 becauſe each of the angles BAC, 
BAG is a right angle ©, the (GG b 31. J. 
two ſtraight lines AC, AG | 6 309 
upon the oppoſite ſides of H 
AB, make with it at the point * A 

A the adjacent angles equal 

to two right angles; therefore | 3 
CA is in the ſame ſtraight 
line 4 with AG; for the ſame B C 
reaſon, AB and AH are in 

the ſame ſtraight line; and | 
becauſe the angle DBC is e- | 
qual to the angle FBA, each | 
of them being a right angle, 

add to each the angle ABC, D E. G 

and the whole angle DBA is L 

equal © to the whole FBC; and becauſe the two ſides AB, BDe 2. As. 
are equal to the two FB, BC, each to each, and the angle DBA 

equal to the angle FBC; tharefore the baſe AD is equal f tof 4- *. 
the baſe FC, and the triangle ABD to the triangle FBC : Now 

the parallelogram BL is double 5 of the triangle ABD, becauſe g 41. r. 
they are upon the fame baſe BD, and between the ſame paral- 

lels, BD, AL; and the ſquare GB is double of the triangle 

FBC, becauſe theſe alſo are upon the ſame baſe FB, and be- 

tween the fame parallels FB, GC. But the doubles of equals 

are equal Þ to one another: Therefore the parallelogram BL h 6. Ax; 
is equal to the ſquare GB: And in the fame manner, by join- 

ing AE, BE, it is demonſtrated that the parallelogram CL 

is equal to the ſquare HC : Therefore the whole ſquare BDEC 

is equal to the two ſquares GB, HC; and the ſquare BDEC is 
deſcribed upon the ſtraight line BC. and the ſquares GB, HC 

upon BA, AC: Wherefore the ſquare upon the fide BC is e- 

qual to the {ſquares upon the fides BA, AC. Therefore, in any 

tight angled triangle, &c. Q. E. D. 


PER OP. ALVH. THEE 0K. 


F the ſquare deſcribed upon one of the ſides of a tri- 
angle, be equal to the ſquares deſcribed upon the o- 


ther two ſides of it; the angle contained by theſe two 
ldes is a right angle. 


D If 
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THE ELEMENTS 


If the ſ- deſcribed upon BC, one of the fides of the tri. 
angle ABC, be equal to the ſquares upon the other ſides BA, 
AC; the angle BAC is a right angle. 

From the point A draw AD at right angles to AC, and 
make AD equal to BA, and join DC: Then, becauſe DA is 
equal to AB, the ſquare of DA is equal to 
the ſquare of AB: To each of theſe add D 
the ſquare of AC; therefore the ſquares 
of DA, AC, are equal to the ſquares of 
BA AC: But the ſquare of DC is equal b 
to the ſquares of DA, AC, becauſe DAC 
is a right angle ; and the ſquare of BC, by 
hypotheſis, is equal to the ſquares of BA, 
AC; therefore the ſquare of DC is equal 5 
to the ſquare of BC; and therefore alſo B | C 
the fide DC is equal to the fide BC. And 
becauſe the fide DA is equal to AB, and AC common to the 
two triangles DAC, BAC, the two DA, AC are equal to the 
two BA, AC; and the baſe DC is equal to the baſe BC; there- 
fore the angle DAC is equal? to the angle BAC: But DAC 
is a right angle; therefore alſo BAC is a right angle. 'There- 
fore, if the ſquare, &c. Q. E. D. 


THY 
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Book II. 


tri. | THE | 2 
BA, W 
and ED. 3 WS: 8. 5-8 
JA is | 
oO FP 
E YO. 08 
\ B O OK u. 
C 
o the DEFINITIONS. 
© the | 1. 
there- | X s » $2 | , 
VERY right angled parallelogram is ſaid to be contained 
DAC by any — of the ſtraight likes which contain one of the 
here. Ho | | 
T 18 t ang es. II 
In every parallelogram, any of the parallelograms about a dia- 
meter, together with the 
two complements, is called g __ E | 
a Gnomon. Thus the pa- y 
« rallelogram HG, toge- 
© ther with the comple- 
ments AF, FC, is the | 
s gnomon, which is more N F K 
briefly expreſſed by the — 2 
Al © letters AG K, or EHC, B GG C 
* which are at the oppoſite 
* angles of the parallelograms which make the . gnomon.” 
PROP. I THEOK 
; 1 


F there be two ſtraight lines, one of which is divided 

into any number of parts; the rectangle contained 
by the two ſtraight lines, is equal to the rectangles con- 
tained by the undivided line, and the ſeveral parts of 
the divided line. 


D 2 e Let 
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111. 1. 


1. 
e 31. 1. 


d 34. 1. 


AF, C.; and AE is the ſquare of AB; — 


THE ELEMENTS 


Let A and BC be two ſtraight lines; and let BC be divided MW AC 
into any parts in the points P, E; the rectangle contained by MW AB 
the ſtraight lines A, BC is equal | there 
to the rectangle contained by A, B D E C te: 
BD, together with that contain- «4h | bas fore 
ed by A, DE, and that contained | 


by A, EC. | 
From the point B draw * BF | 
at right angles to BC, and make E 


BG equal Þ to A; and through R. L H FF 
K * 


G draw © GH parallel to BC; 
and through D, E, C, draw © DK F! 
EL, CH parallel to BG; then part: 
the rectangle BH is equal to the rectangles BK, DL, EH; and parts 
BH is contained by A, BC, for it is contained by GB, BC, and 

GB is equal to A; and BK is contained by A, BD, for it is Le 
contained by GB, BD, of which GB is equal to A; and DL is point 
contained by A, DE, becauſe DK, that is, 4 BG, is equal to A; CB,. 
and in like manner the rectangle EH is contained by A, EC: U 
Therefore the rectangle contained by A, BC is equal to the ſe . CDE 
veral rectangles contained by A, BD, and by A, DE; and alſo throu 
by A, EC. Wherefore, if there be two ſtraight lines, &c. or BI 


K.. qual 
8 AE is 
PROP. HI. T HE OR. BC, 

, of w] 

F a ſtraight line be divided into any two parts, the D. 
is equ 

rectangles contained by the whole and each of the orf B. 
parts, are together equal to the ſquare of the whole BC is 
line. | of BC 


Let the ſtraight line AB be divided into 
any two parts 1 the point C; the ret. A — C | B 
angle contained by AB, BC, together with | 
the rectangle * AB, AC, ſhall be equal to 
the ſquare of AB. 

Upon AB deſcribe * the ſquare ADEB, 
and through C draw > CF, parallel to AD | 
or BE; then AE is equal to the rectangles | 


and AF is the reQangle contained by BA, = F x 
AC; 


N. B. To avoid repeating the word contained too frequently, the reQangl 
-ontained by two ſtraight lines AB, AC is ſometimes ſimply called the reAangh 
AZ, AC. | - 
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AC; for it is contained by DA, AC, of which AD is equal to Book II. 


AB; and CE is contained by AB, BC, for BE is equal to AB; 
therefore the rectangle contained by AB, AC. to _ with 
the rectangle AB, BC, is equal to the ſquare of AB. If there - 
fore a ſtraight line, Kc. Q. E. D. 


PROP. III. THEO RX. 


T rectangle contained by the whole and one of the 
parts, is equal to the rectangle contained by the two 
parts, together with the ſquare of the foreſaid part. 


Let the ſtraight line AB be divided into any two parts in the 
point C; the rectangle AB, BC is equal to A rectangle AC, 
CB, together with the ſquare of BC. 


F a ſtraight line be divided into any two parts, the 


Upon BC deſcribe * the ſquare A C B 4. 7. 


CD EB, and produce ED to F, and 


through A draw > AF parallel to CD 15 1 | b3r. 1. 


or BE; then the de AD, AE is e- | 


qual to the rectangles AD, CE; and 
AE is the — contained by AB, 
BC, for it is contained by AB, BE, | 

of which BE is equal to BC; and| | 
AD is contained by AC, CB, for CD! — 
is equal to CB; and DB is the ſquare F 'D E 
of BC; therefore the rectangle AB, 

BC is equal to the rectangle AC, CB together with the ſquare 
of BC. If therefore a ſtraight, Kc. Q. E. D. 


PROP. IV. THE OR. 


ſquare of the whole line is equal to the ſquares of the 


two parts, together with twice the rectangle contained 


by the parts. 


Let the ſtraight line AB be divided into any two ports. in C; 
the ſquare of AB i is equal to the ſquares of . AC, CB and to 
twice "ihe rectangle contained by AC, CB. 

D 3 | Upon 


F a ſtraight line be divided into any two parts, the 


| 54: 


en. Upon AB deſcribe - the ſquare ADEB, and join BD, and 
3 VS throuph C draw Þ CC parallel to AD or BE, and through G 


a 46. 1. 
b 31. 1. 


| 4 29. 1. 
d 5. 1. 


e 6. 1. 
134. 1. 


g 43. 1. 


THE ELEMENTS 


draw HK parallel to AB or DE: And becauſe CF is parallel to 
AD, and BD falls upon them, the exterior angle BGC is equal 
© to the interior and oppoſite angle ADB; but ADB is equal 
4 to the angle ABD, becauſe BA is equal to AD, being ſides of 
a ſquare ; wherefore the angle CGB A C B 

is equal to the angle GBC; and there- r. — 


fore the fide BC is equal © to the fide 
CG: But CB is equal f alſo to GK, % . IS 
and CG to BK; wherefore the fi- H K. 
gure CG KB is equilateral : It is like- 1 Let 
wiſe rectangular; for CG is parallel | | the pe 
to BK, and CB meets them; the * | oper 
angles KBC, GCB are therefore e- — — 
qual to two right angles; and KBC D F E Up 
is a right angle; wheretore GCB is a right angle; and therefore D dr 
allo the angles f CGK, GKB oppoſite to theſe, are right angles, KLM 
and CGKB is rectangular: But it is alſo equilateral, as was revel 
demonſtrated ; wheretore it is a ſquare, and it is upon the ſide qual 
CB: For the ſame reaſon HF alſo is a ſquare, and it is upon the Itberef 
fide HG, which is equal to AC: Therefore HF, CK are the WI” <12 
{quires of AC, CB; and becauſe the complement AG is equal but C 
s to the complement GE, and that AG is the rectangle contain» becauf 
ed by AC, CB, for GC is equal to CB; therefore GE is alſo equal CB; 
to the rectangle AC, CB; wherefore AG, GE are equal to equal 
twice the rectangle AC, CB: And HF, CK are the ſquares of theſe 
AC, CB; wherefore the four figures HF, CK, AG, GE are —＋ 
equal to the ſquares of AC, CB, and to twice the rectangle o * 
AC, CB: But HF, CK, AG, GE make up the whole figure the re. 
AD EB, which is the ſquare of AB: Therefore the ſquare of AB AD, 1 
is equal to the ſquares of AC, CB and twice the rectangle AC, * 2 
CB. Wherefore, if a ſtraight line, &c. Q. E. D. 10 a 
Cor. From the demonſtration, it is manifeſt, that the pa- * 2 
rallelograms about the diameter of a ſquare are likewiſe ſquares, ng 
gnome 
is the 
with tl 
PR O f. if a ſtr 
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OF EUCLID. 


PROP. v. THE OR. 


F a ſtraight line be divided into two equal parts, and 
alſo. into two unequal parts; the rectangle contain- 
ed by the unequal parts, together with the ſquare of the 


line between the points of ſection, is equal to the ſquare 
of half the line. 


Let the ſtraight line AB be divided into two equal parts in 
the point C, and into two unequal parts at the point D; the 
rectangle AD, DB, together with the ſquare of CD, is equal 
to the ſquare of CB. 


Upon CB deſcribe * the ſquare CEFB, join BE, and through * 46. 1. 
D How b DHG parallel to CE or BF; and through H draw b 31. 1. 


KLM parallel to CB or EF; and alſo through A draw AK pa- 
rallel to CL or BM: And becauſe the complement CH is e- 


qual © to the complement HF, to W of theſe add DM; 43. r, 


therefore the whole CM 
is equal to the whole DF; 
but CM is equal 4 to AL, A. 0 Fn 
becauſe AC is equal to L H 
CB; therefore alſo AL is K —— 3 
equal to DF. To each of 
theſe add CH, and the | | 
whole AH is equal to 

DF and CH: But AH is 
the rectangle contained by E G F 
AD, DB, for DH is equal 


D_B 
* 


© to DB; and DF together with CH is the gnomon Mo ; Sor: 4. 


therefore the gnomon CM is equal to the rectangle AD, DB: 
To each of theſe add LG, which is equal © to the ſquare of CD; 
therefore the gnomon CMG, together with LG, is equal to the 
rectangle ADꝗ, DB, together with the ſquare of CD: But the 
gnomon CMG and LG make up the whole figure CEFB, which 
is the ſquare of CB : Therefore the rectangle AD, DB, together 
with the ſquare of CD, is equal to the ſquare of CB. Wherefore, 
if a ſtraight line, &c. Q. E. D. 

From this propoſition it is manifeſt, that the difference of the 
ſquares of two unequal lines AC, CD, is equal to the rectangle 
contained by their ſum and difference. 
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d 36. : Is 


* 
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mon CMG: And AM is 


E Cor. 4. 2. 


figure LG: But the gnomon CM and LG make up 
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PROP. VI THEOR 


FF a ſtraight line be biſected, and produced to any 
point; the rectangle contained by the whole line thus 
produced, and the part of it produced; together with 
the ſquare of half the line biſected, is equal to the 
ſquare of the ſtraight line which is made up of the half 
and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to 
the point D; the rectangle AD, DB, together with the ſquare 
of CB, is equal to the ſquare of CD. 

Upon CD deſcribe * the ſquare CEFD, join DE, and through 
B draw d BH G parallel to CE or DF, and through H draw KLM 
parallel to AD or EF, and alto through A draw AK parallel to CL 
or DM: And becauſe AC "Oe 

A. Q.. 0 
CH is equal to HF; there- | 
CM ; therefore the whole | 


is equal to CB, the rectangle 

LH} 
fore alſo AL is equal to K 
AM is equal to the gno- 


M 


AL is equal © to CH ; bat 8 
HF: To each of theſe add 1 


the rectangle contained by G F 
AD, DB, for DM is equal 

to DB: Therefore the gnomon CMG is equal to the rect- 
angle AD, DB: Add to each of theſe LG, which is equal to 
the ſquare of CB; therefore the rectangle AD, DB, together 
with the ſquare of CB, is equal to the gnomon CMG and -_ 
p t 
whole figure CEFD, which is the ſquare of CD; therefore 
the rectangle AD, DB, together with the ſquare of CB, is e- 
qual to the ſquare of CD. Wherefore, if a ſtraight line, &c. 


Q. E. D. 


E 


PROF. VEL. 4.6 


II a ſtraight line be divided into any two parts, the 
4 ſquares of the whole line, and of one of the parts, are 
equal to twice the rectangle contained by the whole and 
that part, together with the ſquare of the other part. 


Let the ſtraight line AB be divided into any two . 


gnome 
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OF EUCLID. 


the point C; the ſquares of AB, BC are equal to twice the 
rectangle AB, BC together with the ſquare of AC. 
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Upon AB deſcribe * the ſquare Ab EB, and conſtruct the a 46. x, 


figure as in the preceding propoſitions : And becauſe AG is 


equal b to GE, add to each of them CK ; the whole AK is b 43. 1 


therefore equal to the whole CE; 
therefore AK, CE are double of | 

AK: But AK, CE are the gnomon A — B 
AKF together with the ſquare CK; 
therefore the gnomon AKF, toge- 
ther with the ſquare CK, is double 
of AK: But twice the rectangle AB, 
BC is double of AK, for BK is e- 
qual © to BC: Therefore the gno- 
mon AKF, together with the {quare Tp F 
CK, is equal to twice the rectangle 

AB, BC: To each of theſe equals + 

add HF, which is equal to the ſquare of AC; therefore the 
gnomon AKF, together with the ſquares CK, HF, is equal to 


K 


c Cor. 4. So 


twice the rectangle AB, BC and the ſquare of AC: But the 


gnomon AK, together with the ſquares CK, HF, make up the 
whole figure ADEB and CK, which are the ſquares of AB 
and BC: Therefore the ſquares of AB and BC are equal to 
twice the rectangle AB, BC, together with the ſquare of AC. 
Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. VIL THEOR. 


F a ſtraight line be divided into any two parts, four 

times the rectangle contained by the whole line, and 
one of the parts, together with the ſquare of the other 
part, is equal to the ſquare of the ſtraight line which is 
made up of the whole and that part. £1 


Let the ſtraight line AB be divided into any two parts in the 


point C; four times the rectangle AB, BC, together with the 
quare of AC, is equal to the ſquare of the ſtraight line made 
up of AB and BC together. ; 


Produce AB to D, ſo that BD be equal to CB, and upon 


AD deſcribe the ſquare AEFD:; and conſtruct two figures 
luch as in the preceding. Becauſe CB is equal to BD, and 


tat CB is equal * to GK, and BD to KN; therefore GE is a 34. x, 


equal 
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u. equal to KN: For the ſame reaſon, PR is equal to RO 
becauſe CB is equal to BD, and GK to KN, the * 
b36.r. CKis equal d to BN, and GR to RN: But CK is equal * to 
. RN, becauſe they are the complements of the parallelogram 
CO; therefore alſo BN is equal to GR; and the four reg. 
angles BN, CK, GR, RN are therefore equal to one another, 
and ſo are quadruple of one of them CK: Again, becauſe C3 
is equal to BD, and that BD is 
« Cor. 4-2. equal 4 to BK, that is, to CG; | 
and CB equal to GK, that is, to CB p 
GP; therefore CG is equal to ST. Tr 
GP: And becauſe CG is equal to M -G|' K N 
P 
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GP, and PR to RO, the re&tangle 
AG is equal to MP, and PL to X R 0 
er 43.2. RF: But MP is equal © to PL, | 
becauſe they are the complements FF; 
of the parallelogram ML; where- 
fore Ne as is equal alſo to RF: | 
Therefore the four rectangles 5. ſh 
AG, MP, PL, RF are — L H L 
to one another, and ſo are qua- | 
druple of one of them AG. And it was demonſtrated, that 
the four CK, BN, GR, and RN are quadruple of CK: Therefore 
the eight rectangles which contain the gnomon AOH, are 
quadruple of AK: And becauſe AK is the rectangle contain» 
ed by AB, BC, for BK is equal to BC, four times the rect- 
angle AB, BC is quadruple of AK: But the gnomon AUH 
was demonſtrated to be quadruple of AK; therefore four 
times the rectangle AB, BC is equal to the gnomon Af. 
A Cor.4.2. To each of theſe add XH, which is equal 4 to the ſquare of 
AC: Therefore four times the rectangle AB, BC, together 
with the ſquare of AC, is equal to the gnomon AOH and the 
ſquare XH: But the gnomon AOH and XH make yp the fi- 
gure AEFD which is the ſquare of AD: Therefore four times 
the rectangle AB, BC, together with the ſquare of AC, is e- 
qual to the ſquare of AD, that is, of AB and BC added toge- 
ther in one ſtraight line. Wherefore, if a ſtraight line, &c. 


Q. E. D. 


F 


PR OP. 


. 


— - 


OF EUCLID. | 9 


PROP. R. THE OR. 


F a ſtraight line be divided into two equal, and alſo 
into two unequal parts; the ſquares of the two un- ' 
qual parts are together double of the ſquare of half 
he line, and of the ſquare of the line between the points 
pf ſetions 


Let the ſtraight line AB be divided at the point C into two 

qual, and at D into two unequal parts: The ſquares of AD, 

DB are together double of the ſquares of AC, CD. | 

From the point C draw CE at right angles to AB, and as. :. 
zke it equal to AC or CB, and join EA, EB; through D draw 

DF parallel to CE, and through F draw FG parallel to AB; b 37. 1. 
and join AF: Then, becauſe AC is equal to CE, the angle 

EAC is equal © to the angle AEC; and becauſe the angle cs. . 
ACE is a right angle, the two others AEC, EAC together 


„ that make one right angle 4; and they are equal to one another; a 32. s. 
refore We:ch of them therefore is half 

I, arc ef a right angle. For the fame | E 

ntain-reaſon each of the angles CEB, | 

» rect- BC is half a right angle; and 

AUH therefore the whole AEB is a G F 

four Might angle: And becauſe the angle 

AOH. EF is half a right angle, and 


EGF a right angle, for it is e- A C D B 


qual © to the interior and oppo- e 29. 1. 
ite angle ECB, the remaining angle EFG is half a right angle; 

there fore the angle GEF is equal to the angle EFG, and the | 
ide EG equal f to the fide GF: Again, becauſe the angle at B f 6. :. 


, is e-{M half a right angle and FDB a right angle, for it is equal 
toge - to the interior and oppoſite angle ECB, the remaining angle 
„ Ke. BFD is half a right angle; therefore the angle at B is equal 


to the angle BFD, and the fide DF to f the fide DB: And be- 

cauſe AC is equal to CE, the ſquare of AC is equal to the 

(quare of CE; therefore the ſquares of AC, CE are double of 

the ſquare of AC: But the ſquare of EA is equal ® to the g 47. x 

lquares of AC, CE, becauſe ACE is a right angle; therefore 

the ſquare of EA is double of the ſquare of AC: Again, be- 

aule EG is equal to GF, the ſquare of EG is equal to the 

qure of GF; therefore the ſquares of EG, GF are double 1 
* e 
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b 31. t. 
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d 12. Ax. 
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f 32. I, 
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the ſquare of GF; but the ſquare of EF is equal to the i 

of EG, GF; therefore the ſquare of EF is double of the fro 
GF; and GF is equal b to CD; therefore the ſquare of EF i; 
double of the ſquare of CD: But the ſquare of AE is likewiſe 


ach of 
EB is 
DBG i 


double of the ſquare of AC; therefore the ſquares ſite 3 bi 
are double of the ſquares of AC, CD: And the 2 ing FF i 1 
equal i to the ſquares of AE, EF, becauſe AEF is a right angle; py N 
therefore the ſquare of AF is double of the ſquares of AC, * 
CD: But the ſquares of AD, DF are equal to the ſquare o 3 
AF, becauſe the angle ADF is a right angle; therefore the 7 
ſquares of AD, DF are double of the ſquares of AC, CD: And ws 
” 3 7 * DB; therefore the ſquares of AD, DB are «| 
rag Q - | -1 quares of AC, CD. If therefore a ſtraight line angle E 
ing ang 
right 2 
| to the 
PROP X THE ORs. pheref 
| GF is « 
Ir a ſtraight line be biſected, and produced to anf fe 
point, the ſquare of the whole line thus produced he for 
and the ſquare of the part of it produced, are togetherMEfore th 
double of the ſquare of half the line biſected, and of the Rc. 
ſquare of the line made up of the half and the part pro Share 
duced, : ble of 
the {qt 
8 Le the ſtraight line AB be biſected in C, and produced ud, be 
. the ſquares of AD, DB are double of the ſquared fue 
From the point C draw * CE at right angl And 
make it equal to AC or CB, and join A, EB n = AC, ( 
> EF parallel to AB, and through D draw DF parallel to CE ** * 
And becauſe the ſtraight line EF meets the parallels EC, FD, . 
angles CEF, EFD are equal © to two right angles; and therefor ſquare 
the angles BEF, EFD are leſs than two right angles: But ſtraight C the 
lines which with another ſtraight line make the interior angie! * 
er 


upon the ſame ſide leſs than two right angles, do meet 4 if pro 
duced far enough: Therefore EB, FD ſhall meet, if produced; 
towards B, D: Let them meet in G, and join AG: Then, becaule 


| AC is equal to CE, the angle CEA is equal © to the ange 


EAC; and the angle ACE is a righ . 

| 5 ; ght angle; therefore each of the 

angles CEA, EAC is half a right angle f: For the ſame reaſon 
eac! 


8 


= 


ſquare 
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f EF is 
ikewiſe 
XE, EF 
f AFi 
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uare 0 
ore the 
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ach of the angles CEB, EBC is half a right angle; therefore Book II. 
EB is a right angle: And becauſe EBC is half a right angle, 


DBG is alſo f half a right angle, for they are vertically oppo- f x5. 1. 
ſte; but BPG is a right angle, becauſe it is equal © to the al- e 29. 1. 
ternate angle DCE ; therefore the remaining angle DGB is 


half a right angle, and is therefore equal to the angle DBG; 
wherefore alſo the fide BD is equal ® to the fide DG: Again, g 6. 1 
becauſe EGF is half a | | 
right angle, and that H F 

h 34. 1. 


the angle at F is a right 
angle, becauſe it is e- 
qual h to the oppoſite 
angle ECD, the remain- | | 
ing angle FEG is half a A\ C B D 
tight angle, and equal 

to the angle EGF; | 
wherefore alſo the fide G 

GF is equal 8 to the fide FE. And becauſe EC is equal to 

CA, the ſquare of EC is equal to the ſquare of CA ; therefore 

the ſquares of EC, CA are double of the ſquare of CA: But 

the ſquare of EA is equal i to the ſquares of EC, CA; there- i 47. r. 
fore the ſquare of EA is double of the ſquare of AC: Again, 

becauſe GF is equal to FE, the ſquare of GF is equal to the 

ſquare of FE; and therefore the ſquares of GF, FE are dou- 

ble of the ſquare of EF: But the ſquare of EG is equal i to 

the ſquares of GF, FE ; therefore the ſquare of EG is double 

of the ſquare of EF: And EF is equal to CD; wherefore the 

ſquare of EG is double of the ſquare of CD: But it was demon- 
ſtrated, that the ſquare of EA is double of the ſquare of AC; 
therefore the ſquares of AE, EG are double of the ſquares of 

AC, CD: And the ſquare of AG is equal] to the ſquares of 

AE, EG; therefore the ſquare of AG is double of the ſquares of 

AC, CD: But the ſquares of AD, DG are equal i to the 

(quare of AG; therefore the ſquares of AD, DG are double 

of the ſquares of Ac, CD: But DG is equal to DB; therefore 

the ſquares of AD, DB are double of the ſquares of AC, CD : 
Wherefore, if a ſtraight line, &c. Q. E. D. 
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| PRO pP. XL. PR O B. 


O divide a given ſtraight line into two parts, ſo tha 
the rectangle contained by the whole, and one 9 


the parts, ſhall be equal to the ſquare of the other par, yy ob 
Let AB be the given ſtraight line; it is required to divid 1 
it into two parts, ſo that the rectangle contained by the wh ed. 
and one of the parts, ſhall be equal to the ſquare of the othe Ly 
part. _ "B08 ddtule 
Upon AB deſcribe * the ſquare ABDC ; biſect » AC in ide uf 


4 46. x. 
b ro. 1. 
C 3.1. 


46. 2. 


e 47. 1. 


and join BE; produce CA to F, and make © EF equal to EB 
and upon AF deſcribe * the ſquare FG HA; AB is divided i 
H, ſo that the rectangle AB, BH is equal to the ſquare of AH, 

Produce GH to K: Becauſe the firaight line AC is bileQte 
in E, and produced to the point F, the rectangle CF, FA, te 
gether with the ſquare of AE, is equal d to the ſquare of EF 
But EF is equal to EB; therefore the reQtargle CF, FA, toge 


angle A 
dicular 1 
ſquares 


ther with the ſquare of AE, is equal to the {quare of EH: And ti Boca 
ſquares of BA, AE are equal © tp the point C 
ſquare of EB, becauſe the angle EAB F 2 GT d to the 
is a right angie; therefore the rect- twice th 
angle CF, FA, together with the ſquare each of 
of AE, is equal to the ſquares of BA, > vol o DA; 
AE: Take away the ſquare of AE, A. H BW: equ; 
which is common to both, therefore DA, ar 
the remaining rectangle CF, FA is e- CD: B 
qual to the ſquare of AB: And the fi- e * to thi 
gure FK is the rectangle contained by E 3 cuſe t 
CF, FA, for AF is equal to FG; and 250 | agele ; 
AD is the ſquare of AB; therefore | qual © | 
FE is equal to AD: Take away the equal 
common part AK, and the remainder CG K Do:: 
FH is equal to the remainder HD: CA, br 
And HD is the rectangle contained by AB, BH, for AB is H gled 


qual to BD; and FH is the ſquare of AH; Therefore tb 
rectangle AB, BH is equal to the ſquare of AH : Whereforg 
the ſtraight line AB is divided in H ſo, that the rectangle A 
BH is equal to the ſquare of AH. Which was to be done. 
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PROP. M. 1H E Ox. 


ſo that 
Ine 0] | 
par: N obtuſe angled triangles, if a perpendicular be drawn 
* | from any of the acute angles to the oppoſite fide pro- 
be fe Iuced, the ſquare of the fide ſubtending the obtuſe angle 
e ohe greater than the ſquares of the ſides containing the 
btuſe angle, by twice the rectangle contained by the 
fide upon which, when produced, the perpendicular 
falls, and the ſtraight” line intercepted without the tri- 
angle between the perpendicular and the obtuſe angle. 


in 
to EB 
ded it 
AH, 
Wiefted 
A, to 
f EF 
„ toge 
and th 


Let ABC be an obtuſe angled triangle, having the obtuſe 
angle ACB, and from the point A let AD be drawn * perpen- a 12. x; 
dicular to BC produced: The ſquare of AB is greater than the 
ſquares of AC, CB by twice the rectangle BC, CD. 

Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal Ye I 
d to the ſquares of BC, CD, and Aves 
twice the rectangle BC, CD: To . 
each of theſe equals add the ſquare 
of DA; and the ſquares of BD, DA 
I. e equal to the ſquares of BC, CD, 
— DA, and twice the rectangle BC, 
cb: But the ſquare of BA is equal 
, o the ſquares of BD, DA, be- 
cuſe the angle at D is a right + ME 
angle ; and el ſquare of CA is B C D 
qual © to the ſquares of CD, DA: Therefore the ſquare of BA 
I cequal to the ſquares of BC, CA, and twice the rectangle BC, 

Do that is, the ſquare of BA is greater than the ſquares of BC, 

CA, by twice. the rectangle BC, CD. Therefore, in obtuſe 

B is i gled triangles, &c. Q. E. D. | 
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PROP. XIII. THE OR. cauſe ] 


F: every triangle, the ſquare of the ſide ſubtending any 
1 of the acute angles, is leſs than the ſquares of the 
ſides containing that angle, by twice the rectangle conf (quare: 
tained by either of theſe ſides, and the ſtraight line in Laſt 
tercepted between the perpendicular let fall upon iC; 
from the oppoſite angle, and the acute angle. ſa: 


Let ABC be any triangle, and the angle at B one of its a 
cute angles, and upon BC, one of the ſides containing it, let fall 
the perpendicular AD from the oppoſite angle: The ſquare 
of AC, oppoſite to the angle B, is leſs than the ſquares of CB; 
BA by twice the rectangle CB, BD. | 

Firſt, Let AD fall within the triangle ABC; and becaul; 
the ſtraight line CB is divided in- 
to two parts in the point D, the A 
{quares of CB, BD are equal d to 
twice the rectangle contained by 
CB, BD, and the ſquare of DC: 
To each of theſe equals add the 
ſquare of AD; therefore the 


Let 
ſquares of CB, BD, DA are equal ſeribe 
to twice the rectangle CB, BD, Hi Deſt, 
and the ſquares of AD, DC: B D C rectilin 

But the ſquare of AB is equal to one 
© to the ſquares of BD, DA, becauſe the angle BDA is a rig ;. . ; 
angle; and the ſquare of AC is equal to the ſquares of AD, Donat v 
Therefore the ſquares of CB, BA are equal to the ſquare oi; now 
AC, and twice the rectangle CB, BD, that, is the ſquare 0 :: the) 
AC alone is leſs than the ſquares of CB, BA by twice the ret! dual, 
angle CB, BD. | 1 of thei 

Secondly, Let AD fall with- | and m: 
out the triangle ABC: Then, be- to ED, 
cauſe the angle at D is a right BF in ( 
angle, the angle ACB is greater the cet 
4 than a right angle; and there- circle | 
fore the ſquare of AB is equal © to decauſ; 
the ſquares of AC, CB, and twice | the po 
the rectangle BC, CD: To theſe e- 8 EF, to 
quals add the ſquare of BC, and the B C D GF : 1 
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ſquares of AB, BC are equal to the ſquare of AC, and twice Book II. 
the ſquare of BC, and twice the rectangle BC, CD: But be. WWW 
cauſe BD is divided into two parts in C, the rectangle DB, BC 
is equal f to the rectangle BC, CD and the ſquare of BC: And f 3. 2 
the doubles of theſe are equal: Therefore the ſquares of AB, 

BC are equal to the ſquare of AC, and twice the rectangle 

F the DB, BC: Therefore the ſquare of AC alone is leſs than the p 
con. ſquares of AB, BC by twice the rectangle DB, BC. N | 
ie in. Laſtly, Let the fide AC be perpendicular to 
on iC; then is BC the ſtraight line between the | 
perpendicular and the acute angle at B; and it ö 
is manifeſt that the ſquares of AB, BC are e- ; 
qual ® to the ſquare of AC, and twice the 8 47. 
ſquare of BC ; Therefore, in every triangle, &c. | 


CE. D. 
8 


5 


1 


. 


its 3. 
let fall 
ſquare 


t CB, 


ecaule 


or. V. F-&"0'B. 


O deſcribe a ſquare that ſhall be equal to a given Ses N. 
rectilineal figure. 


Let A be the given rectilineal figure ; it is required to de- 
\ ſeribe a ſquare that ſhall be equal to A. 

C Deſcribe the rectangular parallelogram BCDE. equal to the 45: 4. 

rectilineal figure A. If then the ſides of it BE, ED are equal 
to one another, it 
is a ſquare, and H 
what was required | 
s now done: But / | 
if they are not e- 
qual, produce one "parry 
of them BE to F, 2 F 
and make EFequal x | G E ö | 
to ED, and biſect . C — D 3 
BFin G; and from | ; | 
the centre G, at the diſtance GB, or GF, deſcribe the ſemi- 
circle BHF, and produce DE to H, and join GH: Therefore, 
becauſe the ſtraight line BF is divided into two equal parts in 
the point G, and into two unequal at E, the rectangle BE, 
EF, together with the ſquare of EG, is equal b to the ſquare of bg. 2. 
GF : But GF is equal to GH; therefore the rectangle BE, EF, 
E to- 


* 


Wo 
D 
ſquare 
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Book U. together with the ſquare of EG, is equal to the ſquare of GH: 
gut the ſquares of HE, EG are equal © to the ſquare of GH: 


T 47. 1. 


Therefore the rectangle BE, EF, together with the ſquare of 
EG, is equal to the ſquares of HE, EG: Take away the ſquare 
of EG, which is common to both; and the remaining rect- 
angle BE, EF is equal to the ſquare of EH : But the rectangle 
contained by BE, EF is the parallelogram BD, becauſe EF is 
equal to ED; therefore BD is equal to the ſquare of EH; but 
BD is equal to the rectilineal figure A; therefore the reCtilineal 
figure A is equal to the ſquare of EH : Wherefore a ſquare has 
been made equal to the given rectilineal figure A, viz. the ſquare 
deſcribed upon EH. Which was to be done. | 
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DEFINITIONS. 


I. 
QUAL cireles are thoſe of which the diameters are equal, 
or from the centres of which the ſtraight lines to the 
circumferences are equal. 
This is not a definition but a theorem, the truth of which 
© is evident; for, if the circles be applied to one another, ſo that 
© their centres coincide, the circles muſt likewiſe coincide, fince 
© the ſtraight lines from the centres are equal.” 
1 
A ſtraight line is ſaid to touch 
2 circle, when it meets the 
circle, and being produced 
does not cut it. 
III. 
Circles are ſaid to touch one 
another, which meet, but 
do not cut one another. 


53. 

Straight lines are ſaid to be equally di- ; 
ſtant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 

V. 

and the ſtraight line on which the 
greater perpendicular falls, is faid to 
de farther from the centre. 


< 
1 


1 2 Sy VI. 
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Book III. VI. ; 
& ſegment of A circle is the figure con- For 
tained by a ſtraight line and the cir- 2 GA, 


cumference it cuts off. comm 

VII. : BDG, 

& The angle of a ſegment is that which is contained by the qual t 
te ſtraight line and the circumference.” : each; 
. the ba 

An angle in a ſegment is the angle con- from t 
tained by two ſtraight lines drawn angle 

from any point in the circumference GDB: 

of the ſegment, to the extremities ing u! 

of the ſtraight line which is the baſe the ac 

of the ſegment. ther, 
IX. | ole a: 

And an angle is ſaid to inſiſt or ſtand right 
upon the circumference intercepted 6 angle 
between the ſtraight lines that con- which 
tain the angle. cle A] 
point 

ABC 

Co 

line bi 

the lit 


Similar ſegments of à circle, 
are thoſe in which the an- 


X. 
The ſector of a circle is the figure contain- 
ed by two ſtraight lines drawn from the 
centre, and the circumference between 
them. ; 
: » 


gles are equal, — which = 
ntain equal angles. 

an: 3 5 withi 
Let 
NO RE cumfe 
from 
For 
£ N ble, w 
5 O find the centre of a given cirele. he ed 
| Let ABC be the given circle; it is required to find its centre. BB. 
620. 1. Draw within it any ſtraight line AB, and biſect“ it in D; Then 
b 110 2. from the point D draw DC at right angles to AB, and pro- angle 
duce it to E, and biſe&t CE in F: The point F is the centre of nd b 

the circle ABC. 

For, : 
i 

* from 


tumfer 
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For, if it be not, let, if poſſible, G be the centre, and join Book4IT. 

GA, GD, GB: Then, becauſe DA is equal to DB, and BG 

common to the two triangles ADG, | 

BDG, the two ſides AD, DG are e- C 

the qual to the two BD, DG, each to | | 

each; and the baſe GA is equal to 1 

the baſe GB, becauſe they are drawn 

from the centre G: Therefore the F N 

angle ADG is equal © to the angle 7 e 8. 1. 

GDB: But when a ſtraight line ſtand- | 

ing upon another ſtraight line makes A , B 

the adjacent angles equal to one ano- 

ther, each of the angles is a right an- E 

gle 4: Therefore the angle GDB is a 

right angle: But FDB is likewiſe a right angle; wherefore the 

angle FDB is equal to the angle GDB, the greater to the leſs, 

which is impoſſible: Therefore G is not the centre of the cir- 

cle ABC: In the ſame manner it can be ſhown, that no other 

point but F is the centre; that is, F is the centre of the circle 

ABC : Which was to be found. 
Cor. From this it is manifeſt, that if in a circle a ſtraight 


line biſect another at right angles, the centre of the circle is in 
the line which biſects the other. 


d 10. def. 2 


PROP. IL THE OR. 


F any two points be taken in the circumference of a 


circle, the ſtraight line which joins them ſhall fall 
within the circle. . 


Let ABC be a circle, and A, B any two points in the cir- 
cumference z the ſtraight line drawn 
from A to B ſhall fall within the circle. 

For, if it do not, let it fall, if poſſi- 
ble, without, as AEB; find D the cen- 
tre of the circle ABC, and join AD, 
DB, and produce DF, any ſtraight line 
mecting the circumference AB, to E: 
Then becauſe DA is equal to DB, the 
angle DAB is equal Þ to the angle DBA; 'S 
and becauſe AE, a fide of the triangle A U B 5 

N. B. Whenever the expreſſion *© ſtraight lines from the centre,“ or © drawn 


* from the centre,“ occurs, it is to be underſtood that they ate dran to the Cir» 
umference, g 
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entre. 
n D; 
pro- 
tre of 


For, 


Te +. 
Bock III. 


. 


c 16. 1. 
4 19. 1. 


41. 3. 


b S. 1. 


e 10 def. 1. 


d 5. 1. 


it does not fall upon the c 
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DAE, is produced to B, the angle DEB is greater © than the 
angle DAE; but DAE is equal to the angle DBE; therefore 
the angle DEB is greater than the angle DBE : But to the great. 
er angle the greater fide is oppoſite 4 ; DB is therefore greater 
than DE: But DB is equal to DF ; wherefore DF is greater 
than DE, the leſs than the greater, which is impoſſible : There. 
fore the ſtraight line drag from A to B does not fall without 
the circle. In the fame m it may be demonſtrated that 
ence; it falls therefore with- 
in it. Wherefore, if any twOSpoanrts, &c. Q. E. D. 

A IL < ST 


PROP. . THEOR. 


FF a ſtraight line drawn through the centre of a circle 
biſect a ſtraight line in it which does not paſs through 
the centre, it ſhall cut it at right angles; and, if it cuts 
it at right angles, it ſhall biſect it. 


Let ABC be a circle; and let CD, a ſtraight line drawn 
through the centre, biſect any ſtwaight line AB, which does not 
paſs through the centre, in the point F: It cuts it alſo at right 
angles. 

Take E the centre of the circle, and join EA, EB. Then, 
becauſe AF is equal to FB, and FE common to the two tii- 
angles AFE, BFE, there are two ſides in the one equal to two 
fides in the other, and the baſe EA is . 
equal to the bale EB; therefore the C 
angle AFE is equal ® to the angle BFE: 
But when a ſtraight line ſtanding upon 
another makes the adjacent angles equal 
to one another, each of them is a right 
© angle: Therefore cach of the angles 
AFE, BFE is a right angle; rn ern 
the ſtraight line CD, drawn through the 
centre biſecting another AB that does AF 
not paſs through the centre, cuts the 
ſame at right angles. 


But let CD cut AB at right angles; CD alſo biſects it, that 
is, AF is equal to FB. | 
The ſame conſtruction being made, becauſe EA, EB from 
the centre are equal to one another, the angle EAF is equal © 
to the angle EBF; and the right angle AFE is equal to the 


right angle BFE :. 'Therefore, in the two triangles EAF, 3 


\ 


throu 
right 
right 
line ] 
the c 
right 
fore 
whic 
other 


1 the 
efore 
reat- 
cater 
eater 
here- 
thout 
| that 
with- 


1rcle 
Dugh 
cuts 


Irawn 
es not 
right 


Then, 
o t11- 
O two 
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there are two angles in one equal to two angles in the other, 


and the fide EF, which is oppoſite to one of the equal angles 
in each, is common to both; therefore the other ſides are e- 
qual © ; eg 


line, Kc. Q. E. D. 


PROP. IV. THE OR. 


IF in a circle two ſtraight lines cut one another which 
do not both paſs through the centre, they do not bi- 
ſect each the other. 


Let ABCD be a circle, and AC, BD two ſtraight lines in 


Book III. 


AF therefore is equal to FB. Wherefore, it a ſtraight © 26. r. 


it which cut one another in the point E, and do not both paſs. 


through the centre: AC, BD do not diſect one another. 

For, if it is poflible, let AE be equal to EC, and BE to ED: 
[f one of the lines paſs through the centre, it is plain that it 
cannot be biſected by the other which 
does not paſs through the centre: But, 
if neither of them paſs thrgugh the 
centre, take * F the centre of the circle, 
and join EF: And becauſe FE, a 
{traight line through the centre, biſects 
another AC which does not paſs 
through the centre, it ſhall cut it at 
right b angles; wherefore FEA is a 
right angle: Again, becauſe the ſtraight 
line FE biſects the ſtraight line BD which does not paſs through 
the centre, it ſhall cut it at right d angles; wherefore FEB is a 
right angle : And FEA was ſhown to be a right angle ; there- 
fore FEA is equal to the angle FEB, the leſs to the greater, 


a 1. 3. 


which is impoffible: Therefore AC, BD do not biſect one an- 


other. Wherefore, if in a circle, &c. Q. E. D. 


CARD Fe V. THEOR. 


[7 to two circles cut one another, they ſhall not have the 
lame centre. 


Let the two circles ABC, CDG cut one another in the points 


B, C; they have not the ſame centre. 
E 4 


For, | 


= — — * 
— — — —— — —— ?:.!:!!! _ 


We... 
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Book III. For, if it be poſſible, let E be their centre: Join EC, and 


V draw any ſtraight line EFG meet- 
ing them in F and G: And becauſe 
E is the centre of the circle ABC,' 
CE is equal to EF: Again, be- 
cauſe E is the centre of the circle 
CDG, CE is equal to EG: But 
CE was ſhowh to be equal to EF; 
therefore EF is equal to EG, the 
leſs to the greater, which is impoſ- 
fible : Therefore E is not the cen- 
tre of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q. E. D. 


PROP VL - 2-4 0 


TF two circles touch one another internally, they ſhall 
not have the ſame centre. 


Let the two circles ABC, CDE, touch one another internal- 
ly in the point C: They have not the ſame centre. 

For, if they can, let it be F; join FC and draw any ſtraight 
line FEB meeting them in E and B; 
And becauſe F is the centre of the 
circle ABC, CF is equal to FB : Al- 
ſo, becauſe F is the centre of the 
circle CDE, CF is equal to FE: And 

_ CF was ſhown equal to FB; there- 
fore FE. is equal to FB, the leſs to 
the greater, which is impoſſible ; 
Wherefore F is not the centre of the 
circles ABC, CDE. Therfeore, if 
two circles, &c. Q. E. D. 
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4 and Book II. 
6 WWWYNg 
Ar. VWTREOK 
G J any point be taken in the diameter of a cirele, which Ib 
| i; not the centre, of all the ſtraight lines which can 


je drawn from it to the circumference, the greateſt is 
dat in which the centre is, and the other part of that 
dameter is the leaſt ; and, of any others, that which is 
nearer to the line which paſſes through the centre is al- 
us greater than one more remote: And from the ſame 
point there can be drawn only two ſtraight lines that are 
qual to one another, one upon each fide of the ſhorteſt 


Ine. 


Let ABCD be a circle, and AD its diameter, in which let 

ay point F be taken which is not the centre: Let the centre 

tk L; of all the ſtraight lines FB, FC, FG, &c. that can be 

en from F to the circumfggence, FA is the greateſt, and 

b, the other part of the diameter AD, is the leaſt : and of 

the others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and becauſe two ſides of a triangle are 

greater * than the third, BE, EF are greater than BF; but AE a 20. 1. 

$equal to EB; therefore AK, EF, | 

that is AF, is greater than BF: A- B 

zun, decauſe BE is equal to CE, 

md FF. common to the triangles C 

bEF, CEF, the two ſides BE, EF 

re equal to the two CE, EF; but 

iz angle BEF is greater than the 

gde CEF; therefore the baſe BF is 

greater d than the baſe FC: For the 

kme reaſon, CF is greater than GF: 

Again, becauſe GF, FE are greater G D 

„tan EG, and EG is equal to 

i); GF, FE are greater than ED: Take away the common 

aut FE, and the remainder GF is greater than the remainder 

p. WD: Therefore FA is the greateſt, and FD the leaſt of all the 
fright lines from F to the circumference z and BF is greater 
an CF, and CF than GF. Mags 


Allo there can be drawn only two equal ſtraight lines from 
de point F to the circumference, one upon each fide Fra | — 
WIRES: orte 


hall 


rnal- 


- 


- 
, -——”- 


Book III. ſhorteſt line FD: At the point E in the ſtraight line EF, maj 
YM © the angle FEH equal to the angle GEF, and join FH: Th 
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Int D «4 


han 
becauſe GE is equal to EH, and EF common to the two tr of; tha 


angles GEF, HEF ; the two ſides GE, EF are equal to the ty 
HE, EF; and the angle GEF is equal to the angle HEF ; ther 
fore the baſe FG is equal à to the baſe FH: But, befides FH, n 
other ſtraight line can be drawn from F to the circumferene 
equal to FG: For, if there can, let it be FK; and becaul 
FK is equal to FG, and FG to FH, FK is equal to FH; that! 


a line nearer to that which paſſes through the centre, is equal t e equal 
one which is more remote; which is impoſſible. Therefore, role El 
any point be taken, &c. Q. E. D. adde Fl 
Dis gre 

lu like n 

that FI 

Therefo1 

PROF. YES JE grea 


JC; Ar 
geater t 


F any point be taken without a circle, and ſtraight ns 


1 lines be drawn from it to the circumference, whert 1 
of one paſſes through the centre; of thoſe which fa ud be 
upon the concave circumference, the greateſt is thi the p 
- which paſſes through the centre; and of the reſt, th D f 
which is nearer to that through the centre is aw © " 
greater than the more remote: But of thoſe which fu 4 
upon the convex circumference, the leaſt is that betwee Ee 
the point without the circle, and the diameter; and lan 1) 
the reſt, that which is nearer to the leaſt is always le DIL :1:; 
than the more remote: And only two equal ſtraight lin es fr 
can be drawn from the point unto the circumferene e of 
one upon each fide of the leaſt. tie ang 
| becauſe 

Let ABC be a circle, aud D any point without it, from hic Mb, 

let the ſtraight lines DA, DE, DF, DC be drawn to the c D, 
cumference, whereof DA paſſes through the centre. Of th th 
which fall upon the concave part of the circumference AEF. | ere 
the greateſt is AD which paſſes through the centre z and eee 
nearer to it is always greater than the more remote, viz. Ul DK * 
than DF, and DF than DC: But of thoſe which fall upon 1 A 


convex circumference HLKG, the leaſt is DG between 0! 
3” "2s, Wc 
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eint D and the diameter AG; and the nearer to it is always Book III. 
b than the more remote, viz. DK than DL, and DL than yas 


JH. | | 

Take M the centre of the circle ABC, and join ME, MF, a x. 3. 
C, MK, ML, MH: And becauſe AM is equal to ME, add 

D to each, therefore AN is equal ro EM, MD; but EM, MD 
greater d than ED; therefore alſo AD is greater than ED: b 20. x. 
gin, becauſe ME is equal to MF, and MD common to the 
angles EMD, FMD; EM, MD D ; 
xe equal to FM, MD; but the 
role EMD is greater than the 
mole FMD; therefore the baſe 
[D is greater © than the baſe FD : 
h like manner it may be ſhewn | RY 
that FD is greater than CD: * | 
Therefore DA is the greateſt z and 11 | 
JE greater than DF, and DF than * 
e: And becauſe MK, ED are 

rater > than MD, and MK is e- N 
qual to MG, the remainder KD C 
s greater 4 than the remainder 44. Ann 
GD, that is, GD is leſs than KD: | 

And becauſe MK, DE are drawn F | 
v the point K within the triangle 
MLD from M, D, the extremi- E 
ties of its fide MD; MK, KD are A 
else than ML, LD, whereof ME , e 21. 1. 

equal to ML]; therefore the remainder DK is leſs than the re- 

minder DL : In like manner it may be ſhewn, that DL is leſs 

lan DH: Therefore DG is the leaſt, and DK leſs than DL, and 

JL than DH: Alfo there can be drawn only two equal ſtraight 

ines from the point D to the circumference, one upon each 4M 
ide of the leaſt : At the point M, in the ſtraight line MD, make | 
lie angle DMB equal to the angle DMK, and join PB: And 

cauſe MK is equal to MB, and MD common to the triangles 

MD, BMD, the two ſides KM, MD are equal to the two BM, 

D; and the angle KMD is equal to the angle BMD; there- 

bre the baſe DK is equal t to the baſe DB: But, beſides DB, f . . 

ere can be no ſtraight line drawn from D to the circumfe- 

tence equal to DK : For, if there can, let it be DN; and becauſe 

DK 18 equal to DN 5 and alto to DB 5 therefore DB 1s equal to 
DN, that is, the nearer to the leaſt equal to the more remote, 
mich is impoſſible. If, therefore, any point, &c. SY Ir 
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Book If. cle AE 
YN PROP. IX. PRO. les that 


| ircumfer 
FF a point be taken within a circle, from which thereMhoints- 
fall more than two equal ſtraight lines to the circum- 


ference, that point 1s the centre of the circle. 


Let the point D be taken within the circle ABC, from F tw 


which to the circumference there fall more than two equal line 
ſtraight lines, viz. DA, DB, DC, the point D is the centre of pals thr 

the circle. | 
For, if not, let E be the centre, Let th 


join DE and produce it to the cir- | in the p. 
cumference in F, G; then FG is Gthe ce 
a diameter of the circle ABC: And ſraight | 
becauſe in FG, the diameter of the F, G, be 
circle ABC, there is taken the the poir: 


point D which is not the centre, DG For, i 
ſhall be the greateſt line from it'to vile, 
the circumference, and DC greater | C AG: A 
a 7.3, than DB, and DB than DA: But ; rt tha 
they are likewiſe equal, which is A B FA is ec 
impoſſible: Therefore E is not the | 2 the ſam 
centre of the circle ABC: In like manner, it may be demon- ron pa 
ſtrated, that no other point but D is the centre; D therefore ir A 
the centre. Wherefore, if a point be taken, &c. Q. E. D. b GD 
eater, 

| pins th 

P.R'O-P. ö 1 4 A, tha 

=-C 


NE circumference of a circle cannot cut another 
in more than two points, 


If it be poſſible, let the circumfe- 

, rence FAB cut the circumference 
DEF in more than two points, viz. B 

in B, G, F; take the centre K of the ( 


: circle ABC, and join KB, K, KF: 

2 And becauſe within the circle DEF 
there is taken the point K, from 

which to the circumference DEF 

fall more than two equal ſtraight 


3 lines KB, KG, KF, the point K is * 
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e centre of the circle DEF: But K is alſo the centre of the Book 111. 
cle ABC; therefore the ſame point is the centre of two cir- va 
ls that cut one another, which is impoſſible db. Therefore one b 5. 3. 


-camference of a circle cannot cut another in more than two 


there points. Q. E. D. 
cum. | 
PROP. XI. THE OR. 
from two circles touch each other internally, the ſtraight 
equi line which joins their centres being 2 ſhall 


tre oed through the point of contact. 


Let the two circles ABC, ADE, touch each other internally 
in the point A, and let F be the centre of the circle ABC, and 
Gthe centre of the circle ADE: The 
fright line which joins the centres 
5 G, being produced, paſſes through 
the point A. 


C 


emon- 
fore is 


other 


er than FA, that is, than FH, for 


For, if not, let it fall otherwiſe, if 
wihhble, as FGDH, and join AF, 
AG: And becauſe AG, GF are great- 


FA is equal to FH, both being from 
tie ſame centre; take away the com- 
non part TG; therefore the remain- 
ler AG is greater than the remainder GH: Put AG i is equal 
b GD; therefore GD is greater than GH, the leſs than the 
eater, which is impoſſible. Therefore the {traight line which 
pins the points F, G cannot fall otherwiſe than upon the point 
f that is, it muſt pais through it. Therefore, if two circles, 


ke Q. E. D. 


PROP. XII. THE OR. 


i two circles touch each cher externally, the ſtraight 
line which joins their centres ſhall pals through the 
point of contact. 


Let the two circles ABG, ADE touch each other externally 
athe point A; and let F be the centre of the circle ABC, and 
bthe centre af ADE: The ſtraight line which joins the points 
56G hall paſs through the point of contact A. 

Fer, if not, let it paſs otherwiſe, if poſſible, as FCDG, 12 

ou 
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Book III. join FA, AG: And becauſe F is the centre of the circle ABC; 
AF is equal to FC: Alſo, F 
becauſe G is the centre of 
the circle ADE, AG is e- 
qual to GD : Therefore 
FA, AG are equal to FC, 
DG ; wherefore the whole 
FG is greater than FA, 
a 20. 1. AG: But it is allo leſs *; 
which is impoſlible : 
Therefore the ſtraight line which joins the points F, G ſhall not 
paſs otherwiſe than through the point of contact A, that is, it 
muſt paſs through it. Therefore, if two circles, &c. Q. E. P. 


nore th 
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fore, be 
the circ 
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the circ 
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AC is w 
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ſerence 
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PROP. AL THEO 


See N. NE circle cannot touch another in more points 
than one, whether it touches 1t on the infide or 
outſide. 


For, if it be poſſible, let the circle EBF touch the circle ABC 

in more points than one, and firſt on the inſide, in the point 

a 10 11. 1. B, D; join BD, and draw * GH biſecting BD at right angles 
Therefore, becauſe the points B, D are in the circumference ol 


5 


Int fre 


Let thi 
d one an 
Take ] 
C perp 
I, paſfir 
bes not 
ht ang] 
re AF j 
AF. 
buble of 
D; the! 
Ind beca 
are of 


C: But 


bz.3 each of the circles, the ſtraight line BD falls within each bo 
c. Cor. . 3. them: And their centres are © in the ſtraight line GH whic! 
biſects BD at right angles: therefore GH paſſes through thi 


d. 2. 3. point of contact 4; but it does not paſs through it, becaulc.th Wu! » to 
points B, D are without the ſtraight line GH, which is abſurd e angle 
Therefore one circle cannot touch another on the inſide in mot the lik 
points than one. Care e 


Nor can two circles touch one another on the outſide 1 


mo 


% 
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more than one point: For, if it be poſſible, let the circle ACK Book It. 
touch the circle ABC in the points A, C, and join AC: There 
fore, becaufe the two points A, C are in | 
the circutnference of the circle ACK, | K 0 
the ſtraight line AC which joins them 

hall fall within Þ the circle ACK : And NN 

the circle ACK is without the circle A : 'S 

4BC; and therefore the ſtraight line 

is without this laſt circle; but, be- 

wc the points A, Care in the circum- 

ference of the circle ABC, the ſtraight - | 

Ine AC muſt be within d the ſame cir- 

e, which is abſurd : Therefore one 

cle cannot touch another on the out- B 

ide in more than one point: And it | 

bas been ſhewn, that they cannot touch on the inſide in more 

vints than one: Therefore, one circle, &c. Q. E. D. 


BC, 


PA QF. 21V:.. FBS EUR 


DP QUAL ſtraight lines in a circle are equally diſtant 
rom the centre ; and thoſe which are equally di- 
nt from the centre, are equal to one another. 


Let the ſtraight lines AB, CD, in the circle ABDC, be equal 
bone another; they are equally diſtant from the centre. 

Take E the centre of the circle ABDC, and from it draw EF, 
C perpendiculars to AB, CD: Then, becauſe the ſtraight line 
I paſſing through the centre, cuts the ſtraight line AB, which 
bes not paſs through the centre, at | 

pht angles, it alſo biſects it: Where- 
Ire AF is equal to FB, and AB double 
AF. For the ſame reaſon, CD is 
vuble of CG : And AB is equal to 
D; therefore, AF is equal to CG: 


2 3. 3. 


ch b oed becauſe AE is equal to EC, the 

which ere of AE is equal to the ſquare of 

gh the But the ſquares of AF, FE are 

uſe. th! to the ſquare of AE, becauſe b 47. r. L 
abſurd t angle AFE is a right angle; and, | | 

in mot the like reaſon, the ſquares of EG, | 


Care equal to the Tquare of EC: Therefore the ſquares of. 
EE are equal to the ſquares of CG, GE, of which the 
1 iquare 
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Book III. ſquare of AF is equal to the ſquare of CG, becauſe AF is equa] 
WS to CG; therefore the remaining ſquare of FE is equal to the 
remaining ſquare of EG, and the ſtraight line FE is. therefore 
equal to EG: But ſtraight lines in a circle are ſaid to be equally 
diſtant from the centre, when the perpendiculars drawn to them 
© 4. Def. 3. from the centre are equal © : Therefore AB, CD are equally 
| diſtant from the centre. 


leſs d 
js dou 
EH, 

ſquare 
than ! 
of FK 
fore B 


Next, if the ſtraight lines AB, CD be equally diſtant from Nez 
the centre, that is, it FE be equal to EG; AB is equal to CD? tre th: 
For, the ſame conſtruction being made, it may, as before, be de. le( th 
monſtrated, that AB is double of AF, and CD double of Create. 
and that the ſquares of EF, FA are equal to the ſquares of EG tquare: 
GC; of which the ſquare of FE is equal to the ſquare of EG the ſq 
becauſe FE is equal to EG; therefore the remaining ſquare oi the ſq 
AF is equal to the remaining ſquare of CG; and the ſtraight firaigh 
line AF is therefore equal to CG: And AB is double of A CE. 


and CD double of CG; wherefore AB is equal to CD. There 
fore equal ſtraight lines, &c. Q. E. D. | 


PROP. AV. T-H EQ: 


withor 
betwed 


geen. f 5 HE diameter is the greateſt ſtraight line in a circle ¶ the ex 
and, of all others, that which is nearer to the cen the (ar 
tre is always greater than one more remote; and th cute ar 
greater is nearer to the centre than the leſs, an ang 
10 it, « 
Let ABCD be a circle, of which TY 
the diameter is AD, and the centre E; "ng 
and let BC be nearer to the centre * . 
than FG; AD is greater than any "ax 
ſtraight line BC which is not a diame- podle 
ter, and BC greater than FG. ad , 
From the centre draw EH, EK per- Ba 
pendiculars to BC, FG, and join EB, = 
EC, EF; and becauſe AE is equal to mole D 
EB, and ED to EC, AD is equal to ACh . | 
«z0.z EB, EC: But EB, EC, are greater lerefor 
than BC; wherefore, allo AD is great- d ok 
er than BC. ltereforc 


And, becauſe BC is nearer to the centre than FG, = 
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je d than EK; But, as was demonſtrated in the preceding, BC Book III. 


pr i; double of BH, and FG double of FK, and the ſquares of WY 
fore £11, HB are equal to the ſquares of EK, KF, of which the S- Def 3. 
nal {quare of EH is leſs than the ſquare of EK, becauſe EH js leſs 


than EK; therefore the ſquare of BH is greater than the ſquare 
of FK, and the ſtraight line BH greater than FK; and there- 
fore BC is greater than FG. 


hem 
ually 


from Next, Let BC be greater than FG; BC is nearer to the cen- 
CDM tre than FG, that is, the ſame conſtruction being made, EH is 
e de- es than EK: Becauſe BC is greater than FG, BHt likewiſe is 
CGI greater than KF: And the ſquares of BH, HE are equal to the 


ECG f{quares of FK, KE, of which the ſquare of BH is greater than 
EG the ſquare of FK, becauſe BH is greater than FK; therefore 
re of the ſquare of EH is leſs than the ſquare of EK, and the 
ige firaight line EH leſs than EK. Wherefore the diameter, &c. 
f AV Q E. D. ; | 


"here 
| FRTOP.-SVIL-THETIONT 


T's ſtraight line drawn at right angles to the dia. gee x. 
meter of a circle, from the extremity of it, falls 
without the circle; and no ſtraight line can be drawn 
between that ſtraight line and the circumference from 

the extremity, ſo as not to cut the circle; or, which, is 

the ſame thing, no ſtraight line can make ſo great an a- 

cute angle with the diameter at its extremity, or ſo ſmall 

an angle with the ſtraight line which is at right angles 

to it, as not to cut the circle. 


1rcle 
e cen 


1d thi 


Let ABC be a circle, the centre of which is D, and the dia- 
meter AB: the ſtraight line drawn at right angles to AB from 
ts extremity A, ſhall fall without the circle. 

For, if it does not, let it fall, if 
pollible, within the circle, as AC, 
ad draw DC to the point C where 
meets the circumference : And 
feauſe DA is equal to DC, the B 
mle DAC is equal ® to the angle 
D; but DAC is a right angle, 
iercfore ACD is a right angle, 
ad the angles DAC, ACD are: 
Ilerefore equal to two right. angles; which is impoſlible d: dz7-2« @ 

F 5 Therefore * 


* 
3 


— ä — — —_— — 


— 


— 
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Book III. Therefore the ſtraight line drawn from A at right angles to BA 


u does not fall within the circle: In the ſame manner, it may be 


e 2. 3. 


demonſtrated that it does fall upon the circumference; 
therefore it muſt fall withwPthe circle, as AE. | 

And between the ſtraight line AE and the circumference no 
ſtraight line can be drawn from the 
cut the circle: For, if poflible, let FA be between them, and 
from the point D draw © DG perpendicular to FA, and let it 
meet the circumference in H: And becauſe AG is a right 
angle, and DAG leſs b than a right angle: DA is greater 4 than 
DG: But DA is equal to DH; 
therefore DH is greater than DG, 
the leſs than the greater, which is C 
impoſſible: Therefore no ſtraight 
line can be drawn from the point 
A between AE and the circumfe- 
rence, which does not cut the cir- 
cle, or, which amounts to the ſame R . A 
thing, however great an acute angle D 
a ſtraight line makes with the dia- 
meter at the point A, or however 
ſmall an angle it makes with AE, 
the circumference paſſes between that ſtraight line and the per- 
pendicular AE. And this is all that is to be underſtood, 
© when, in the Greek text and tranſlations from it, the angle of 
© the ſemicircle is ſaid to be greater than any acute reCtilinesl 
angle, and the remaining angle leſs than any rectilineal an- 
6 ole.” : 
Dow. From this it is manifeſt that the ſtraight line which 1s 
drawn at right angles to the diameter of a circle from the ex- 
tremity of it, touches the circle; and that it touches it only in 
one point, becauſe, if, it did meet the circle in two, it would 
fall within it ©. * Alfo it is evident that there can be but one 
* ſtraight line which touches the circle in the ſame point. 


E 


PROP. XVE. PR: QB. 


TO draw a ſtraight line from a given point, either 
without or in the circumference, which ſhall touch 
a given circle. | | 


Firſt, Let A be a given point wunout the given circle BCD; 
| k 


point A which does not 


Per- 
ſtood, 
gle ol 
ilineal 


il an- 


vich is 
he ex- 
nly in 
would 


ut one 
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the circle. 
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it is required to draw a ſtraight line from A which ſhall touch Book 111, 
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Find * the centre E of the circle, and join AE; and from a1. 3. 
the centre E, at the diſtance EA, deſcribe the circle AFG; 
trom the point D draw Þ DF at right angles to EA, and join b ir. 1. 
EBF, AB. AB touches the circle BCD. 


Becauſe E is the centre 
of the circles BCD, AFG, 
EA is a Equal to EF: And 
ED to EB; therefore the 
two ſides AE, EB are equal 
to the two FE, ED, and 
they contain the angle at 
E common to the two tri- 
angles AEB, FED; there- 
fore the baſe DF is equal 
to the baſe AB, and the 
triangle FED to the tri- 


angle AEB, and the other angles to the other angles © : There- e 4. t. 

fore the angle EBA is equal to the angle EDF : But EDF is a 

right angle, wherefore EBA is a right angle: And EB is drawn 

from the centre: but a ſtraight line drawn from the extremity 

of a diameter, at right angles to it, touches the circle 9 : There- d cor. 16.3. 

fore AB touches the 44. z and it is drawn from the given » 

point A. Which was to be done. 
But, if the given point be in the circumference of the circle, 

as the point D, draw DE to the centre E and DF at right 

angles to DE; DF touches the circle 4, 


NOF. XVII. THE OR. 


F a ſtraight line touches a circle, the ſtraight line 
drawn from the centre to the point of contact, ſhall 
be perpendic lar to the line touching the circle. 


Let the fraight line DE touch the circle ABC in the point 
C; take tie centre F, and draw the ſtraight line FC: FC is 


perpendicular to DE. 
For, if it be not, from the 


point F draw FBG perpendicular 

to DE; and becauſe FGC wa right angle, GCF is d an acute b 17. 1. 

angle; ad to the greater angle the greateſt © file i 
F | 


2 


* 


$ oppoſite : c 19. 1. | 
Therefore 


E 


Book III. Therefore FC is 
but FC is equal to FB; therefore 


a 18. 3, 


See N. 


the point of contact, FC is perpendi- 


- equal to the angle ACE, the leſs to 


that ! is, upon the fame part of the circumference 


THE ELEMENTS 
eater than FG ; 


FB is greater than FG, the leſs 
than the greater, which is impoſ- 
ſible z Wherefore FG is not 

pendicular to DE: In the * 
manner it may be ſhewn, that no 
other is perpendicular to it beſides 
FC, that is, FC is perpendicular to 
DE. T herefore, if a ſtraight line, 

&c. Q. E. D. D 


N 
C GE 
PROP. XIX THEOR, 


| fo a ſtraight line touches a circle, and from the point 

of cone a ſtraight line be drawn at right angles to 
the touching line, the centre of the circle ſhall be in 
that line, 


Let the ſtraight line DE touch the circle ABC in C, and 
from C let CA be drawn at right angles to DE; the centre of 
the circle is in CA. 

For, if not, let F be the centre, if poſſible, and join CF; 
Becauſe DE touches the circle ABC, 
and FC is drawn from the centre to 


cular * to DE; therefore FCE. is a 
right angle : But ACE 1 is alſo a right 
angle; therefore the angle FCE is 


the greater, which is impoſſible : 
Wherefore F is not the centre of the 
circle ABC: in the ſame manner, it 
may be ſhewn, that no other point 


'D 7-0 
which is not in CA, is the centre; that is, ths centre is in CA. 
Therefore, if a ſtraight line, &c. em D. 


% | 


P R OP. AX. THEOR. 


HE angle at the centre of a circle is doch of the 
angle at the circumference, upon the ſaine bale, 


* 
” 


Ag 


circle 


remai. 
the ar 


2 


OF-EUCLID, © 8 


Let ABC be a circle, and BEC an angle at the eentre, and Book 11t. 
BAC an angle at the circumference, which have the ſame cir- = 
cumference BC for their baſe ; the angle n 
BEC is double of the angle BAC. 

Firſt, let E the centre of the circle be 
within the angle BAC, and join AE, and 
produce it to F: Becauſe EA is equal to 
EB, the angle EAB is equal * to the 
angle EBA ; therefore the angles EAB, 
EBA are double of the angle EAB ; but 
the angle BEF is equal Þ to the angles 
FAB, EBA; therefore alſo. the angle F 
BEF is double of the angle EAB: For 
the ſame reaſon, the angle FEC is double of the angle EAC: 
Therefore the whole angle BEC is double of the whole angle 
BAC. 

Again, Let E the centre of the 
circle be without the angle BDC, and 
join DE and produce it to G. It | 
may be demonſtrated, as in the firſt D 
caſe, that the angle GEC is double 
of the angle GDC, and that GEB a 


part of the firſt is double of GDB a 

part of the other; therefore the re- G 

maining angle BEC is double of the 
remaining angle BDC. Therefore RBC 
the angle at the centre, &c, Q. E. D. | 


PROP, XXL. THE OR. 


HE angles in the ſame ſegment of a circle are e- see x. 
qual to one another. 


Let ABCD be a circle, and BAD, 
BED angles in the ſame ſegment 
BAED : Abe anlges BAD, BED are 
equal to one another 

Take F the centre of the circle 
ABCD: And, firſt, let the ſegment 
BAED be. greater than a ſemicircle, 
and join BF, FD : And becauſe the 
angle BFD is at the centre, and the 
angle BAD at the circumference, 
ind that they have the fame part of | 
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Book UI. the circumference, viz. BCD, for their baſe ; therefore the an- 
YM gle BFD is double * of the angle BAD : For the ſame reaſon, 


8 20. 3. 


5 22.3. 


2 32. 1. 


the angle BFD is double of the angle BED : Therefore the 
angle BAD is equal to the angle BED. 


But, if the ſegment BAED be not greater than a ſemicircle, 


A_E 


let BAD, BED be angles in it ; theſe 
alſo are equal to one another: Draw | 
AF to the centre, and produce it to 
C, and join CE: Therefore the ſeg- 
ment BAD C is greater than à ſemi- 
circle; and the angles in it BAC, 
BEC are equal, by the firſt caſe: For 
the ſame reaſon, becauſe CBE D is 
greater than a ſemicircle, the angles 
CAD, CED are equal : Therefore 
the whole angle BAD is equal to the 
whole angle 559. Wherefore the angles in the ſame ſegment 
Sc. Q. E. D. 


1 HE OR. 


' ' 'HE oppoſite angles of any quadrilateral figure de- 
ſcribed 1n a circle, are together equal to two right 
angles, 


PR OP. XXIL 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any two of its oppoſite angles are together equal to two right 
angles. 

Join AC, BD; and becauſe the three angles of every tri- 
angle are equal“ to two right angles, the three angles of the 
triangle CAB, viz. the angles CAB, ABC, BCA are equal to 
two right angles: But the angle CAB 
is equal Þ to the angle CDB, hecauſe 
they are in the ſame ſegment BADC, 
and the angle ACB is equal to the 
angle ADB, becauſe they are in the 
fame ſegment ADCB : Therefore the 
whole angle ADC is equal to the 
angles CAB, ACB: To each of theſe 

equals add the angle ABC; therefore 
the angles ABC, CAB, BCA are e- 
qual to the angles ABC, ADC : But ABC, CAB, - BCA are 
equal to two right angles; therefore alſo the angles ABC, ADC 
are equal to two right angles: In the ſame manner, the u_ 
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BAD, DCB- may be ſhewn to be equal to two right angles. Book Itf. 
Therefore, the oppolite angles, &c. Q. E. D. * 


PROP. XXII. T H E. O R. 


P ON the ſame ſtraight line, and upon the ſame $ee N. 
ſide of it, there cannot be two ſimilar ſegments of 
circles, not coinciding with one another. 


If it be poſſible, let the two ſimilar ſegments of circles, viz. 
ACB, ADB, be upon the ſame ſide of the ſame ſtraight line 
AB, not coinciding with one another : Then, becauſe the cir- 
cle ACB cuts the circle ADB in the | 
two points A, B, they cannot cut one 
another in any other point “: One of 
the ſegments.muſt therefore fall within 
the other; let ACB fall within ADB, 
and draw the ſtraight line BCD, and ; = 

jon CA, DA: And becauſe the ſeg- A B 
ment ACB is fimilar to the ſegment ADB, and that ſimilar ſeg- 


10 2. 
ent wowed, 


de- ments of circles contain d equal angles; the angle ACB is equal b 11 def. 3. 

ght to the angle ADB, the exterior to the interior, which is impoſ- 
ſible e. Therefore, there cannot be two fimilar ſegments of a « 16. 1. 
circle upon the ſame ſide of the ſame line, which do not coin- 

D cide. QE; D. N | | 7 2 

gut PROP. XXIV. THEOR. 

t 1. | . k 

* 8 IMIL AR ſegments of circles upon equal ſtraight sce x. 


lines, are equal to one another. 


Let AEB, CFD be ſimilar ſegments of circles upon the equal 


ſtraight lines AB, CD; the ſegment AEB is equal to the ſeg- 
ment CFD. 


For, if the ſeg- 


ment AEB be $3. L | 
applied to 'the 1 | 2 

ſegment CFD, W 
ſo as the point A © . 


be on C, and A = 8 * \ » HE 
the ſtraight line 
AB upon CD, the point B ſhall coincide with the point D, by 

cauie 


are 
ADC 
ngles 
AD, 


T23- 3, 


g8See N. 


a 10. 1. 
b 5. I. 


c 6. 1. 


d 9. 3. 
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Book III. cauſe AB is equal to CD: Therefore the ſtraight line AB co. 
CHaad inciding with CD, the ſegment AEB muſt * coincide with the 
ſegment CFD, and therefore is equal to it. 
ſegments, &c. Q. E. D. 


Wherefore ſimilar 


PROP. XXV. PROB. 


Segment of a circle being given, to deſcribe the 
circle of which it is the ſegment; fs 


Let ABC be the given ſegment of a circle ; it is required to 
deſcribe the circle of which it is the ſegment. * 3 | 

Biſect AC in D, and from the point D draw DB at right 
angles to AC, and join AB: Firſt, let the angles ABD, BA, 
be equal to one another; then the ſtraight line BD is equal © 
to DA, and therefore to DC; and becauſe the three ſtraight 
lines DA, DB, DC, are a equal; D is the centre of the cir- 
cle 4: From the centre D, at the diſtance of any of the thre: 
DA, DB, DC, deſcribe a circle; this ſhall paſs through the other 
points; and the circle of which ABC is a ſegment is deſcfibed: 
And becauſe the centre D is in AC, the ſegment ABC is a ſe- 


CE 22.1, 


micircle : But if the angles ABD, BAD are not equal to one 
another, at the poiat A, in the ſtraight line AB, make © the angle 


BAE equal to the angle ABD, and produce BD, it neceſſary, to 
E, and join EC: And becauſe the angle ABE is equal to the angle 
BAE, the ſtraight line BE is equal to EA: And becauſe AD 
is equal to DC, and DE common to the triangles ADE, CDE, 
the two fides AD, DE are equal to the two CD, DE, each to 


each; and the angle ADE is equal to the angle CDE, for 


each of them is a right angle; therefore the baſe AE is equal 
f to the baſe F.C: But AE was ſhewn to be equal to EB, where- 


fore alſo BE is equal to EC: And the three ſtraight lines AE, 


J 
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FB, EC are therefore equal to one another; wherefore 4 E is Book I. 
the centre of the circle. From the centre E, at the diſtance of 
any of. the three AF, EB, EC, deſcribe a circle, this ſhall paſs ds. 3- 
through the other points; and the circle of which ABC is a ſeg- 

ment is deſcribed: And it is evident, that if the angle ABD be 

greater than the angle BAD, the centre E falls without the 

ſegment ABC, which therefore is leſs than a ſemicircle : But 
if the angle ABD be leſs than BAD, the centre E falls within 
the ſegment ABC, which is therefore greater than a ſemicircle 4 
Wherefore a ſegment of a circle being given, the circle is de- 
ſcribed of which it is a ſegment. Which was to be done. 


PROP. XXVI. THEOR. 


N equal circles, equal angles ſtand upon equal cir- 
cumferences, whether they be at the centres or cir- 
cumferences- 


Let ABC, DEF be equal circles, and the equal angles BGC, 
EHF at their centres, and BAC, EDF at their circumferences ; 
ihe circumference BKC is equal to the circumference ELF. 

Join BC, EF; and becauſe the circles ABC, DEF are equal, 
the ſtraight lines drawn from their centres, are equal: There» 
tore the two tides BG, GC, are equal to the two EH, HF; 


and the angle at G is equal to the angle at H; therefore the 
baſe BC is equal to the baſe EF: And becauſe he angle at A a 4. r. 
is equal to the angle at D, the ſegment BAC is ſimilar d to the b rr. def.z. 
ſegment EDF; and they are upon equal ſtraight lines BC, EF; 
but ſimilar ſegments of circles upon equal ſtraight lines are e- 
qual © to one another; therefore the ſegment BAC is equal c. 24. 3. 
ſv the ſegment EDF: But the whole circle ABC is equal 3 
whole 
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Book III. whole DEF; therefore the remaining ſegment BKC is equal to 


4 20. 3. 


9 23. 1. 


C 26. 3. 


the remaining ſegment ELF, and the circumference BKC to 


the circumference ELF. Wherefore, in equal circles, &c, 


E. D. php, N « 


cu 


PROP. XV. THE OR. the le 


| Let 
N equal circles, the angles which ſtand upon equal ines ir 


circumferences are equal to one another, whether AC, 


they be at the centres or circumferences. | _ 
acc. 


U, LI 


Let the angles BGC, EHF at the centres, and BAC, EDF 
at the circumferences of the equal circles ABC, DEF ſtand up- 
on the equal circumferences BC, EF : 'The angle BGC is equal 
to the angle EHF, and the angle BAC to the angle EDF. 

It the angle BGC be equal to the angle EHF, it is manifeſt 
that the angle BAC is alſo equal to EDF. But, if not, one 


D 


of them is the greater: Let BGC be the greater, and at the 
point G, in the ſtraight line BG, make Þ the angle BGK equal 
to the angle EHF; but equal angles ſtand upon equal circum- 
ferences ©, when they are at the centre; therefore the circum- 
ference BK is equal to the circumference EF: But EF is equal 
to BC; therefore alſo BK is equal to BC, the leſs to the great- 
er, which is impoſſible : Therefore the angle BGC is not une: 
qual to the angle EHF; that is, it is equal to it: And the angle 


reles, & 


N equ 


at A is half of the angle BGC, and the angle at D half of the equa 

angle EHF: Therefore the angle at A is equal to the angle 2 

D. Wheretore, in equal circles, &c. Q. E. D. bo A] 
| ) E. 


PR OPM = <q 


* 
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PROP. XxVll, THEO Rx. 


N equal circles, equal ſtraight lines cut off equal cir- 
cumferences, the greater equal to the greater, and 
the leſs to the leſs. 


Let ABC, DEF be equal cireles, and BC, EF qual ſtraight 
qual Ines in them, which cut off the two greater circumferences 
ther ac, EDF, and the two leſs BGC, EHF: The greater BAC 
js equal to the greater EDF, and the lefs BGC to the leſs EHF. 

Take * K, L the centres of the circles, and join BK, KC, 2 7: 3. 

For IL, LF: And becauſe the circles are equal, the ſtraight lines 

equal 


nifeſt 
one 


from their centres are equal; therefore BK, KC are equal to 

L, LF; and the baſe BC is equal to the baſe EF; therefore 

he angle BK C is equal d to the angle ELF: But equal angles b 8. z: 
ſand upon equal © circumferences, when they are at the cen- « 26, 3. 
tres; therefore the circumference BGC is equal to the circum- 

rence EHF. But the whole circle ABC is equal to the whole 
LDF; the remaining part therefore of the circumference, viz. 

PAC, is equal to the remaining part EDF. Therefore, in equal 

reles, &c. Q. E. D. as 8 


at the 
equal 
ircum- 
ircum- 
s equal 


PROP. XX. THE OR. 


great 
ot une- 2 

e angle | N equal circles equal circumferences are ſubtended by — 
f of the equal ſtraight lines. 


ngle a APE I 
| Let ABC, DEF be equal circles, and let the circumfercnces 
oC, EHF alſo be equal; and join BC, EF: The ſtraight line 
Vis equal to the ſtraight line EF, : 

| | ake 


" THE ELEMENTS 
Book m. Take* K, L the centres of the circles, and join BK, KC, 


Wray EL, LF: And becauſe the circumference BG is equal to the 
97. 3. 


N a 


| bu 
| is leſs 
leſs th 
| 
| Let . 
| tentrE . 
| ABC, 
G H — ] 
' AB 

þ27.3- circumference EHF, the angle BKC is equal Þ to the angle Angle; 
ELF: And becauſe the circles ABC, DEF are equal, the ſtraight WM: ſemic 
lines from their centres are equal : 'Therefore BK, KC are equal Joir 

to EL, LF, and they contain equal angles: Therefore the baſe to EA, 
64. 1. BC is equal © to the baſe EF. Therefore, in equal circles, &c, ; equal 
Q. E. D. | - equal t 
hole 
PROP. XX. PRO B. wo any 
| | the ext 
O biſect a given circumference, that is, to divide it 3. | 
into two equal parts. 3 BAC is 
Let ADB be the given circumference ; it is required to biſect 13 
| it. | gut © 

Þ 10. 1. Join AB, and biſect * it in C; from the point C draw CE 2 1 

| at right angles to AB, and join AD, DB: The circumferene A 

ADB is biſected in the point D. ARG a, 

Becauſe AC is equal to CB, and CD common to the triangle. 15 

ACD, BCD, the two ſides AC, CD 0 deren 

are equal to the two BC, CD; and b leſ 3 

the angle AC is equal to the angle \ a 

BCD, becauſe each of them is a right \ * . ; 

| angle; therefore the baſe AD is equal C B W:. < 

b. 4. 1. d to the baſe BD: But equal ſtraight A 150 1 

e 28. 3. lines cut off equal © circumferences, the greater equal to the reat , 

greater, and the leſs to the leſs, and AD, DB are each of the 5 Ga 

d Cor, 1. 3. leſs than a ſemicircle; becauſe DC paſſes through the centre. "I 
Wherefore the circumference AD is equal to the circumferenc ys 

DB: Therefore the given circumference is biſected in D. Which wele C 


was to be done. | 
| PRO! 


— i  _ 
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8 vn 2 $46: Book In. 
KC " PROP. XXI. THEOR. | rod 
the | | 


Na circle, the angle in a ſemicircle is a right angle; 
but the angle in a ſegment greater than a ſemicircle 


js leſs than a right angle; and the angle in a ſegment 
leſs than a ſemicircle is greater than a right angle. 


Let ABCD be a circle, of which the diameter is BC, and 
tentre E; and draw CA dividing the circle into the ſegments 
ABC, ADC, and join BA, AD, DC; the angle in the ſemi- 
circle BAC is a right angle; and the angle in the ſegment 
ABC, which is greater than a ſemicircle, is leſs than a right 
angle angle; and the angle in the ſegment ADC, which is leſs than 
-aight a ſemicircle, is greater than a right angle. 

equal Join AE, and produce BA to F; and, becauſe BE is equal 


e baſe e EA, the angle EAB is equal to EBA; alſo, becauſe AE 5. 1. 
s, &c, z equal to EC, the angle EAC is 


equal to ECA; wherefore the 
whole angle BAC is equal to the 
two angles ABC, ACB; But FAC, 
the exterior angle of the triangle 
vide i ABC, is equal b to the two angles 
ABC, ACB ; therefore the angle 
BAC is equal to the angle FAC, 
and each of them is therefore a 
right © angle: Wherefore the angle 
BAC in a ſemicircle is a right an- 
gle. 


biſecd 
CC 
ference 


And becauſe the two angles ABC, BAC of the triangle 
ABC are together Jeſs d than two right angles, and that BAC x7. 2. 
a right angle, ABC muſt be leſs than a right angle; and 
therefore the angle in a ſegment ABC greater than a ſemicircle, 
leſs than a right angle. | 
And becauſe ABCD is a quadrilateral figure in a circle, any 
two of its oppoſite angles are equal © to two right angles; there- 4a. 3. 
bre the angles ABC, ADC are equal to two right angles; and | 


langle! 


to he > © is leſs than a right angle; wherefore the other ADC is 
F theater than a right angle. . 

mire . Beſdes, it is manifeſt, that the circumference of the greater 
Ferenc ſegment ABC falls without the right angle CAB, but the 


urcumference of the leſs ſegment ADC fall within the right 
wgle CAF. And this is all that is meant, when in the 
a Greek 


94 


| 
f 
| 
| 


a 11. 1. 


e 31. 3. 


bock l. © Greek text, and the tranſlations from it, the angle of the 


circle, ſhall-be equal to the angles which are in the al. 


b 19. 3. 


d. 32. 1. 


therefore the angle ABF is equal to 


EC 22. 2, 
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« greater ſegment is ſaid to be greater, and the angle of the let 
C 1223 is ſaid to be leſs, than a right angle.” | 
Con. From this it is manifeſt, that if one angle of a triangle 
be equal to the other two, it is a right angle, becauſe the angle 
adjacent to it is equal to the ſame two; and when the adjacent 
angles are equal, Se are right angles. 


PROP. XXI. THEOR. 


F a ſtraight line touches a circle, and from the point 
of contact a ſtraight line be drawn cutting the circle, 
the angles made by this line with the line touching the 


ternate ſegments of the circle. 


Let the ſtraight line EF touch the circle ABCD in B, and 
from the point B let the ſtraight line BD be drawn cutting the 
circle: The angles which BD makes with the touching line EF 
ſhall be equal to the angles in the alternate ſegments of the 
circle : that is, the angle FBD is equal to the angle which is in 
the ſegment DAB, and the angle DBE to the angle in the ſeg 
ment BCD. | 

From the point B draw * BA at right angles to EF, and take 
any point C in the circumference BD, and join AD, DC, CB; 
and becauſe the ſtraight line EF touches the circle ABCD u 
the point B, and BA is drawn at a 
right angles to the touching line A 
from the point of contact B, the D 
centre of the circle is bd in BA; 
therefore the angle ADB in a ſemi- 
circle is a right © angle, and conſe- | C 
quently the other two angles BAD, 
ABD are equal 4 to a right angle: 
But ABF is likewiſe a right angle; 


the angles BAD, ABD: Take from E B F 
theſe equals the common angle 

ABD; therefore the remaining angle DBF is equal to the ar 
gle BAD, which is in the alternate ſegment of the circle; and 
becauſe ABCD is a quadrilateral figure in a circle, the oppoſitt 
angles BAD, BCD are equal © to two right angles; _— 
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me angles DBF, DBE, being likewiſe equal f to two right an- Book u. 
gles, are equal to the angles BAD, BCD; and DBF has been 


lel proved equal to BAD: Therefore the remaining angle DBE is f 13. 4. 
equal to the angle BCD in the alternate ſegment of the cirele. 
8 Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. XXXIII. PRO B. 


PON a given ſtraight line to deſcribe a ſegment of ** N. 
1 a circle, containing an angle equal to a given rec- 
lineal angle. 


Let AB be the given ſtraight line, and the angle at C the 
given rectilineal angle; it is required to deſcribe upon the 
given ſtraight line AB a ſegment of a circle, containing an angle 
equal to the angle C. 


, and Firſt, ' Let the angle at C be a | „ 
g the right angle, and biſect * AB in F, | 2 9 
ne LI and from the centre F, at the di -C 
F the dance FB, deſcribe the ſemicircle 
4 AHB ; therefore the wget page 5 F 5 4 
e 1c: ſemicircle is d equal to the right ö 3 
angle at C. 1 | . A K B 
d take da if the angle C be not a right angle, at the point A, in 
» CD de ſtraight line AB, make the angle BAD equal to the angle c 23. 2. 
CD Cc, and from the point A 


iraw 4 AE at right angles to Wol 
AD; biſet® ABin F, and 
from F draw 4 FG at right 
angles to AB, and join GB: 
and becauſe AF is equal to 


Fb, and FG common to the 


triangles AFG, BFG, the wap B | 
two des AF, FG are "equal C A F 15 
o the two BF, FG; and the | 

angle AFG is equal to the DN 


mole BFG; therefore the 
bale AG is equal © to the baſe GB; and the circle deſcribed e 4. 2. 
tom the centre G, at the diſtance GA, ſhall paſs through the 
point B; let this be the circle AHB: And becauſe from the 
ant A the extremity of the diameter AE, AD is drawn 8 
— | right - 


36 THE ELEMENTS 


Book III. right angles to AF, therefore Df touches the circle z and be: 
SY cauſe AB drawn from the point 


fCor. 16.3. of contact A cuts the circle, C 


the angle. DAB is equal to the 
| angle in the alternate ſegment A 
$32.3 AHB “: But the angle DAB 


is equal to the angle C, there- ; t 
fore alſo the angle C is equal them 
to the angle in the ſegment D of th 
AHB : Wherefore, upon the 
given ſtraight line AB the ſeg- Let 
ment AHB of a circle is deſcribed which contains an re e cut or 
qual to the given angle at C. Which was to be done. EC is 
BE, E 
| If 2 
PROP. XXX. PROB a 
i, g eriden 
equal, 
O cut off a ſegment from a given circle which ſhall Wl equal « 
contain an angle _ to a given rectilineal angle, 5 
other 
Let ABC be the given circle, and D the given redline I gs, i 
angle; it is required jto cut off a ſegment from the circle ABCIM entre 
that ſhall contain an angle equal to the angle D. which 
117. 3. Draw * the ſtraight line EF touching the circle ABC in the Coes ne 
8 B, and at the point right a. 
| „in the ſtraight line BF A to one 
d23.:: make ® the angle FBC e- LN ſtraight 
qual to the angle D; Cm" in 
"Therefore, becauſe the unequa 
ſtraight line EF touches D BE, E] 
the circle ABC, and BC is EF, is 
drawn from the point of that is, 
contact B, the angle FBC guares 
e 32. 3. is equal © to the angle in E B F ſquare c 
the alternate ſegment BAC gle BE, 
of the circle: But the angle FBC is equal to the angle Der,! 
therefore the angle in the ſegment BAC is equal to the ang 1qu 
D: Wherefore the ſegment BAC is cut off from the given cir the r 
cle ABC containing an angle equal to the given angle D ic 
Which was to be done. Next, 
ROH ac 
dot at ri 


b the ce 
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PROP. XXXV. THEOR. FR 


B F two ſtraight lines within a circle cut one another, see N. 
the rectangle contained by the ſegments of one of 
F them is rg to the rectangle contained by the ſegments 

of the other, 


Let the two ſtraight lines AC, BD, within the circle ABCD, 
le e- Wl cut one another in the point E: the rectangle contained by AE, 
EC is equal to the rectangle contained by 

BE, ED. | 0 A D 

If AC, BD paſs each of them through 

the centre, ſo that E is the centre; it is 
evident, that AE, EC, BE, ED, being all 
equal, the rectangle AE, EC is likewiſe B CG 

{hall equal to the rectangle BE, ED. . 8 | 

ngle, But let one of them BD paſs through the centre, and cut the 
other AC, which does not paſs through the centre, at right an- = 

ples, in the point E; Then, if BD be biſected in F, F is the 

centre of the circle ABCD; join AF: And becauſe BD, 

which paſſes through the centre, cuts the ſtraight line AC, which 

does not paſs through the centre, at | | 

right angles in E, AE, EC are equal * D a 3. 3b 

to one another : And becauſe the 

ſtraight line BD is cut into two equal 

parts in the point F, and into two 

unequal in the point E, the rectangle 

BE, ED together with the ſquare of 

EV, is equal Þ to the ſquare of FB; A 

that is, to the ſquare of FA; but the © * 

quares of AE, EF are equal © to the 

ſquare of FA; therefore the rectan- B 

gle BE, ED, together with the ſquare D | 

of EF, is equal to the ſquares of AE, EF : Take away the com- 

mon ſquare of EF, and the remaining rectangle BE, ED is equal 

\ "_ remaining ſquare of AE; that is, to the rectangle AE, 

Next, Let BD which paſſes through the centre, cut the o- 

ther AC; whieh does not paſs through the centre, in E, but 

not at right angles: Then, as before, if BD be biſected in F, F 

the centre of the circle. Join AF, and from F draw 4 FG d 12. 1. 

Py 
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ilineal 


ABC 


in the 


Ic 
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Book III. perpendicular to AC; therefore AG is equal * to GC; where. 
ore the rectangle AE, EC, together with the ſquare of EG, i; 


equal d to the ſquare of AG: To each of theſe equals add the 


ſquare of GF; therefore the rectangle AE, EC, together with 


the ſquares of EG, GF, is equal to 
the ſquares of AG, GF: But the 
ſquares of EG, GF are equal © to the 
ſquare of EF; and the ſquares of 
AG, GF are equal to the ſquare of 
AF: Therefore the rectangle AE, A 
EC, together with the ſquare of EF, 
is equal to the ſquare of AF; that 
is, to the ſquare of FB: But the | 
ſquare of FB is equal b to the rectangle BE, ED, together with 
the ſquare of EF; therefore the rectangle AE; EC, together 
with the ſquare of EF, is equal to the rectangle BE, ED, to- 
gether with the ſquare of EF: Take away the common ſquare 
of EF, and the remaining rectangle AE, EC is therefore equal 
to the remaining rectangle BE, ED. | 

Laſtly, Let neither of the ſtraight lines AC, BD paſs through 
the centre: Take the centre F, and 
through E, the interſection of the 
ſtraight hnes AC, DB, draw the 
diameter GEFH : And becauſe the 
rectangle AE, EC is equal, as has 
been ſhown, to the rectangle GE, 
EH; and, for the ſame reaſon, the 
rectangle BE, ED is equal to the 
ſame reQangle GE, EH ; therefore 
the rectangle AE, EC is equal to 
the rectangle BE, ED. Wherefore, if two ſtraight lines, &, 


. D. 
PROP. XXXVI. THE OR. 


| fn from any point without a circle two ſtraight line: 
be drawn, one of which cuts the circle, and the 0- 
ther touches it; the rectangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle, ſhall be equal te the ſquare of the line which 
touches it. 


Let D be any point without the circle ABC, and DCA, DB 
two ſtraight lines drawn from it, of which DCA cuts the circle 


alle 


which | 
at righ 
It ; the 
becauſe 
in F, a1 
AD, L 
FC, is 

To eacl 
of FE; 

together 
b equal 
the ſqua 
of DF, 
ple; an 
the {qua 
gether v 
And CF 


gether W 


and DB touches the ſame : The. rectangle AD, DC is equal ta. Book nm, 
the ſquare of DB. 8 ' ; | YES 
Either DCA paſſes through the centre, or it does not; firſt, - 
let it paſs through the centre E, and join EB; therefore the 
angle EBD is a right“ angle: And 4 18. 3. 
becauſe the ſtraight line AC is biſec- | 
ted in E, and produced to the point 
D, the rectangle AD, DC, together 
with the ſquare of EC, is equal d to 


H 


the ſquare of ED, .and CE is equal to 

EB: Therefore the rectangle AD, DC, B 

together with the ſquare of EB, is e- 

qual to the ſquare of ED : But the | 

ſquare of ED is equal © to the ſquares c 47.1. 


of EB, BD, becauſe EBD is a right 
angle: Therefore the rectangle AD, 
DC, together with the ſquare of EB, 
is equal to the ſquares of EB, BD: 
Take away the common ſquare of EB; therefore the remaining 
rectangle AD, DC is equal to the ſquare of the tangent DB. 

But if DCA does not paſs through the centre of the circle | 
ABC, take 4 the centre E, and draw EF perpendicular © to ** Se 
AC, and join EB, EC, ED: And becauſe the ſtraight line EF, 50 
which paſſes through the centre, cuts the ſtraight line AC, 
which does not paſs through the centre, 5 
at right angles, it ſhall likewiſe biſect f 
it; therefore AF is equal to FC: And 
becauſe the ſtraight line AC is biſected 
in F, and produced to D, the rectangle 
AD, DC, together with the ſquare of 
FC, is equal b to the ſquare of FD: 
To each of theſe equals add the ſquare 
of TE; therefore the rectangle AD, DC, 
together with the ſquares of CF, FE, 
s equal to the ſquares of DF, FE: But 
the ſquare of ED is equal © to the ſquares 
of DF, FE becauſe EFD is a right an- 
gle; and the ſquare of EC is equal to 
the ſquares of CF, FE; therefore the reQangle AD, DC, to- 
gether with the ſquare of EC, is equal to the ſquare of ED: 
and CE is equal to EB; therefore the rectangle AD, DC, to- 
ether with the ſquare of a is equal to the ſquare of ED: 

2 - But 


83 CC, 


lines 
the 0- 
whole 
ut the 
which 


* A, Db 
— circle 
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Book 211. But the fquares of EB, BD are equal to the ſquare © of FD, be- 
WA, cauſe EBD is a right angle; therefore the rectangle AD, DC, 


C47. L. 


© 295. . 


b r8. 3. 


e 36. 3. 


lines cutting it, as AB, AC, the rect- 


together with the ſquare of EB, is equal to the ſquares of ER, 
BD: Take away the common ſquare of EB; therefore the re- 
maining rectangle AD, DC is equal to the ſquare of DB, 
Wherefore, if from any point, &c. Q E. D. 

Cor. If from any point without a 
circle, there be drawn two ſtraight 


angles contained by the whole lines 
and the parts of them without the 
circle, are equal to one another, viz. 
the rectangle BA, AE to the rectangle 
CA, AF: For each of them is equal 
to the ſquare of the ſtraight line AD) 
which touches the circle. 


PROP. XXVII. THE OR. 


F from a point without a circle there be drawn two 
ſtraight lines, one of which cuts the circle, and the 
other meets it; if the rectangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the ſquare ot the line which meets it, 
the line which meets ſhall touch the circle. 


Let any point D be taken without the circle ABC, and from 
it let two ſtraight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it; if the rectangle AD, DC be 
equal to the ſquare of DB; DB touches the circle. 

Draw * the ſtraight line DE touching the circle ABC, find 
its centre F, and join FE, FB, FD; then FED is a right “ an. 
gle: And becauſe DE touches the circle ABC, and DCA cuts 
it, the rectangle AD, DC is equal © to the ſquare of DE: But 


the rectangle AD, DC is, by hypotheſis, equal to the ſquare ol 


DB: Therefore the ſquare of DE is equal to the ſquare of DB; 


and the ſtraight line DE equal to the ſtraight line DB; 1 


be. FE is equal to FB, wherefore D equal | 
C, and the baſe FD is common ON ey to DB, BF; Book . 
EB, two triangles DEF, DBF; therefore 8 


— 


re- the angle DEF is equal 4 to the 
DB. DBF; but DEF is a right — "NN 
therefore alſo DBF is a right angle ; 
And FB, if produced, is a diameter, 
and the ſtraight line which is drawn 
at right angles to a diameter, from the 
extremity of it, touches the circle ; 
2 DB rouches the circle ABC. — 
erefore, if from à poi 
Q. D. 2 | Point, &c. 
C 
ld G 3 THR 
d the 
hole 
xt the 
ets It, 
1 from 
, DCA 
DC be 
, find 
t o att 
A cuts 
: But 
uare of 
Ff DB; 
'3 And 
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DEFINITIONS. 
J. 


are upon the ſides of the figure in which it is 
inſcribed, each upon each. 


IT. 
In like manner, a figure is ſaid to be deſcribed 
about another figure, when all the ſides of 
the circumſcribed figure paſs through the an- 


gular points of the figure about which it is deſeribed, each 


through each. 


Redtilineal figure is ſaid to be inſcribed in another rech. 
lineal figure, when all the angles of the infcribed figure 


HI. 

A rectilineal figure is ſaid to be inſcribed 
in a circle, when all the angles of the in- 
ſcribed figure are upon the circumference 
of the circle. 


IV. 


A reCtilineal figure is ſaid to be deſcribed about a circle, when 


a4 


each ſide of the circumſcribed figure 


touches the circumference of the circle. Fa 2d 
V. 


In like manner, a circle is ſaid to be inſcri- 
bed in a rectilineal figure, when the cir- 
cumference of the circle touches each ſide 
of the figure. 


fa! 
g 
the c 

Let 
not gr 

Dre 
equal 
a {tral 
qual t. 
is gre 
equal * 
tre C, 
ſcribe 
CA: 
the ce 
CA is 
equal t 
circle . 
line D, 
Which 


IN 


as 


„ orm te 
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A circle is ſaid to be deſcribed about a rec- WY. 


tilineal figure, when the circumference of | 
the circle paſſes through all the angular | 
points of the figure about which it 1s de- 
{cribed. 


1 * 9 MAES. 


VII. 
A ſtraight line is faid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle. 


- 


PROF I. PROS 


INLag a given circle to place a ſtraight line, equal to a 
given ſtraight line hot greater than the diameter of 
the circle. 


gure Let ABC be the given circle, and D the given ſtraight line, 
not greater than the diameter of the circle. 

* Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required is done; for in the cirele ABC 
a ſtraight line BC is placed e- 
ou! to D; But, if it is not, BC A 

ed is greater than D; make CE 


equal to D, and from the cen- 
tre C, at the diſtance CE, de- 
ſcribe the circle AEF, and join 
CA: Therefore, becauſe C is 
the centre of the circle AEF, 

CA is equal to CE; but D is D— | 

equal to CE therefore D is equal to CA: Wherefore, i in the 
circle ABC, a ſtraight line is placed equal to the given ſtraight 
line D, which is not greater than the diameter of the circle. 
Which was to be done. 


% 


PROP. Il PR'O B. 


IN a given circle to infcyibe a triangle cqulangular to 
a n trianglo- 


* 


* 
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Book v. Let ABC be the given circle, and DEF the given triangle; 

it is required to inſcribe in the circle ABC a triagie gquiangu. 
lar to the triangle DEF. 2 „ 

a 17. 3. Draw * the ſtraight line GAH touching the circle in the 

b 23.17. point A, and at the point A, in the ſtraight line AH, make» 
the angle HAC equal to the angle DEF; and at the point A, 
in the ſtraight line | | 
AG, make the angle 
GAB equal to the 
angle DFE, and join 
BC : Therefore, be- 
cauſe HAG touches 
the circle ABC, and 
AC is drawn from 
the point of contact, 
the angle HAC is e- 

032.3. qual © to the angle 

| ABC in the alternate ſegment of the circle: But HAC is equal Memain 
to the angle DEF; therefore alſo the angle ABC is equal to There 
DEF; For the ſame reaſon, the angle ACB is equal to the angle PDE: 

d 31. 1. DFE}; therefore the remaining angle BAC is equal © to the re- de don 
maining angle EDF : Wherefore the triangle ABC is equiangu- | 
lar to the triangle DEF, and it is inſcribed in the circle ABC. 
Which was to be done. 
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BOUT a given circle to deſcribe A triangle equi- , 


ven triangle. 
angular to a given triangle 
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Let ABC be the given circle, and DEF the given triangle; 
it is required to deſcribe a triangle about the circle ABC equi- 
angular to the triangle DEF. | 

Produce EF both ways to the points G, H, and find the 
centre K of the circle ABC, and from it draw any ſtraight line 

223.1. KB; at the point K in the ſtraight line KB, make the angie 
BKA equal to the angle DEG, and the angle BKC equal to the 
angle DFH; and through the points A, B, C, draw the 

b17.3. ftraight lines LAM, MBN, NCL touching » the circle ABC: 
Therefore, becauſe LM, MN, NL touch the circle ABC in the 
points A, B, C, to which from the centre are drawn KA, KB, 
c18.3, KC, the angles at the points A, B, C, are right © angles; And each, is 
-becauſe the four angles of the quadrilateral figure AMBR " fore the 
3 equa 
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equal to four right angles, for it can be divided into two tri- Book IV. 

angles: and that two of them KAM, KBM are right angles, the wv 
other two AKB, | 
AMB are equal to L 
two right angles: 


A, nut the angles 1 
DEG, DEF are | | 
likewiſe equal © to | 
two right angles ; 413. 2. 
therefore the an- N e ee 
des AKB, AMB G E FH 


re equal to the 
angles DEG, DEF | 

A kich AKB is M B 
equal to DEG ; wherefore the remaining angle AMB is equal 
o the remaining angle DEF: In like manner, the angle LNM 
may be demonſtrated to be equal to DFE ; and therefore the 


qual remaining angle MLN is equal © to the remaining angle EDF: e 32. r. 
U to Therefore the triangle L is equiangular to the triangle 

ogle DEF: And it is deſcribed about the circle ABC. Which was to 

e re- | 


1 done. . 


PROP. IV. PROB. 


To inſcribe a circle in a given triangle. fee N. 


Let the given triangle be ABC; it is required to inſcribe a 
circle in ABC. | | | 

Biſect the angles ABC, BCA by the ſtraight lines BD, CDa 9-4 
neeting one another in the point D, from which draw * DE, b :. . 
DF, DG perpendiculars to AB, 
BC, CA: And becauſe the angle 
EBD is equal to the angle FBD, 


qui. 


agle; 
equi- 


1 the for the angle ABC is biſected by 
t line BD, and that the right angle 
angle BED is equal to the right angle 
o the D, the two triangles EBD, 
the r BD have two angles of the one 
\ BC: aual to two angles of the other, 
in the and the fide BD, which is oppo- 
5 5 lite to one of the equal angles in 


| ach, is common to both ; there- B 
K are Wore their other ſides ſhall be e- 


equal 
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qual ; wherefore- DE is equal to DF: For the ſame reaſon, 


Book IV. ; where 
Do i equal to DF: therefore the three ſtraight lines DE, Dr, bance 
, 26. 1. DG are equal to one another, and the circle deſcribed from the * 
centre D, at the diſtance of any of them, ſhall paſs through the 1 to 
extremities of the other two, and touch the ſtraight lines AB, 4 Co! 
BC, CA, becauſe the angles at the points E, F, G are right falls w 
angles, and the ſtraight line which is drawn from the extremity angle 
416.3, Of a diameter at right angles to it, touches © the circle: There. 15 i 
fore the ſtraight lines AB, BC, CA do each of them touch the I ele 
circle, and the circle EFG is inſcribed in the triangle ABC, 1 f 
Which was to be done. | to Ko 
; ſemic ii 
| given 
PROP. V. FRO yithin 
ide op 
| | trangl 
| n 4 F W 5 oppolit 
See N. To deſcribe a circle about a given triangle. 
Let the given triangle be ABC; it is required to deſcribe 
circle about ABC. 72 
FO Biſect AB, AC in the points D, E, and from theſe points 
bi. 1. draw DF, EF at right angles ® to AB, AC; DF, EF produced Ne 
Let. 
ſquare } 
Dray 
and joi 
Eis the 
mon, ar 
baſe B/ 
and, fo 
ae eac; 
AD; t! 
| M * | pure Al 
meet one another; For, if they do not meet, they are parallel ¶ rc&1; 
wherefore AB, AC, which are at right angles to them, are b, be 
rallel; which is abſurd: Let them meet in F, and join FA Ao 
alſo, if the point F be not in BC, join BF, CF: Then, becauſſi bre the 
AD is equal to DB, and DF common, and at right angles le; for 
c4+:T- AB, the bale AF is equal © to the baſe FB: In like manner, .\i: : rigt 
| may be ſhown that CF is equal to FA; and therefore BF. redtangu 
equal to FC; and FA, FB, FC are equal to one another WW : gua 


| wheretor 


* * 
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other two: and be (deſcribed about the triangle ABC, which 
was to be done. On 

Cor. And it is manifeſt, that when the centre of the circle 
f:1ls within the triangle, each of its angles is leſs than a right 
angle, each of them being in a ſegment greater than a ſemicircle 
but, when the centre is in one of the ſides of the triangle, the 
angle oppoſite to this fide, being in a ſemicircle, is a right angle; 
ind, if the centre falls without the triangle, the angle oppoſite 
to the ſide beyond which it is, being in a. ſegment leſs than a 
ſemicircle, is greater than a right angle: - Wherefore, if the 
gren triangle be acute angled, the centre of the circle falls 
within it; if it be a right angled triangle, the centre is in the 
fide oppoſite to the right angle; and, if it be an obtuſe angled 
riangle, the centre falls without the triangle, beyond the fide 
oppotite to the obtuſe angle. 


F 


ribe 1 PROP. VI PR OB. 
points | 
duced To inſcribe a ſquare in a given circle. 7 a -* 


Let ABCD be the given circle ; it is required to inſcribe a 
ſquare in ABCD. #2. 

Draw the diameters AC, BD at right angles to one another; 
and join AB, BC, CD, DA; becauſe BE is equal to ED, for. 
Eis the centre, and that EA is com- 
mon, and at right angles to BD; the 
baſe BA is equal * to the baſe AD; 
and, for the ſame reaſon, BC, CD 
are each of them equal to BA or 
aD; therefore the quadrilateral fi- 
gure ABCD is equilateral. It is al- 


aral de rectangular; for the ſtraight line 
are pe Bb, being the diameter of the circle 
in FA eb, BAD is a ſemicircle; where- 
becauſi ore the angle BAD is a right b an- C 


rectangular, and it has been ſhewn to be equilateral; therefore it 
4 yt and it is inſcribed in the circle ABCD. Which was 
one. 5 


= 


1 5 | 2 P R O . 


& 


165. 


wherefore the circle deſcribed from the centre F, at the di- Book 1V. 
ſtance of one of them, ſhall paſs through the extremities of .the LW. 


le; for the ſame reaſon each of the angles AC, BCD, CD ad 31. 3. 
82 right angle 3 therefore the quadrilateral figure ABCD is | 


3 
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Beok | 


Boe draw F. 
88 P R O P. vll. PROB 


KB, * 
oppoſit. 
E Al 
to AF. 
to theſe 
the fan 
trated | 
equa] t 
four ti 
are equ: 
de deſc 
diſtance 


To deſcribe a ſquare about a given circle. 


Let ABCD be the given circle; it is required to deſcribe x 

fquare about it. | | 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another, and through the points A, B, C, D 

217. 3. draw* FG, GH, HK, KF touching the circle; and becauſe 
FG touches the circle ABCD, and EA is drawn from the centre 


b18.3: E to the point of contact A, the angles at A are right Þ angles; the extr 
for the ſame reaſon, the angles at the points B, C, D are rigu nch tk 
angles ; and becauſe the angle AEB is G A - FR Wha; b 

a right angle, as likewiſe is EBG, G1 noles 
c. 28. 1. js parallel < to AC; for the ſame re- — remity 
ſon, AC is parallel to FK, and in like | erefor 
manner GF, HK may each of them be E | D e circl 
demonſtrated to be parallel to BED; mx hich 


therefore the figures GK, GC, AK, 
FB, BE are parallelograms ; and GF + 
434,1. js therefore equal 4 to HK, and GH — 
to FK; and becauſe AC is equal to H C K 
BD, and that AC is equal to each of the two GH, FK; and BI 


to each of the two GF, HK : GH, FK are each of them equ O 
to GF or HK; therefore the quadrilateral figure FGHK ie 

quilateral. It is alſo rectangular; for GBEA being a paralleſ Let A 

logram, and AEB a right angle, AGB 4 is likewiſe a right angrcle at 

le : In the ſame manner, it may be ſhown that the angles Join. 
fl, K, F are right angles; therefore the quadrilateral figur qual to 
FGHK is rectangular, and it was demonſtrated to be equilatebe two 

ral; therefore it is a ſquare; and it is deſcribed about the o BA, 
ABCD. Which was to be done. "4A d the | 
03's of JAC is 

EF de angle 

PROP. VIII. PROB. ie AC 

' Emonſt; 

| O inſcribe a circle in a given ſquare. * 
Let ABCD be the given ſquare; it is required to inſcribe Wile D. 
circle in ABCD. Sw 
10%. 1. Biſect each of the fides AB, AD, in the points F, E, Me E. 
1818 


| bz:r.z. through E draw ® EH parallel to AB or DC, and through) 
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d. FR parallel to AD or BC; therefore each of the figures AR, Beck IV. 

XB, AH, HD, AG, GC, BG, GD is a parallelogram, and their WY 

oppoſite 1 fides are equal ©; and becauſe AD is equal to AB, and 34. 

that AE is the half of AD, and AF the half of AB, AE is equal 

w AF; wherefore the ſides oppoſite 

to theſe are equal, viz. FG to GE; in A E D 

the fame manner, it may be demon- 

trated that GH, GK are each of them 

equal to FG or GE; therefore the 8 

bur ſtraight lines GE, GF, GH, GK, F K 

ne equal to one another 3 andithe cir= N 

caule |: deſcribed from the centre G, at the 

centre itance of one of them, ſhall paſs thro? 
the extremities of the other three, and B H C 

touch the ſtraight lines AB, BC, CD, f 

Da; becauſe the angles at the points E, F, H, K are right 4 4 29. «, 

angles, and that the ſtraight line which is drawn from the ex- 

remity of a diameter, at right angles to it, touches the circle ©; e 16. 3. 

ierefore each of the ſtraight lines AB, BC, CD, DA touches 

ecircle, which therefore is inſcribed in the ſquare ABCD. 

hich was to be done. 


O deſcribe a circle about a given ſquare. 


Let ABCD be the given ſquare; it is required to deſcribe a 
rele about it. 

join AC, BD cutting one another in E; and becauſe DA is 
qual to AB, and AC common to the triangles DAC, BAC, 
e two ſides DA, AC are equal to the 

o BA, AC; and the baſe DC is equal A PE Rap. D 
d the baſe BC; wherefore the angle 
VAC is equal to the angle BAC, and E 
e angle DAB is biſected by the ſtraight 
ne AC: In the ſame manner, it may be 
emonſtrated that the angles ABC, BCD, RB —— C 
DA are ſeverally biſected by the ſtraight f 
nes BD, AC; 2 becauſe the 

ple DAB is equal to the angle ABC, and that the angle 

AB is the half of DAB, and EBA the half of ABC; the 

le EAB is equal to the angle EBA; wherefore the fide 

\1s is equal d to the fide EB: fl the ſame manner, it may bebs. r. 
demonſtrated 


1 . . 
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Book IV; "TRE TIE that the ſtrai ght lines EC, ED are eich of them 
aeqvual to EA or EB; therefore the four ſtraight lines EA, EB, 
EC, ED are equal to one another; and the circle deſcribed from 
the.centre E, at the diſtance of one of them, ſhall paſs through 

the extremities of the other three, and be deſcribed about the 
ſquare ABCD. Which was tobe done. 


but BD 
Is equa] 
BCD; 

are equ 
to the a 
BD was 
and the 
angles | 
But BC 
BCD is 
angles I 
s doubl 
ABD is 
of the t. 
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O deſcribe an iſoſceles triangle, having each of the 
angles at the baſe double of the AE angle. 


arr. 2. Take any ſtraight line AB, and divide 4 in the point C, fo 
that the rectangle AB, BC be equal to the ſquare of CA ; and 
from the centre A, at the diſtance AB, deſcribe the circle BDE 

b. x. 4. in which place b the ſtraight line BD equal to AC, which is not 
greater than the diameter of the circle BDE; join DA, DC 
©5 4 and about the triangle ADC deſcribe © the circle D; the 
triangle ABD is ſuch as is required, that is, each of the angles 

ABD, ADB is double of the angle BAD. e 


5 
ar 


Becauſe the rectangle AB, BC is equal to the ſquare of A Let A 
and that AC is equal to BD, the rectangle AB, BC*is equal om” cquila 
the ſquare of BD; and becauſe Deſcri 
from the point B without the 3 angles at 
circle ACD two ſtraight lines | * ABCDE 
BCA, BD are drawn to the cir- angle FG 
cumference, one of which cuts, (4D be 
and the other meets the circle, at F, and 
and that the rectangle AB, BC eb, C 
contained by the whole of the gle at C 
cutting line, and the part of it ach of 
without the circle, is equal to the DA is d 

ſquare of BD which meets it; AD. I 
d 37. 3. the ſtraight line BD touches 4 Cb, CI 
the circle ACD; and becauſe | vs CE, 
BD touches the circle, and DC „ VG 0 DE, 
is drawn from the point of con- e pentag 
e 32.3 tact D, the angle BDC is equal © to the angle DAC in ti Becauſe 
alternate ſegment of the circle; to each of theſe add the ang dd are bi 
CDA; therefore the whole angle BDA is equal tothe AC, AC 
f 32. 1, angles*CDA, DAC; but the exterior angle BCD is equal?! ual ang] 


the angles CDA, DAC; ; therefore allo BDA! Is 9 to NI be circun 


* 


- 
* 
af - 
OE 
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. * 
yt BDA is equal 5 the angle CBD, becauſe the fide AD Book iv. 
equal to the ſide AB; therefore CBD, or DBA, is equal to 
BCD ; and conſequently the three angles BDA, Fre be 5. x. 

are equal to one another; and becauſe the angle DBC is equal 

to the angle BCD, the fide BD is equal * to the ſide DC; but h 6. 1. 

BD was made equal to CA ; therefore alſo CA»isequal to CD, . 

ind the angle CDA equal s to the angle DAC; therefore the 

angles CDA, DAC toggther, are double of the ang DAC: 

zut BCD is equal to the angles CDA, DAC; therefore alſo 7 
BCD is double of DAC, and BCD is equal to each of the 
angles BDA, DBA; each thereforè of the angles BDA, DBA 


the x double of the angle DAB; wherefore an iſoſceles triangle : 
ABD is deſcribed, having each of the angles at the baſe double 

WM the third angle. Which was to be done. * 
O, fo . 2 
and = 's 
DDE PROP. Xl. PROB. 
15 NOY FF 

. . * * Nd R * 

* O inſcribe an equilateral and equianguMt pentagon 
;nglel in a given circle. | | * 


Let ABCDE be the given circle; it is required to inſcribe 

m equilateral and equiangular pentagon in the circle ABC DE. 
Deſcribe * an iſoſceles triangle FGH, having each of the 10. 4. 

ages at G, H, double of the angle at F; and in the circle 

ABCDE inſcribe d the triangle ACD equiangular to the tri- b 2. 4. 

angle FOH, ſo that the angle . : 

(AD be equal to the angle 

ut F, and each of the angles 

b, CDA equal to the F 


angle at G or H; wherefore * a 
ch of the angles ACD, 9 
DA is double of the angle 
aD. Biſect © the angles "RM 


, CDA by. the ſtraight 
nes CE, DB; and join AB, * . 
GC, DE, EA. ABCDE is G H « 
e pentagon required. Sn  "* 3 
becauſe each of the angles ACD, CDA is double of CAD, #® 


Jink | 

ie ang are biſected by the ſtraight lines CE, DB, the. five angles | 
he tu AC, ACE, ECD, CDB, BDA are equal to one another; but 

onal al angles ſtand upon equal 4 circumferences; therefore the d 25. 3. 


» BODE" circumferences AB, BC, CD, DE, EA are equal to one 


bl another: 
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Beok IV. an6ther : And equal circumferences are ſubtended by equal 8 
ſtraight lines; therefore the five =O lines AB, BC, Ch, 
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© 29-3- DE, EA are equal to one another. 
ABCDE is equilateral. 
cumference AB is equal to the circumference DE: If to each be 
added BCD, the whole ABCD is equal to the whole EDCB; 
And the angle AED ſtands on the circumference ABCD, and 
the angle BAE on the circumference EDCB ; therefore the 
angle BAE is equal f to the angle AED: For the fame reaſon, 
each of the angles ABC, BCD, CDE is equal to the angle 
BAE, or AED: Therefore the pentagon ABCDE is equiangu- 
lar; and it has been ſhown that it is equilateral. . Wherefore, 
in the given circle, an equilateral and equiangular pentagon 
has been inſcribed. Which was to be done. | 


herefore the pentagon 


f 27. 3. 


RPQP. AL FROM 


« * deſcribe an equilateral and equiangular pentagot 


about a given circle. 


Let ABCDE be the given circle; it is required to deſcrib 
an equilateral and equiangular pentagon about the circh 
ABCDE. | 

Let the angles of a pentagon, inſcribed in the circle, by th 
laſt propoſition, be in the points A, B, C, D, E, fo that th 
circumferences AB, BC, CD, DE, EA are equal * ; and thrd 
the points A, B, C, D, E draw GH, HK, KL, LM, M 
touching Þ the circle; take the centre F, and join FB, FK, FC 
FL, FD: And becauſe the ſtraight line KL touches the circ 
- ABCDE in the point C, to which FC is drawn from 
centre F, FC is perpendicular © to KL ; therefore each of th 
angles at C is a right angle: For the ſame reaſon, the angles 
the points B, D are right angles: And becauſe FCK 1s 
right angle, the ſquare of FK is equal d to the ſquares of FX 
CK: For the ſame reaſon, the ſquare of FK is equal to the ſqu: 
of FB, BK : Therefore the ſquares of FC, CK are equal to ti 
ſquares of FB, BR, of which the ſquare of FC is equal to i 
ſquare of FB; the remaining ſquare of CK is therefore — 


211. 4. 


Þ. 27. 3. 
e 18. 3. 


[| 47. Is 


It is alſo equiangular ; becauſe the cir. 


the r 
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de ne remaining ſquare of BK, and the ſtraight line CK equal to Book Iv. 
| BK: And becauſe FB is equal to FC, and FK common to the wy 
= triangles BFK, CFK, the two BF, FK are equal to the two CF, 

FR; and the baſe BK is equal to the baſe KC; therefore the 

be! 2" ole BEK is equal © to the angle KFC, and the angle BK to og. 1. 
FKC ; wherefore the angle BFC is double of the angle KFC, 

and BKC double of FKC : For the ſame reaſon, the angle CFD 

is double of the angle CFL, and CLD double of CLF: And be- 

cauſe the circumference BC is equal to the circumference CD, 

the angle BFC is equal f to the | 27. 3. 
angle CFD; and BFC is dou- | 
ble of the angle KFC, and 
CFD double of CFL ; there- 
fore the angle KFC is equal to 
the angle CFL ; and the right 
angle FCE 1s equal to the right 
angle FCL : Therefore, in the 
two triangles FRG, FLC, there 
arc two angles of one equal to 
two angles of the other, each 
to each, and the fide FC, which 
is adjacent to the equal angles in each, is common to both; 
therefore the other ſides ſhall be equal 8 to the other ſides, and g 26. f. 
the third angle to the third angle: Therefore the ſtraight line 

KC is equal to CL, and the angle FKC to the angle FLC: 

And becauſe KC is equal to CL, KL is double of KG: In the 

ame manner, it may be ſhown that HK is double of BK: And 

becauſe BK is equal to KC, as was demonſtrated, and that KL 

double of KC, and HK double of BK, HK ſhall be equal to 

XL: In like manner, it may be ſhown that GH, GM, ML 


tagol 


eſcribe 
circil 


by th 
hat th 


1d the each of them equal to HK or KL: Therefore the pentagon 
I, M x GHKLM is equilateral. It is alſo equiangular ; for, ſince the 
iy 4 angle FK C is equal to the angle FLC, and that the angle HKL 


double of the angle FKC, and KLM double of FLC, as was 
tefore demonſtrated, the angle HKL is equal to KLM: And 
n lice manner it may be ſhown, that each of the angles KHG, 
IGM, GML is equal to the angle HKL or KLM: There- 
bore the five angles GHK, HKL, KLM, LMG, MGH being 
qual to one another, the pentagon GHKLM is equiangular : 
nd it is equilateral, as was demonſtrated ; and it is deſcribed 
bout the circle ABCDE. Which was to be done. 
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PROP. XIII. PRO B. | ang! 


O inſcribe a circle in a given equilateral and equi. of tl 
angular pentagon. whe 


Let ABCDE be the given equilateral and equiangular penta. 
gon; it is required to inſcribe a circle in the pentagon ABCDE, 

Biſect the angles BCD, CDE by the ſtraight lines CF, DF, 
and from the point F, in which they meet, draw the ſtraight line: 
FB, FA, FE : Therefore, fince BC is equal to CD, and CF com. 
mon to the triangles BCF, DCF, the two ſides BC, CF are equal 
to the two DC, CF; and the angle BCF is equal to the angle 
DCF; therefore the baſe BF is equal d to the baſe FD, and the 
other angles to the other angles, to which the equal fides are o 


polite; therefore the angle CBF is equal to the angle CDF: And 1 
becauſe the angle CDE is double of CDF, and that CDE is equi tagon 
to CBA, and CDF to CBF; CBA Biſ 
is alſo double of the angle CBF; A and fi 
therefore the angle ABF is equal | lines ] 
to the angle CBF; wherefore the 8 A, E. 
angle ABC is biſected by the the ſa 
ftraight line BF: In the fame 7 W propo! 
manner, it may be demonſtrated, N BAE, 
that the angles BAE, AED are ſtraigl 
biſected by the ſtraight lines AF, becaul 
FE: From the point F draw © the ar 
FG, FH, FK, FL, FM perpen- the ha 
diculars to the ſtraight lines AB, — _ the ha 
BC, CD, DE, EA: And ba GC K D bowl | 
cauſe the angle HCF is equal to CF is 
KCF, and the right angle FHC equal to the right angle FR firated 
in the triangles FHC, FKEC there are two angles of one equi Theref 
to two angles of the other, and the fide FC, which is oppoſiſi equal t 
to one of the equal angles in each, is common to both; thereſo F, at + 
the other ſides ſhall be equal d, each to each; wherefore th mities 
perpendicular FH is equal to the perpendicular FK : In the fan ind eq 


manner it may be demonſtrated that FL, FM, FG are each 
them equal to FH or FK; therefore the five ſtraight lines I 

FH, FK, FL, FM are equal to one another: Wherefare the ci 
cle deſcribed from the centre F, at the diſtance of one of thel 
five, ſhall paſs through the extremities of the other four, al 


toud 
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touch the ſtraight lines AB, BC, CD, DE, EA, becauſe the Book IV. 
angles at the points G, H, K, L, M ate right angles; and that WWW 


a ſtraight line drawn from the extremity of the diameter of a 
circle at right angles to it, touches © the circle : Therefore each e 16. 3. 


Jui- of the ſtraight lines AB, BC, CD, DE, EA touches the circle; 
wherefore it is inſcribed in the pentagon ABCDE. Which 
was to be done. 

nta. 

DE. 

DF, | T #4 

lines PROP. XIV. PROB. 

COM» 

T O. deſcribe a circle about a given equilateral and 

d the equiangular pentagon. 

re op- wy 

And Let ABCDE be the given equilateral and equiangular pen- 


tagon; it is required to deſcribe a circle about it. 

Biſect the angles BCD, CDE by the ſtraight lines CF, FD, a 9. *. 
and from the point F, in which they meet, — the ſtraight 
lines FB, FA, FE to the points B, A 
A, E. It may be demonſtrated, in 
the ſame manner as in the preceding 
propoſition, that the angles CBA, 
BAE, AED are biſected by the 
ſtraight lines FB, FA, FE: And 
becauſt the angle BCD is equal to 
the angle CDE, and that FCD is - 
the half of the angle BCD, and CDF 
the half of CDE; the angle FCD is C 
equal to FDC; wherefore the ſide | 
CF is equal d to the ſide FD: In like manner it may be demons b 6, x; 
e EK firated that FB, FA, FE are each of them equal to FC or FD: 
e equi Therefore the five ſtraight lines FA, FB, FC, FD, FE are 
o ppolitel equal to one another; and the circle deſcribed from the centre 
here F, at the diſtance of one of them, ſhall paſs through the extre- 
fore th mities of the other four, and be deſcribed about the equilateral 
the wy and equiangular pentagon ABCDE. Which was to be done. 
each 0 | | 
nes F\ 
e the cl 
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PROP. XV. PROB. 


12 inſcribe an equilateral and equiangular hexagon 


in a given circle. wot 
Let ABCDEF be the given circle; it is required to inſcribe Will g. 
an equilateral and equiangular hexagon in it. mg 0 
Find the centre G of the circle ABC DEF, and draw the di. Wig 
ameter AGD; and from D as a centre, at the diſtance DG, * A 
deſcribe the circle EGCH, join EG, CG, and produce then . 15 
to the points B, F; and join AB, BC, CD, DE, EF, FA : The A 10 
hexagon ABC DEF is equilateral and equiangular. | *. 
Becauſe G is the centre of the circle ABC DEF, GE is equal 1 1 
to GD: And becauſe D is the centre of the circle EG CH, DE 66/49 
is equal to DG; wherefore GE is equal to ED, and the tri. = e 
angle EG is equilateral ; and therefore its three angles EG), 04 


GDE, DEG are equal to one another, becauſe the angles at 
the baſe of an iſoſceles triangle are equal“; and the three angles 
of a triangle are equal Þ to two right angles; therefore the 
angle EGD is the third part of two right angles : In the ſame 
manner it may be demonſtrated that 

the angle DG is alſo the third part A 

of two right angles: And becauſe the 
ſtraight line GC makes with EB the F 
adjacent angles EGC, CGB equal © 
to two right angles; the remaining 
angle CGB is the third part of two 


| right angles; therefore the angles E moo 
it EGD, DGC, CGB are equal to one F T 
1 another: And to theſe are equal d the ze cire 
ö i vertical oppoſite angles BGA, AGF, a 
| 900 FGE : Therefore the ſix angles EGD, F * 
40 DGC, CGB, BGA, AGF, FGE — 2 
il | are equal to one another : But equal | 5 8 
. angles ſtand upon equal © circumfe- H 77 
14 rences; therefore the ſix circurafe- | 5 Pp: 
i. rences AB, BC, CD, DE, EF, FA are equal to one another; 1 
e And equal circumferences are ſubtended by equal f ſtraight 2p 
i i lines; therefore the ſix ſtraight lines are equal to one another, E 
nll and the hexagon ABCDEF is equilateral. It is alſo equiang- Me *. 
000 lar; for, fince the circumference AF is equal to ED, to each of * 8 A 
| theſe add the circumference ABCD; therefore the whole ci 735 0 
cumference FABCD ſhall be equal to the whole EDCBAa: ap : 


And 


lecagon 


, 


Fic circumference AB, which is the 


" SO Soviet btn 1 


$ | | 
And the angle'FED ſtands upon the circumference FABCD, Book 1V: 
and the angle AFE upon EDCBA ; therefore the angle AFE is WWW 
equal to FED: In the ſame manner it may be demonſtrated that 
the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED; Therefore the hexagon is 
equiangular z and it is equilateral, 'as was ſhown 3 and it is in- 
ſcribed in the given circle ABCDEF. Which was to be done. 

Cor. From this it is manifeſt, that the ſide of the hexagon 
is equa] to the ſtraight line from the centre, that is, to the ſe- 
midiameter of the circle. 

And if thro' the points A, B, C, D, E, F there be drawn 
ſtraight lines touching the circle, an equilateral and equiangu- 
lar hexagon ſhall be deſcribed about it, which may be demon- 
ſtrated from what has been faid of the pentagon ; and likewiſe a 
circle may be inſcribed in a given <quilateral and equiangular 
hexagon, and circumſcribed about it, by a method like to that 
uſed for the pentagon, 
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O inſcribe an equilateral and equiangular quinde- ge x. 
cagon in a given circle, 


Let ABCD be the given circle; it is required to inſcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the fide of an equilateral triangle inſcribed “ in a 2. 4. 
the circle, and AB the ſide of an equilateral and equiangular 
pentagon inſcribed Þ in the fame ; therefore, of ſuch equal parts b 11. 4. 
as the whole circumference ABCDF contains fifteen, the cir- 
cunference ABC, being the third 
part of the whole, contains five; and 


fifth part of the whole, contains 
three; therefore BC their difference Þ { 
ontains two of the fame parts ; Bi- 

ſecte BC in E; therefore BE, EC E 
re, each of them, the fifteenth part 6 
the whole circumference ABCD : C dd 2 D 
Iherefore, if the ſtraight lines BE, 


LC be drawn, and ſtraight lines equal to them be placed 44 1. 4. 

round in the whole circle, an equilateral and equiangular quin- 

ccagon thall be inſcribed in it. Which was to be done. 
H 3 | 


And 
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ne in the pentagon, if, 

. manner as was done in tt | uinde- 

2 EW — diviſion made by 1 . þ 64 

WY ö Fit lines be drawn touching . about it: 

N 4 5 quindecagon ſhall — ay be inſcribed in 

And likewiſe as in the pentagon, a Circ p 5 #4 and circum. 

ry iven equilateral phe am; aaa penn Aras 
ſcribed about it, | 


THE the 


grea 


a A gre 
png gre: 
; © cq 


© Rati: 
©to 


Magni 
leſs 


The fi 
the 
equi 
and 
if tl 
the 
or, i 
the 


THE 


E . N T8 


0 F 
EBF © ST oO 
TED GK vV; 


DEFINITIONS. 


; J. | 
Leſs magnitude is ſaid to be a part of a greater magni- 
tude, when the leſs meaſures the greater, that is, when 


the leſs is contained a certain number of times exactly in the 
greater. i 


A greater magnitude is ſaid to be a multiple of a leſs, when the 
greater is meaſured by the leſs, that is, when the greater 
contains the leſs a certain number of times exactly. 

HL. 

Ratio is a mutual relation of two magnitudes of the ſame kind gee N. 

© to one another, in reſpect of quantity.” 
IV.- 

Magnitudes are ſaid to have a ratio to one another, when the 
leſs can be multiplied fo as to exceed the other. | 

| | Wo. 

The firſt of four magnitudes is ſaid to have the ſame ratio to 

the ſecond, which the third has to the fourth, when any 

equimultiples whatſoever of the firſt and third being taken, 

and any equimultiples whatſoever of the ſecond and fourth ; 

if the multiple of the firſt be leſs than that of 'the ſecond, 

the multiple of the third is alſo leſs than that of the fourth ; 

or, if the multiple of the firſt be equal to that of the ſecond, 

the multiple of the third is alſo equal to that of the fourth ; 


H 4 or, 


HE 
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Book V. or, if the multiple of the firſt be greater than that of the Ind i 


c ſecond, the multiple of the third is alſo greater than that of to ( 
the fourth, _ el that 
My ; . | to 1 
Magnitudes which have the ſame ratio are called proportional, the 
N. B. When four magnitudes are proportionals, it is thin 
« uſually expreſſed by ſaying, the firſt is to the ſecond, as the by f 
© third to the fourth.” n ET E tc 
| o 8 VII. 8 In like 
When of the equimultiples of four magnitudes (taken as in 'Nt 
the fifth definition) the multiple of the firſt is greater than fake, 
that of the ſecond, but the multiple of the third is not ratio 
greater than the multiple of the fourth; then the firſt is ſaid 
to have to the ſecond a greater ratio than the third magni- inn prof 
tude has to the fourth; and, on the contrary, the third is one: 
ſaid to have to the fourth a leſs ratio than the firſt has to the Com 
ſecond. 9 ; | 8 | © nif) 
| VIII. (tad 
cc Analogy, or proportion, is 111 ſimilitude of ratios.“ 0 pro 
IX. 
Proportion conſiſts in three terms at leaſt. Permut: 
4 #5865 Ya "iis this 
gce N. When three magnitudes are proportionals, the firſt is ſaid to * 
e have to the third the duplicate ratio of that which it has to the { 
the ſecond. | as the 
XI. of thi 


When four magnitudes are continual proportionals, the firſt is 
ſaid to have to the fourth the triplicate ratio of that which it WM l1verter 


has to the ſecond; and ſo on, quadruplicate, &c. increaſing and it 

the denomination ſtill by unity, in any number of propor- to the 
tionals. | 

Definition A, to wit, of compound ratio. Compon 

When there are any number of magnitudes of the ſame kind, ll als, a 


the firſt is ſaid to have to the laſt of them the ratio com- cond, 
pounded of the ratio which the firſt has to the ſecond, and is to t. 
of the ratio which the ſecond has to the third, and of the 


ratio which the third has to the fourth, and ſo on unto the Dividend 

laſt magnitude. it is in 
For example, if A, B, C, D be four magnitudes of the ſame to the 
kind, the firſt A is faid to have to the laſt D the ratio com- to the 

pounded of the ratio of A to B, and of the ratio of B to C. 

and of the ratio of C to D; or, the ratio of A to D is ſaid ti ¶ converte: 

be compounded of the ratios of A to B, B to C, and C to D as an 


And 
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And if A has to B the ſame ratio which E has to F; and B nook v. 
to C, the ſame ratio that G has to H; and C to D, the fame Www 
that K has to L; then, by this definition, A is ſaid to have | 
to D the ratio compounded of ratios which are the ſame with 
the ratios of E to F, G to H, and K to L: And the ſame 
thing is to be underſtood when it is more briefly expreſſed, 

by ſaying A has to D the ratio compounded of the ratios of 
E to F, G to H, and K to L. | | 

In like manner, the ſame things being ſuppoſed, if M has to 

' N the ſame ratio which A has to D; then, for ſhortneſs 
fake, M is faid to have to N, the ratio compounded of the 
ratios of E to F, G to H, and K to L. 

XII. 

In proportionals, the antecedent terms are called homologous to 

one another, as alſo the conſequents to one another. 

(Geometers make uſe of the following technical words to ſig- 
© nify certain ways of changing either the order or magni- 
©tude of proportionals, ſo as that they continue ſtill to be 


© proportionals.” 
XIII. 


Permutando, or alternando, by permutation, or alternately ; see N. 
this word is uſed when there are four proportionals, and it is 

inferred, that the firſt has the ſame ratio to the third, which 

the ſecond has to the fourth; or that the firſt is to the third, 

as the ſecond to the fourth: As is ſhewn in the 16th prop. 

of this 5th book. * 8 
8 5 XIV. 
ich it WW lcrtendo, by inverſion ; When there are four proportionals, 
aling and it is inferred, that the ſecond is to the firſt, fas the fourth 
opor- to the third. Prop. B. book 5. 

XV 


ö Componendo, by compoſition, when there are four proportion- 
kind, I als, and it is inferred, that the firſt, together with the ſe- 
com. cond, is to the ſecond, as the third together with the fourth, 

„ and is to the fourth. 18th prop. book 5. 

o the Dividendo, by diviſion; when there are four proportionals, and 
it is inferred, that the exceſs of the firſt above the ſegond, is 
to the ſecond, as the exceſs of the third above the fourth, is 
to the fourth. 19th prop. book 5. | 

XVII. ; 

Lonvertendo, by converſion; when there are four proportion- 

als and it is inferred, that the firſt is to its exceſs * — 

| | | | econ 
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ſecond, as the third to its exceſs above the fourth. s E. 
XVII. | Thoſe n 


Ex aequali (ſc. diſtantia), or ex aequo, from equality of d. __— 
. Nance z when there is any number of magnitudes more than 1 mult 
two, and as many others, ſo that they are proportionals when multi 


taken two and two of each rank, and it is inferred, that the 
firſt is to the laſt of the firſt — of magnitudes, as the firſ That m 
is to the laſt of the others: Of this there are the tw, Wi" 


following kinds, which ariſe from the different order in _ 
© which the magnitudes are taken two and two. 
XIX. | 
Ex aequali, from equality; this term is uſed ſimply by itſelf, 
when the firſt magnitude is to the ſecond of the firſt rank, F an 


as the firſt to the ſecond of the other rank; and as the ſe. 
cond is to the third of the firſt rank, ſo is the ſecond to the _ 
third of the other; and ſo on in order; and the inference is ot then 
as mentioned in the preceding definition; whence this iſ 2g1t 
called ordinate proportion. It is demonſtrated in 22d prop. 
book 5. Let a 
RR, 25 man) 
Ex aequali, in proportione perturbata, ſeu inordinata; from e. of E, 
quality, in perturbate or diſorderly proportion * ; this term nd F tc 
uſed when the firſt magnitude is to the ſecond of the firſt Becau 
rank, as the laſt but one is to the laſt of the ſecond rank; andi nf m. 
as the ſecond is to the third of the firſt rank, ſo is the lat n CD « 


but two to the laſt but one of the ſecond rank; and as thetuces eq 
third is to the fourth of the firſt rank, ſo is the third from CH, HI 
the laſt to the laſt but two of the ſecond rank: and ſo on in ber ther 
a croſs order: And the inference is as in the 18th definition WW equal 
It is demonſtrated in the 23d prop. of book 5. e. 
J re 

to* E ar 

| decauſe ( 

VRP Ws Ts, > ooo nd HD 

Wherefc 

equal to 

J. gether e 

fore, wh 

QvinvLTIPLEs of the ſame, or of equal magni wultiple 
tudes, are equal to one another, veether, 
There 

II. Thole nultiple: 

| tne of t! 


4. Prop. lib. 2. Archimedis de ſphaera et cylindrs. | Mgnituc 
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II. A | | 7 $ Book V. 
Thoſe magnitudes of which the ſame, or equal magnitudes, are ww 
equimultiples, are equal to one another. 


f d. III. | 
tha i 4 multiple of a greater magnitude is greater than the fame 
When multiple of a leſs. 
t the ö eee 2 
: rl rat magnitude of which a multiple is greater than the ſame 
2 multiple of another, is greater than that other magnitude. 

* | | 727 


PROP. IL. THE OR. 


itſelf, 

rank, F any number of magnitudes be equimultiples of as 

14 many, each of each; what multiple ſoever any one 

* ; of them is of its part, the ſame multiple ſhall all the firſt 

vis of Pognitudes be of all the other. 

FP Let any number of magnitudes AB, CD be equimultiples of 
23 many others E, F, each of each; whatſoever multiple AB 

m «M's of E, the ſame multiple ſhall AB and CD together be of E 

rm ind F together, | 

» fr Becauſe AB is the ſame multiple of E that CD is of F, as 

; an(Mv«ny magnitudes as are in AB equal to E, ſo many are there 

e tin CD equal to F. Divide AB into magni- 


tudes equal to E, viz. AG, GB; and CD into A 
CH, HD equal each of them to F : The num- 1 2 5 
der therefore of the magnitudes CH, HD ſhall G | E 
de equal to the number of the others AG, GB: 
And becauſe AG is equal to E, and CH to B | 
I, therefore AG and CH together are equal 
to E and F together: For the ſame reaſon, 2 Ax. 2. 
decauſe GB is equal to E, and HD to F; GB £1 
nd HD together are equal to E and F together. 
Wherefore, as many magnitudes as are in AB F 
equal to E, ſo many are there in AB, CD to- H 
gether equal to E and F together. There- | 
ore, whatſoever multiple AB is of E, the ſame 
multiple is AB and CD together of E and F D 
opether, den | 
Therefore, if any magnitudes, how many ſoever, be equi- 
aultiples of as many, each of each, whatſoever multiple any 
ne of them is of its part, the ſame multiple ſhall all the firſt 
Wgntudes be of all the other: © For the ſame demonſtration 
| © holds 


ag 


Thoſe 
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Book V. © holds in any number of magnitudes, which was here ap plice 
e QED. 7 


PR O FP. H. THILO. F th 


| fy. the 
F the firſt magnitude be the ſame multiple of the ſe. ¶ chird t 


cond that the third is of the fourth, and the fifth the ¶ nultip 
fame multiple of the ſecond that the ſixth is of the Whourth. 
fourth ; then ſhall the firſt together with the fifth be the 


ſame multiple of the ſecond, that the third together with W Let? 
the ſixth is of the fourth. | C the tl 
tiples E] 
Let AB the firſt, be the ſame multiple of C the ſecond, that that GI 
DE the third is of F the fourth; and BG the fifth, the ſame Becau 
multiple of C the ſecond, that EH D there are 
the ſixth is of F the fourth: Then A. | equal to 
is AG the firſt, together with the | ded in 
fifth, the ſame multiple of C the E R, KF 
ſecond, that DH the third, together y, |} . and GE 
with the fixth, is f F the fourth. B ach equ 
Becauſe AB is the ſame multiple er there 
of C, that DE is of F; there are as | | php 
many magnitudes in AB equal to C | 1 
as there are in PE equal g's In like | C H F thers C 
manner, as many as there are in BG equal to C, ſo many ar: mle A! 
there in EH equal to F: As many, then, as are in the who!s le of B 
AG equal to C, fo many are there in the whole DH equal te ad that 
F: Therefore AG is the fame multiple of C, that DH is of F nd GL 
that is, AG the firſt and fifth together, is Kis th 
the ſame multiple of the ſecond C, that D V that ( 
DH the third and ſixth together is of the ie fame 
fourth F. If, therefore, the firſt be the A E- 1 and | 
ſame multiple, &c. Q. E. D. 0 | | = 
| Hh KF 


Cox. From this it is plain, that, if any 
number of magnitudes AB, BG, GH, 
< be multiples of another C; and as many G. 
DE, EK, KL be the ſame multiples of | 
© F, each of each; the whole of the firſt, | 
« viz, AH, is the ſame multiple of C, | | 


. - . 
that: the whole of the laſt, viz. DL, is H CL F 
PRO 


is of 
ie ſame 
ether wi 


At, &c. 
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F the firſt be the ſame multiple of the ſecond, . which 

the third 1s of the fourth ; and if of the firſt and 
third there be taken equimultiples, theſe ſhall be equi- 
3 the one of the ſecond, and the other of the 
fourt * | c | 


Let A the firſt, be the ſame multiple of B the ſecond, that 

C the third is of D the fourth; and of A, C let the equimul- 
tiples EF, GH be taken: Ihen EF is the ſame multiple of B, 
that GH is of D. | ; 

Becauſe EF is the ſame multiple of A, that GH is of C, 
there are as many magnitudes in EF equal to A, as are in GH. 
equal to C: Let EF be di- 

ided into the magnitudes F ; H 

EK, KF, each equal to A, | 

ind GH into GL, IH, 9254 
ach equal to C: The num- 

xr therefore of the magni- | | 
tudes EK, KF, ſhall be e- | 
val to the number of the KT | Ly 
thers GL, LH : And be- [ 

ale A is the ſame multi- 


> ſes 
the: 

the 
the 
with 


that 
ſame 


NY le of B, that C is of D, 

est EK is equal to A, | | F 
| cp ind GL to Cs therefore | | 

P LK is the ſame multiple of E A B G C D 


þ, that GL is of D: For 
he flame reaſon, KF is the ſame multiple of B, that LH is of 
V; and fo, if there be more parts in EF, GH equal to A, C: 
bccauſe, therefore, the firſt EK is the ſame multiple of the ſe- 
md B, which the third GL is of the fourth D, and that the 
th KF is the ſame multiple of the ſecond B, which the ſixth 
is of the fourth D; EF the firſt, together with the fifth, is 
ie ſame multiple * of the ſecond B, which GH the third, to- a 2. f. 
ther with the fixth, is of the fourth D. If, therefore, the 
Wm, Kc. Q. E. D. | 
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PROP: IV. THE OR. 


F the firſt of four magnitudes has the ſame ratio i 
the ſecond which the third has to the fourth; the 
any equimultiples whatever of the firſt and third ſha] 
have the ſame ratio to any equimultiples of the fecond 
and fourth, viz; © the equimultiple of the firſt ſhall haye 
* the ſame ratio to that of the ſecond, which the equi 


multiple of the third has to that of the fourth.“ 


Let A the firſt, have to B the ſecond, the ſame ratio whic 
the third C has to the fourth D; and of A and C let there h 


taken any equimultiples whatever 
E,F; and of B and D any equi- 
multiples whatever G, H : Then 
E has the ſame ratio to G, which 


F has to H. 


Take of E and F any equimul- 
tiples whatever K, L, and of G, 
H, any equimultiples whatever M, 
N: Then, becauſe E is the ſame 


multiple of A, that F is of G; 


and of E and F have been taken 
equimultiples K, L; therefore K 
is the ſame multiple of A, that L 


a 3. 5. 


is the ſame multiple of B, that N 


is of D: And becauſe, as A is to I. 


b Hypoth. B, ſo is C to DÞ, and of A and 
C have been taken certain equi- 
multiples K, L; and of B and D 
have been taken certain equimul- 
tiples M, N; if therefore K be 


greater than M, L is 


greater than 


N; and if equal, equal; if leſs, 

def. 5. leſs . And K, L are any equi- 
FN 2 multiples whatever of E, F; and 
M, N any whatever of G, H: 

As therefore E is to G, ſo is F 


to H. Therefore, if the firſt, &c. 


n 


Ton. Likewiſe, if the firſt has the ſame ratio to the ſecot 


which the third has to the fourth, then alſo any 1 
whate! 


4 


is of C* : For the ſame reaſon, M R 
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whatever of the firſt and third have the ſame ratio to the ſe- Book V. 
cond and fourth: And in like manner, the firſt and the third \wyad 
have the ſame ratio to any equimultiples whatever of the ſecond 
and fourth. | ; 

Let A the firſt, have to B the ſecond, the ſame ratio which 
the third C has to the fourth D, and of A and C let E and F 
de any equimultiples whatevèf; then E is to B, as F to D. 

Take of E, F any equimultiples whatever K, L, and of B, 
D any equimultiples whatever G, H; then it may be demon- 
trated, as before, that K is the ſame multiple of A, that L is 
of C: And becauſe A is to B, as C is to D, and of A and C 
certain equimultiples have been taken, viz. K and L; and of 
and D certain equimultiples G, H; therefore, if K be greater 
than G, L is greater than H ; and if equal, equal; if leſs, leſs ©: 
And, K, L are any equimultiples of E, F, and G, H any what- 
wer of B, D; as therefore E, is to B, ſo is F to D: And in the 
me way the other caſe is demonſtrated. 


e 5. def. 3. | 


PRO. V. Tuo. 


I one magnitude be the ſame multiple of another, g x. 
which a magnitude taken from the firſt is of a mag- 

nitude taken from the other; the remainder ſhall be the 

ame multiple of the remainder, that the whole is of the 

vhole. 


Let the magnitude AB be the ſame multiple 
u CD, that AE taken from the firſt, is of CF G 
aken from the other; the remainder EB ſhall 
be the ſame multiple of the remainder FD, that 
the whole AB is of the whole CD. A+ 

Take AG the ſame multiple of FD, that 
AE is of CF: Therefore AE is the ſame mul- | 
ple of CF, that EG is of CD: But AE, by ö 8 | 
le hypothefis, is the ſame multiple of CF, that 
4B is of CD: Therefore EG is the fame mul- EA 
ple of CD that AB is of CD; wherefore EG 
equal to AB b. Take from them the common #7 br, Ax. 5. 
magnitude AE; the remainder AG is equal to | 
de remainder EB. Wherefore, ſince AE is B D 
be ſame multiple of CF, that AG is of FD, 
ad that AG is equal to EB; therefore AE is the ſame multiple 
CF, that EB is of FD; But AE is the ſame multiple of ok 

| c 


x28 


' Book v. that AB is of CD; therefore EB is the ſame multiple of FI 
that AB is of CD. Therefore, if any magnitude, &c. Q. E. D. 


See N. 


at. Ax. 5. 


b 2. 3. 


THE ELEMEN 


SKI E FL: 7-RE 


I 


multiples of them. 


Let the two magnitudes AB, CD be equimultiples of the two 
E, F, and AG, CH taken from the firſt two be equimultiples 
of the ſame E, F; the remainders GB, HD are either equal 


to E, F, or equimultiples of them. 

Firſt, Let GB be equal to E; HD is e- 
qual to F: Make CK equal to F; and be- 
cauſe AG is the ſame multiple of E, that 
CH is of F, and that GB is equal to E, 
and CK to F; therefore AB is the ſame 
multiple of E, that KH is of F. But AB, 
by the hypotheſis, is the ſame multiple of 
E that CD is of F; therefore KH is the 
ſame multiple of F, that GD is of F; 
wherefore KH is equal to CD“: Take a- 
way the common magnitude CH, then the 
remainder KC is equal to the remainder 


N 


TS 


O R. 


A K 
12 


| | 


G + H 


B DEF 


F two magnitudes be equimpltiples of two others, and 
if equimultiples of theſe be taken from the firſt two, 
the remainders are either equal to theſe others, or equi. 


|| 


HD : But KC is equal to F; HD therefore is equal to F. 


But let GB be a multiple of E; then 
HD is the ſame multiple of F: Make 
CK the ſame multiple of F, that GB is 
of E: And becauſe AG is the ſame mul- 
tiple of E, that CH is of F; and GB the 
ſame multiple of E, that CK is of F: 
therefore AB is the ſame multiple of E, 
that KH is of F: But AB is the ſame 
multiple of E, that CD is of F; therefore 
KH is the ſame multiple of F, that CD is 
of it; wherefore KH is equal to CD*:; 
Take away CH from both; therefore the 
remainder KC is equal to the remainder 


G 


| | 
B D 


E F 


HD: And becauſe GB is the ſame multiple of E, that KC 


of F, and that KC is equal to HD; therefore HD is the fam 


multiple of F, that GB is of E: If therefore two magnitude 
.&c. Q. E. D. 
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1 the firſt of four magnitudes has to the ſecond, the See N. 
ſame ratio which the third has to the fourth; then, if 
the firſt be greater than the ſecond, the third is alſo 
greater than the fourth; and, if equal, equal; it leſs, les, 


and 
two, 
equi. FO 

Take any equimultiples of each of them, as the doubles of 
each ; then, by def. 5th of this book, if the double of the firſt be 
e two greater than the double of the ſecond, the double of the third is 
Itiplesi greater than the double of the fourth ; but, if the firſt be greater 
equal dan the ſecond, the double of the firſt is greater than the double 
of the ſecond; wherefore alſo the double of the third is greater 
than the double of the fourth; therefore the third is greater than 
the fourth : In like manner, if the firſt be equal to the ſecond, 
or leſs than it, the third can be proved to be equal to the fourth, 
or leſs than it. Therefore, if the firſt, &c. Q. E. D. 


a M6608 


F tour magnitudes are proportionals, they are propor - See N. 
tionals alſo when taken inverſely. 


It the magnitude A be to B, as C is to D, then alſo inverſely 
Bis to A, as D to C. 

Take of B and D any equimultiples 
whatever E and F; and of A and C any e- | 
Qumultiples whatever G and H. Firſt, Let 
L be greater than G, then G is leſs than E; 
and, becauſe A is to B, as C is to D, and 
A and C, the firſt and third, G and H 
re equimultiples; and of B and D, the ſe- 
donc and fourth, E and F are equimulti- 


— 6 — 


| 
pes; and that G is leſs than E, H is alſo B E 
| "tis than F; that is, F is greater than H; D F ag. def. 5. 
| therefore E be greater than G, F is great- | 

E k tr than H: In like manner, if E be equal | 

o G, F may be ſhown to be equal to H; 
4 KC ud, if leſs, leſs; and E, F are any equi- 
the ſamaltiples whatever of B and D, and G, H 
gnitud Wy whatever of A and C; therefore, es B 

I is 
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Book V. is to A, ſo is D to C. If, then, four magnitudes, &c, 


E. d. 


PAOP. G. THE OF. 


Sce N. F the firſt be the ſame multiple of the ſecond, or the 
ſame part of it, that the third is of the fourth; the 
firſt is to the ſecond, as the third is to the fourth. 


Let the firſt A be the ſame multiple of B 
the ſecond, that C the third is of the fourth 
D: A is to B as C is to D. | | 
Take of A and C any equimultiples what= |] 
ever E and F; and of B and D any equi- 
multiples whatever G and H: Then, becauſe 
A is the ſame multiple of B that C is of D; | 
and that E is the ſame multiple of A, that A B 
E G 


Fisof C; E is the ſame multiple of B, that 
23.5 F is of D*; therefore E and F are the ſame 
multiples of B and D: But G and H are equi- 
multiples of B and D; therefore, if E be a | 
greater multiple of B, than G is, F is a great- 
er multiple of D, than H is of D; that is, | 
if E be greater than G, F is greater than H : | 
In like manner, if E be equal to G, or leſs ; 
F is equal to H, or leſs than it. But E, F 
are equimultiples, any whatever, of A, C, 
and G, H any equimultiples whatever of B, | 
bs. def. 5, D. Therefore A is to B, as C is to Db. 


— Y-— 


Next, Let the firſt A he the ſame part | 

of the ſecond B, that the third C is of 

the fourth D: A is to B, as C is to D: 

For B is the ſame multiple of A, that D 4 

is of C: wherefore, by the preceding 

caſe, B is to A, as D is to E; and in- 

e B. 3. verſely e A is to B, as C is to D. There- | 
fore, if the firſt be the ſame multiple, &c. A B CD 


Q. E. D. 
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| Book V. 
HNO. A THL. . 


F the firſt be to the ſecond as the third to the fourth, gee N. 
and if the firſt be a multiple, or part of the ſecond; 

the third is the ſame multiple, or the ſame part of the 

fourth. 


Let A be to B, as C is to D; and firſt let A be a multiple 
of B; C is the ſame multiple of D. | 
Take E equal to A, and whatever miul- | 
tiple A or L is of B, make F the fame mul- 


tiple of D: Then, becauſe A is to B, as C is | | 


to D; and of B the ſecond, and D the fourth 
equimultiples have been taken E and F; 
A is to E, as C to F“: But A is equal a Cor. 4 5. 
to E, therefore C is equal to F“: And F b A. 5. 
is the ſome multiple of D, that A is of B. A B C 
Wherefore C is the ſame multiple of D, E. F 
that A is of B. 0 

Next, Let the firſt A be a part of the ſe- a 
cond B; C the third is the ſame part of the |  gure at the 
2 D. 8 i 5 3 

cauſe A is to B, as C is to D; then, re. 

inverſely, B is e to A, as D to C: But A is 4.3. 
a part of B, therefore B is a multiple of A; 


and, by the preceding caſe, D is the ſame 
multiple of C, that is, C is the ſame part of D, that A is of B: 
Therefore, if the firſt, &c. Q. E. D. 


PROP. VII. T H E OR. 
5 QUAL magnitudes have the ſame ratio to the ſame 
magnitude; and the ſame has the ſame ratio to e- 
qual magnitudes. 


Let A and B be equal magnitudes, and C any other. A and 
D have each of them the ſame ratio to C, and C has the ſame 
ratio to each of the magnitudes A and B. 

Take of A and B any equimultiples whatever D and E, and 

* "of 
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Book V. of C any multiple whatever F: Then, becauſe D is the ſame 
multiple of A, that E is of B, and that A is 
«I, Ax. 5.equal to B; D is * equal to E: Therefore, if 


D be greater than F, E is greater than F; and 
if equal, equal; if leſs, leſs: And D, E are 
any equimultiples of A, B, and F is any mul- 


b 5. def. g. tiple of C. Therefore b, as A is to C, ſo is B 


See N. 


to C. 

Likewiſe C has the ſame ratio to A, that it 
has to B: For, having made the ſame con- 
ſtruction, D may in like manner be ſhown e- 
qual to E: Therefore, if F be greater than D, 
it is likewiſe greater than E; and if equal, 
equal, if leſs, leſs: And F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
A, as C is to Bb. Therefore qual magni- 
tudes, &c. Q. E. P). | | 


PROP. VIII. 


* 


C F 


x 
- 


b 
| 


| 


| 


THEOR. 


F unequal magnitudes, the greater has a greater 
ratio to the ſame than the leſs has; and the ſame 


magnitude has a greater ratio to the leſs, than it has to 


the greater. 


Let AB, BC be unequal magnitudes, of which AB is the 


greater, and let D be any magnitude 
whatever: AB has a greater ratio to D 
than BC to D: And D has a greater ra- E 
tio to BC than unto AB. 

If th: magnitude which is not the 
greater of the two AC, CB, be not leſs 
than D, take EF, FG, the doubles of 
AC, CB, as in Fig. 1. But, if that which 


is not the greater of the two AC, CB 


magnitude can be multiplied, ſo as to 
become greater than D, whether it be 
AC, or CB. Let it be multiplied, until 
it become greater than D, and let the 
other be multiplied as often; and let EF 
be the multiple thus taken of AC, and 


be leſs than D (as in Fig. 2. and 3.) this L 
L. 


FG the ſame multiple of CB: Therefore 
EF and FG are cach of them greater than 


Fig. 1. 
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D: And in every one of the caſes, take H the double of D, K Book v. 
its triple, and ſo on, till the multiple of D be that which firſt CLYvW 
becomes greater than FG: Let L be that multiple of D which 
is firſt greater than FG, and'K the multiple of D which is 
next leſs than L. | I. 

Then, becauſe L is the multiple of D, which is the firſt that 
becomes greater than FG, the next preceding multiple K is 
not greater than FG; that is, FG is not leſs than K: And ſince 
EF is the ſame multiple of AC, that FG is of CB; FG is the 
{ame multiple of CB, that EG is of AB*; wherefore EG and ; x, f. 
FG are equimultiples of AB and CB : And it was ſhown, that 
FG was not leſs than K, Fig. 2. Fig. 3+ 
and, by the conſtruc- | 
tion, EF is greater than E E 
D; therefore the whole F. 
FG is greater than K and ©* 
D together: But, K to- 
gether with D, is equal A 
to L; therefore EG is ; 
greater than L; but FG C+ | 4 + 
is not greater than L; 
ater and EG, FG are equi- 
ame multiples of AB, BC, 
110 and L is a multiple of 
D; therefore d AB has 
to D a greater ratio than 
$ the BC has to D. 
| Alſo D has to BC a | 
greater ratio than it has | 
to AB: For, having | 
made the fame con- 
ſtruction, it may be 
own, in like manner, | 
that L is greater than 3 
FG, but that it is not greater than EG: And L is a multiple of 
D; and FG, EG are equimultiples of CB, AB; therefore D 
has to CB a greater ratio Þ than it has to AB, Wherefore, of 
equal magnitudes, &c. Q. E. D. 
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AcNirupzs Which have the ſame ratio to the 

ſame magnitude are equal to one another; and 
thoſe to which the ſame magnitude has the ſame ratio 
are equal to one another, 


bs Let A, B have each of them the ſame ratio to C: A is e- L 
L qual to B: For, if they are not equal, one of them is greater 4 
w than the other; let A be the greater; then, by what was ſhown 0 + 
\" in the preceding propoſition, there are ſome equimultiples of * | 
* A and B, and ſome multiple of C ſuch, that the multiple of A wh 
1 is greater than the multiple of C, but the multiple of B is not 5 : 
, 4 greater than that of C. Let ſuch multiples be taken, and let E 
il D, E, be the equimultiples of A, B, and F the multiple of C, 4% 
. ſo that D may be greater than F, and E not greater than F: 7 i 
4 But, becauſe A is to C, as B is to C, and | * 4 
. of A, B, are taken equimultiples D, E, | 15 
! and of C is taken a multiple F; and that n l ; 
if D is greater than F; E ſhall alſo be great- D 'N | 
er than F*; but E is not greater than F, A | ny 
which is impoſtible; A therefore and B | a 
f are not unequal; that is, they are equal. : F 0 
| Next, Let C have the ſame ratio to each C| at F 
l of the magnitudes A and B; A is equal [ 1 
0 to B: For, if they are not, one of them is B e 
11 greater than the other; let A be the E bag A 
Ml greater; therefore, as was ſhown in Prop. 3 8 
N #th there is ſome multiple F of C, and 1 5 
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1 
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"11g 
11 
. 


{ome equimultiples E and D, of Band A 

juch, that F is greater than E, and not greater than D; but be- 
caule C is to B, as C is to A, and that F, the multiple of the 
firſt, is greater than E, the multiple of the ſecond; F the mul- | 
tiple of the third, is greater than D, the multiple of the fourth“ A 
But F is not greater than D, which is impoſſible. Therefore R 
A is equal to B. Wherefore magnitudes which, &c. Q. E. D. 
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Book V. 
PROP. Xx THEOR. — 
HAT magnitude which has a greater ratio than an- ste N. 
= other has unto the ſame magnitude 1s the greater 
n 


of the two: And that magnitude to which the ſame has 
a greater ratio than it has unto another magnitude is the 
leſſer of the two. 


tio 


1 Let A have to C a greater ratio than B has to CG: A is great- 
ter er than B: For, becauſe A has a greater ratio to C, than B 
* has to C, there are * ſome equimultiples of A and B, and, 5. def. 5, 


ſome multiple of C ſuch, that the multiple of A is greater than 


tA the multiple of C, but the multiple of B is not greater than it : 


* Let them be taken, and let D, E be equi- 
f G multiples of A, B, and F a multiple of C 
3 


ſuch, that D is greater than F, but E is D 
F. not greater than F: Therefore D is greater 
than E: And, becauſe D and E are equi- al [ 
multiples of A and B, and D is greater 
than E; therefore A is ® greater than B. 
Next, Let C have a greater ratio to B C| 


T b 4. Ax. 5. 


than it has to A; B is leſs than A: For * | l 
there is ſome multiple F of C, and ſome B 
F equimultiples E and D of B and A ſuch, E 
that F is greater than E, but is not greater | 
| chan D: E therefore is leſs than D; and | 
becauſe E and D are equimultiples of B 
and A, therefore B is d leſs than A. That 
magnitude, therefore, &c. Q. E. D. 
it be- 
f the Nr AL  THEOR; 
| mul- | 
rth *; ATIOS that are the ſame to the ſame ratio, are the 
1 * ſame to one another. 
Let A be to B as C is to D; and as C to D, ſo let E be to 
F; A is to B, as E to F. 
Take of A, C, E, any equimultiples whatever G, H, K; and 
of B, D, F, any equimultiples whatever L, M, N. Therefore, 
OP. 


lince A 1s to B, as C to D, ang G, Hare taken equimultiples of 
4 A, 


THE ELEMENT S 


Book V. A, C, and L, M of B, D; if G be greater than L, II is greater 
SYS than M; and if equal, equal; and if leſs, leſs :. Again, be. 
a5. del. 5. cauſe C is to D, as E is to F, and H, K are taken equimultiples 
of C, E; and M, N, of D, F; if H be greater than M, K is 
greater than N; and if equal, equal; and if leſs, leſs: But, if G 
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be greater than L, it has been ſhown that H is greater than M; 
and if equal, equal; and if leſs, leſs; therefore, if G be greater 
than L, K is greater than N; and if equal, equal; and if les, 
leſs: And G, K are any equimultiples whatever of A, E; and 
L, N any whatever of B, F: Therefore, as A is to B, ſo is E to 
F*, Wherefore ratios that, &c. Q. E. D. 


FRO. KH TH 


F any number of magnitudes be proportionals, as one 
of the antecedents is to its conſequent, ſo ſhall all 
the antecedents taken together be to all the conſequentz. 


Let any number of magnitudes A, B, C, D, E, F, be propor- 
tionals; that is, as A is to B, ſo C to D, and E to F: As A 
to B, ſo ſhall A. C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, H, K; 


WF” 


— H = — 
* 3 
D —— b — 


M — 
and of B, D, F any equimultiples whatever L, M, N: Then 


becauſe A is to B, as C is to D, and as E to F; and that G, 6 


K are « 
B, D,! 
greater 
fore, if 
than L. 
And G. 
A, C, I 
tudes e. 
ple one 
of the 
equimu 
are A, 

any nur 


F thi 
thir 
greater 
ſhall a 
fitth ha 


Let A 
the third 
greater 
ſhall ha 
lxth F. 


de multi 
uch be t. 
tquimulti 
mater th 
me mul 
ame mul 
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ter Wk arc equimultiples of A, C, E, and L, M, N equimultiples of Book v. 

be. B, D, F3 if G be greater than L, H is greater than M, and K 
Iles greater than N; and if equal, equal; and if leſs, leſs *. Where- ® 5: def. 5. 
© is bre, if G be greater than L, then G, H, K together are greater 

fG Wan L, M, N together; and if equal, equal; and if leſs, leſs. 


And G, and G, H, K together are any equimultiples of A, and 

A, C, E together; becauſe, if there be any number of magni- 

tudes equimultiples of as many, each of each, whatever multi- 

le one of them is of its part, the ſame multiple is the whole 

of the whole d: For the ſame reaſon L, and L, M, N are any b. 5. 
equimultiples of B, and B, D, F: As therefore A is to B, ſo 

ire A, C, E together to B, D, F together. Wherefore, if 

ny number, &c. Q. E. D. 


NM P R O P. XIII. T HE OR. 

eater 

" F the firſt has to the ſecond the ſame ratio which the See N. 
** third has to the fourth, but the third to the fourth a 


greater ratio than the fifth has to the fixth ; the firſt 


ſhall alſo have to the ſecond a greater ratio than the 
ich has to the ſixth, 


Let A the firſt, have the ſame ratio to B the ſecond, which C 

the third, has to D the fourth, but C the third, to D the fourth, 

one Ul: ęreater ratio than E the fifth, to F the ſixth : Alſo the firſt A 
111 all Wall have to the ſecond B a greater ratio than the fifth E to the 
ents, lxth F. | 
Becauſe C has a greater ratio to D, than E to F, there are 
-opor-Wome equimultiples of C and E, and ſome of D and F ſuch, 
$ Ai bat the multiple of C is greater than the multiple of D, but 


I, K. M — Is 8 


—_— 


— I — — 


de multiple of E is not greater than the multiple of F“: Let a 7. def. 5. 
ach be taken, and of C, E let G, H be equimultiples, and K, L. 
quimultiples of D, F, ſo that G be greater than K, but H not 
reater than L; and whatever multiple G is of C, take M the 
ame multiple of A; and what multiple K is of D, take N the 
anc multiple of B: Then, becauſe A is to B, as C to D, and 


of 
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Book v. of A and C, M and G are equimultiples : And of B and D, x 
WY and K are equimultiples ; if M be greater than N, G is greate 
b g. def. 5. than K; and if equal, equal; and if leſs, leſs d; but G5 

greater than K, therefore M is greater than N: But H is not 
greater than L; and M, H are equimultiples of A, E; and 
N, L equimultiples of B, F: Therefore A has a greater ratio to 


e 5. def. 5. B, than E has to F?. Wherefore, if the firſt, &c. Q. E. D. 4 
Cor. And if the firſt has a greater ratio to the ſecond, than 
the third has to the fourth, but the third the ſame ratio to the 
fourth, which the fifth has to the ſixth ; it may be demonſtrated Let A 
in like manner, that the firſt has a greater ratio to the ſecond 25 Al 
than the fifth has to the ſixth. Becau 
re as m 
PROP. N. THEOR =. 
UVIMe 
See N. F the firſt has to the ſecond, the ſame ratio which thi A, 
third has to the fourth ; then, if the firſt be greate des, Ex 
than the third, the ſecond ſhall be greater than en _ 
fourth; and if equal, equal; and if leis, leſs 1 
; 6 . U, LE 
Let the firſt A, have to the ſecond B, the ſame ratio whic 3 
the third C, has to the fourth D; if A be greater than C, B. 1 * 
greater than D. op 
Becauſe A is greater than C, and B is any other magnitude. f. 
io than C to B*: But, as A is to B, it 4 
2 8. 3. A has to B a greater ratio t , wether 
| G is eq 
| | { * to D 
ET - 3 
vi | 
; | | | | .1 bed 
| AB CD AB CD AB CD. 
i | is C to D; therefore alſo C has to D a greater ratio than Ch they 
ow b 13. 5. to BO: But of two magnitudes, that to which the ſame has th tely, 
it | c10.5. greater ratio is the lefler ©: Wherefore D is leſs than B; tha 
k | is, B 1s preater than D. q 
"ti Secondly, If A be equal to C, B is equal to D: For Aist P the 
0 49.5. B, as C, that is A, to D; B therefore is equal to D 4. 5 to E 
nM Thirdly, If A be leſs than C, B ſhall be leſs than D: F hay 
| C is greater than A, and becauſe C is to D, as A is to B, D ae; 


greater than B, by the firſt caſe; wherefore B is leſs than L 
Therefore, if the firſt, &c. Q. E. D. 


— 1 = 


PRO! 


! 
i 
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FRE AY TEEDOE 


AGNITUDEs have the ſame ratio to one another 
which their equimultiples have. 


Let AB be the ſame multiple of C, that DE is of F: C is to 
23 AB to DE. 

Becauſe AB is the ſame multiple of C, that DE is of F; there 
re as many magnitudes in AB equal to C, * 

s there are in DE equal to F: Let AB be 

vided into magnitudes, each equal to C, 
z AG, GH, HB; and DE into magni- 
des, each equal to F, viz. DK, KL, LE,: G 

Ihen the number of the firſt AG, GH, HB, * 
hall be equal to the number of the laſt DK, 

L, LE: And becauſe AG, GH, HB are H- 114 
equal, and that DK, KL, LE are alſo 
qual to one another; therefore AG is to | a 
DK, as GH to KL, and as HB to LE: GEF 

nd as one of the antecedents to its conſe- 

nent, fo are all the antecedents together to all the conſequents 
ogether d; wherefore, as AG is to DK, ſo is AB to DE: But b 12. 5. 
G is equal to C, and DK to F: Therefore, as C is to F, ſo is 
to DE. Therefore magnitudes, &c. Q. E. D. 


D 


5" 


7. 4. 


PROP. XVI. THE OR. 


F tour magnitudes of the ſame kind be proportionals, 
| they ſhall alſo be proportionals when taken alter- 
ely, ; | 


Let the four magnitudes A, B, C, D be proportionals, viz. 
A to B, ſo C to D: They ſhall alſo be proportionals when 

kn alternately ; that is, A is to C, as B to D. 
Take of A and B any equimultiples whatever E and F; and 
Cand D take any equimultiples whatever G and 15 2 
| ecauſe 
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Book v. becauſe E is the ſame multiple of A, that F is of B, and tha 
WY magnitudes have the ſame ratio to one another which their « 


«15.5- quimultiples have“; therefore A is to B, as E is to F: But x 
A is to B, ſo is C to 


that LI 
CF, th: 
CF, th; 
i ultiple 


D: Wherefore, as C E— —(7 — e 
h 11. 5. js to D, ſo d is E to N multiple 
F: Again, becauſe — 6 EB, 
G, H are equimul- B 5 plſo the 
tiples of C, D, as C f FD ; 
is to D, ſo is G to . 4 N N of EB. 
H * ; but as C is 0 H Bis te 
D, ſo is E to F. Wherefore, as E is to F, ſo is G to H », gu A and 
when four magnitudes are proportionals, if the firſt be great les, a. 
than the third, the ſecond ſhall be greater than the fourth; f ,b! 
014.5. If equal, equal; if leſs, leſs . Wherefore, if E be greater th en L 
G, F likewiſe is greater than H; and if equal, equal; if ea; 
leſs: And E, F are any equimultiples whatever of A, B; an@@cater 
1 f. det c. GH any whatever of C, D. Therefore A is to C, as B (nt HE 
5: del. S. Dd, If then four magnitudes, &c. Q. E. D. ſherefo1 
nd by 1 
Sl 
S reater t 
PR OP. XVIL THEO N. n like 
bat if C 
| leſs, 
See N. FF magnitudes, taken jointly, be proportionals, ther, r. 
ſhall alſo be proportionals when taken ſeparately Wir: ©, a 
that is, if two magnitudes together have to one of then. Q. ] 
the ſame ratio which two others have to one of theſe 
the remaining one of the firſt two ſhall have to the othe 
the ſame ratio which the remaining one of the laſt ty 
has to the other of theſe. 
| IF mag 
Let AB, BE, CD, DF be the magnitudes taken joint! ſhall 
which are proportionals ; that is, as AB to BE, ſo is CD to DA the fi; 
they ſhall alſo be proportionals taken ſeparately, viz. as AL Me fir(t 
EB, ſo CF to FD. be thirc 
Take of AE, EB, CF, FD any equimultiples whatever G 
HK, LM, MN; and again, of EB, FD, take any equimultip L 
whatever KX, NP: And becauſe GH is the ſame multiple W AE 
. AE, that HK is of EB, wherefore GH is the ſame multiple 0 Hi by 
| AE, that GK is of AB: But GH is the ſame multiple of r K. 5 
that LM is of CF; wherefore GK is the ſame multiple of 2 LIM 


Umultip 
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hat LM is of CF. Again, becauſe LM is the ſame multiple of Book v. 
CF, that MN is of FD; therefore LM is the ſame multiple of Cava 
CF, that LN is of CD: But LM was ſhown to be the ſame 2 1. 5. 
multiple of CF, that GK is of AB; GK therefore is the ſame 

nultiple of AB, that LN is of CD; that is, GK, LN are equi- 

multiples of AB, CD. Next, becauſe HK is the ſame multiple 

f EB, that MN is of FD; and that KX is 

Iſo the ſame multiple of EB, that NP is X 
{FD ; therefore HX is the ſame multiple 
of EB, that MP is of FD. And becauſe P b. 5. 
\B is to BE, as CD is to DF, and that of 
Band CD, GK and LN are equimul- 
ples, and of EB and FD, HX and MP are K + 


1; multiples; if GK be greater than HX, N + 
er tha en LN is greater than MP; and if equal, 
if le nal; and if leſs, leſs © : But if GH be H + B c 5. def. 5. 
 - rater than KX, by adding the con! mon D My 
s BHK to both, GK is greater than HX; E. | 
ſherefore alſo LN is greater than MP; F 
nd by taking away MN from both, LM © | 
greater than NP: Therefore, if GH be | | 


reater than KX, LM is greater than NP. (1 A 8. 
n like manner it may be demonſtrated, 

lat if GH be equal to KX, LM likewiſe is equal to NP; and 
f leſs, leſs: And GH, LM are any equimultiples whatever of 
E, CF, and KX, NP are any whatever of EB, FD. "There- 
re ©, as AE is to EB, ſo is CF to FD. It then magnitudes, 
ic, Q. E. D. 


PRO B. EVIL. THEO. 


[f magnitudes, taken ſeparately, be proportionals, they ses v. 
ſhall alſo be proportionals when taken jointly, that is, 

the firſt be to the ſecond, as the third to the fourth, 

le firſt and ſecond together ſhall be to the ſecond, as 

ie third and fourth together to the fourth. 


ver G 

multip! | ; | 

ultiple et AE, EB, CF, FD be proportionals; that is, as AE to 
tiple * d, ſo is CF to FD; they ſhall alſo be proportionals when 


ken jointly ; that is, as AB to BE, ſo CD to DF. 
Take of AB, BE, CD, DF any equimultiples whatever GH, 
IK, LM, MN; and again, of BE, DF, take any whatever e- 
umultiples KO, NP: And becauſe KO, NP are ang 
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Book V. of BE, DF; and that KH, NM are equimultiples likewiſe of 
Way BE, Dy, if KO, the multiple of BE, be greater than KH, which 
is a multiple of the ſame BE, NP, likewiſe the multiple of DF, 


b 5. 5. 


e 6. 5. 


a 3. Ax. 
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ſhall be greater than NM, the multiple 
of the ſame DF; and if KO be equal 
to KH, NP ſhall be equal to NM; 
and if leſs, leſs. 

Firſt, Let KO not be greater thin 
KH, therefore NP is not greater than 
NM : And becauſe GH, HE are equi- 


multiples of AB, BE, and that AB is 


greater than BE, therefore GH is 
greater * than HK; but KO is not 
greater than KH, wherefore GH is 
greater than KO. In like manner it 
may be ſhewn, that LM is greater than 
NP. Therefore, if KO be not greater 
than KH, then GH, the multiple of 
AB, 1s always greater than KO, the 
multiple of BE; and likewiſe LM, the 


H 
01 


B | 
E 


G. Al 


D 
F 


c 


O. 


multiple of CD, greater than NP, the multiple of DF. 


Next, Let KO be greater than KH 
ſhown, NP is greater than NM : And becauſe the whole GH is 
the ſame multiple of the whole AB, that HK is of BE, the re. 


mainder GK is the ſame multiple of 
the remainder AE that GH is of AB b: 
which is the ſame that LM is of CD. 


In like manner, becauſe LM is the 


ſame multiple of CD, that MN is of 
DF, the remainder LN is the ſame 
multiple of the remainder CF, that 
the whole LM is of the whole CD b: 
But it was ſhown that LM is the ſame 
multiple of CD, that GK is of AE; 
therefore GK is the ſame multiple of 
AE, that LN is of CF; that is, GK, 
LN are equimultiples of AE, CF: 
And becauſe KO, NP are equimul- 
tiples of BE, DF, if from KO, NP 


O 


* 


xX 


B 
EL 


Gl Al 


P 


| L 


there be taken KH, NM, which are likewiſe equimultiple 


Li 


M 
DN 


: therefore, as has been 


| 


| 


of BE, DF, the remainders HO, MP are either equal * 


DF, or equimultiples of them ©. 


Firſt, Let HO, MP, be 


qual to BE, DF; and becauſe AE is to EB, as CF to FD, 5 
t 


that GI 
EB, as 
wherefo 
greater 
and if le 

But 1 
AE is t 


quimult 
MP; if 
15 great 
equal; 
likewiſe 
I therel 
taking E 
than H 
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han N! 
greater t 
P. In! 
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hit GK, LN are equimultiples of AE, CF; GK ſhall be to Book v. 
EB, as LN to FDA: But HO is equal to EB, and MP to FD, 
wherefore GK is to HO, as LN to MP. If therefore GK be d Cor. 4. 5. 
greater than HO, LN is greater than MP; and if equal, equal 

ind if leſs ©, leſs. e Ax. 5. 
But let HO, MP be equimultiples of EB, FD; and becauſe 

AE is to EB, as CF to FD, and that of AE, CF are taken e- 
quimultiples GK, LN; and of EB, FD, the equimultiples HO, 

Mp; if GK be greater than HO, LN 

is greater than MP; and if equal, O [. 
equal ; and if leſs, leſs f; which was f 5. def. 5. 
likewiſe ſhown in the preceding caſe. 
therefore GH be greater than KO, H | 
aking KH from both, GK is greater 
hm HO; wherefore alſo LN is 
greater than MP; and conſequently, M 
idling NM to both, LM is greater K 


* 


han NP: Therefore, if GH be : B | N 
L greater than KO, LM is greater than D | 
| P. In like manner it may be ſhown, | E ; | 


that if GH be equal to KO, LM is 
qual to NP; and if lefs, leſs. And G = 
n the caſe in which KO is not great- | 
r than KH, it has been 8 that Al C L) 
H is always greater than KO, and likewiſe LM than NP: 
put GH, LM are any equimultiples of AB, CD, and KO, NP 
re any whatever of BE, DF; therefore f, as AB is to BE, ſo 
CD to DF. If then magnitudes, &c. Q. E. D. 


PROP. XIX. THE OR. 


| Fa whole magnitude be to a whole, as a ma-nitude See N. 
taken from the firſt, is to a magnitude taken from 

de other; the remainder ſhall be to the remainder, as 

e whole to the whole. 


1 


1 Let the whole AB, be to the whole CD, as AE, a magnitude 

nultipeg en from AB, to CF, a magnitude taken from CD; the re- 

to DL inder EB ſhall be to the remainder FD, as the whole AB to 

P, be =: whole CD. 

FD, ** becauſe AB is to CD, as AE to CF; likewiſe, — ” a 16. F. 
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Book V.. BA is to AE, as-DC to CF: And becauſe, if mag- 


WY nitudes, taken jointly, be proportionals, they are 


b 17. 5. 


See N. 


alſo proportionals d when taken ſeparately; there- 
fore, as BE is to DF, ſo is EA to FC; and alter- 
nately, as BE is to EA, ſo is DF to FC: But, as 
AE to CF, ſo by the hypotheſis, is AB to CD; 
therefore alſo BE, the remainder, ſhall be to the 
remainder DF, as the whole AB to the whole CD: 
Wherefore, if the whole, &c. Q. E. D. 

Cor. If the whole be to the whole, as a mag- | 
nitude taken from the firſt, is to a magnitude taken B D 
from the other; the remainder likewiſe is to the 
remainder, as the magnitude taken from the firſt to that taken 
from the other: The demonſtration is contained in the prece- 
ding. 


PROP. E. THE OR. 


F four magnitudes be proportionals, they are alſo pro. 

portionals by converſion, that is, the firſt is to its ex. 
ceſs above the ſecond, as the third to its exceſs above 
the fourth. 


Let AB be to BE, as CD to DF; then BA is to A 
AE, as DC to CF. | 

Becauſe AB is to BE, as CD to DF, by divi- -| 
fion *, AE is to EB, as CF to FD; and by inver- EA 
ſion b, BE is to EA, as DF to FC, Wherefore, by 
compoſition ©, BA is to AF, as DC is to CF: It, 
therefore, four, &c. Q. E. D. 


P:R OP. AS. 7H ER 


F there be three magnitudes, and other three, which 
1 taken two and two, have the ſame ratio; if the fi 
be greater than the third, the fourth ſhall be greatel 
than the ſixth ; and if equal, equal; and if leſs, 1 


tio th: 
to B; 
than ( 
by inv 
was 1h 
B; th 
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Let A, B, C be three magnitudes, and D, E, F other three, Book V. 

which, taken two and two, have the ſame ratio, viz. as A is to 

B, ſo is D to E; and as B to C, fois E to 

F. If A be greater than C, D ſhall be greater 

then F; and, if equal, equal; and if leſs, | 

leſs. | 
Becauſe A is greater than C, and B is any 

other magnitude, and that the greater has to 

the ſame magnitude a preater ratio than the leſs 

has to it * ; therefore A has to Ba greater ra- | | | 

tio than C has to B: But as D is to E, fois A A B C 

to B; therefore d D has to E a greater ratio | b 13. f. 

than C to B; and becauſe B is to C, as E to F, D | | 


| 


4 8. 5. 


by inverſion, C is to B, as F is to E; and D 
was ſhown to have to E a greater ratio chan C to 
B; therefore D has to E a greater ratio than F 
to Ee; But the magnitude which has a greater e Cor.12.5» 

ratio than another to the ſame magnitude, is the greater of the 
two d: D is therefore greater than F. d 10. f. 

Secondly, Let A be equal to C; D ſhall be _ to F : Be- 
pro. cauſe A and C are equal to one an- 
other, A is to B, as C is to Be: 


h But A is to B, as D to E; and C is 
aboreßg © B, as F to E; wherefore D is to 
AB 6 


e 7. 8. 
1 


E, as FtoEf; and therefore D is 
equal to F 8, 

Next, Let A be leſs than C; Dn 
ſhall be leſs than F : For C is den- 
er than A, and, as was ſhown in 
the firſt caſe, C is to B, as F to F, 
and in like manner B is to A, as E. 
to D; therefore F is greater than | FA | | 
D, by the firſt caſe ; and therefore | 


D; is leſs than F. Therefore, it there be three, &c. Q. E. D. 


. - 


cb 
F 
| 


PROF. H. THE. O:R; 


8 there be three magnitudes, and other three, which 
have the ſame ratio taken two and two, but in a croſs 
order; if the firſt magnitude be greater than the third, 
he fir he fourth ſhall be greater than the ſixth; and it equal, 
great qual; and i leſs, leſs, 


K | Let 
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4 8. s. 


b 13. 5. 


d 10. 5 


6 7. 5 


*f rx. 5 
8 8. 


"Cee N. 


c Cor. 13. 5. fore E has to F a greater ratio than 


THE ELEMENTS 
Let A, B, C be three magnitudes, and D, E, F other three, 


v bich have the ſame ratio, taken two and two, but in a croſ 


order, viz. as A is to B, ſo is E to F, and as B 
is to C, fois D to E. If A be greater than C, 
D ſhall be greater than F; and if equal, equal; 

and if leſs, leſs. 8 | 

Becauſe A is greater than C, and B is any 
other magnitude, A has to B a greater ratio 
than C has toB: ButasE toF, fois AtoB; 
therefore d E has to F a greater ratio than C to 
B: And becauſe B is to C, as D to E, by inver- 
fion, C is to B, as E to D: And E was ſhown to 
have to F a greater ratio than C to B; there- 
to De; 
but the magnitude to which the ſame has a 
Teater ratio than it has to another, is the leſſer 
of the two 4; F therefore is leſs than D; that is, | 
D is preater than F. 

Secondly, Let A be equal to C; D ſhall be | - 
cauſe A and Care equal, A is eto B, as C is to B: But Ay 
to B, as E to F; and Cis to B, | 
as Eto D; vherefore E is to F | | 
as.E to Df; and therefore D is 
equal to F *. 

Next, Let A be leſs thanC; 
D ſhall be lefs than F: For Cis 
Frater than A, and, as was 
thown, C is to B, as E to D, 
and in like manner B 1s to A, 
as F to E; therefore IV is great- 
er than D, by caſe firſt; and 
therefore D is leſs than F. 
Therefore, if there be three, &c. | 


Q. E. P. 


PROP. XXII. THE OR. 


F there be any number of magnitudes, and as man! 
others, which, taken two and two in order, have the 
ſame ratio; the firſt ſhall have to the laſt of the fir 
magnitudes the ſame ratio which the firſt of the other 
has to the laſt, N. B. This is uſually cited by t9e word 


8 . » 
© ex aeguali,” or ex aequo. Fir 


tiples 
to F. 
Next 
four E, 
ſame ra 
as B, to 
H: A! 
Becat 
three, v 
foregoin 
to H; 
H: and 


hre, if t 


ol; 


Be. 
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Firſt, Let there be three magnitudes A, B, C, and as many Book v. 
others D, E, F, which taken two and two, have the ſame ratio 
that is, ſuch that A is to B as D to E; and as Bis to C, ſo is 
E to F; A ſhall be to C, as D to F. | 

Take of A and D any equimultiples whatever G and H. 
and of B and. E any equimultiples - 
whatever K and L; and of Cand | 
F any whatever M and N : Then, 
becauſe A is to B, as D to E, and 
that G, H are equimultiples of A, 


D, and K, L equimultiples of B, AB C | | | 
KLF 


E; as G is to K, ſo is H to L: 
For the ſame reaſon, K is to M, G K M 
as L to N: And becauſe there are | 
three magnitudes G, K, M, and E 5 
other three H, L, N, which, two | 
and two, have the ſame ratio; if | 
G be greater than M, H is great- 
er than N; and if equal, equal; | | 
and if leſs, leſs d: and G, H are | b 20. f. 
any equimultiples whatever of A, 
D, and M, N are any equimul- 
tiples whatever of C, F: Therefore e, as A is to C, ſo is De 5. def. 5, 
to F. 

Next, Let there be four magnitudes A, B, C, D, and other 
four E, F, G, H, which two and two have the " 
ſame ratio, viz. as A is to B, fois Eto F; na A. B VU 1 


| 


as B, to C, foFtoG; andasCtoD, ſo G to E. F. G. I. 

H: A ſhall be to D, as E to H. f 
Becauſe A, B, C are three magnitudes, and E, F, G other f 

three, which, taken two and two, have the ſame ratio ; by the 

foregoing caſe, A is to C, as E to G: But C is to D, as G is 

to H; wherefore again, by the firſt caſe, A is to D, as E to 

1: and fo on, whatever be the number of magnitudes. There- 

ore, if there be any number, &c. Q. E. D. 


K 2 P'R UB, 
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PROP. XXI. T HE O R. 


F there be any number of magnitudes, and as many 
others, which, taken two and two, in a croſs order, 
have the ſame ratio; the firſt ſhall have to the laſt of the 
firſt magnitudes the ſame ratio which the firſt of the o- 
thers has to the laſt. N. B. This is uſually cited by the 
words, ex aequali in proportione perturbata; or © ex 
% aequo perturbate. 


Firſt, Let there be three magnitudes A, B, C, and other 
three D, E, F, which, taken two and two, in a croſs order, 
have the ſame ratio, that is, ſuch that A is to B, as E to F; 
and as B is to C, fois D to E: A is to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K; and 
of C, E, F any eqimultiples whatever L, M, N; And becauſe 
G, H are equimultiples of A, B, 
and that magnitudes have the | | 
ſame ratio which their equimul- 
tiples have“; as A is to B, ſo is 
G to H: And for the ſame rea- 
ſon, as E is to F, ſo is M to N: 
But as A is to B, ſo is Eto F; A 
as therefore G is to H, ſo is M to G 


| 


C 
L 


B DEF 
Nb. And becauſe as Bis to C, | H K N 
ſo is D to E, and that H, K are | | | 
equimultiples of B, D, and L, M 
of C, E; as H is to L, ſo is K 
to M: And it has been ſhown 
that G is to H, as M to N: Then, 
becauſe there are three magni- | # |} 
tudes G, H, L, and other three | 1 
K, M, N which have the ſame | 
ratio taken two and two in a croſs | 
order ; if G be greater than L, jointly 
E is greater than N; and if equal, equal; and if leſs, leſs ©; Dy to 
and G, K are any equimultiples whatever of A, D; and L, N equal 
any whatever of C, F; as, therefore, A is to C, ſo is D to F. frit, &. 

Next, Cox. 


tion, th 


OF EUCLID: 


Next, Let there be four magnitudes, A, B, C, D, and other Book V. 
four E, F, G, H, which taken two and two | — 
in a croſs order, have the ſame ratio, viz. A to A. B. G. D. | 


B, as G to H; B to C, as F to G; and C to. E. F. G. H. 
D, as E to F: A is to B, as E to H. 

Becauſe A, B, C are three magnitudes, and F, G, I other 
three, which, taken two and two in a croſs order, have the 
ſame ratio; by the firſt caſe, A is to C, as F to H: But C is 
to D, as E is to F; wherefore again, by the firſt caſe, A is to 
D, as E to H: And ſo on whatever be the number of magni- 
tudes. Therefore, if there be any number, &c. Q. E. D. 


PROP. XXIV. THE VOX. 


F the firſt has to the ſecond the ſame ratio which the See N. 
third has to the fourth; and the fifth to the ſecond, 

the ſame ratio which the ſixth has to the fourth; the 

firſt and fifth together ſhall have to the ſecond, the ſame 


ratio which the third and fixth together have to the 
fourth. 


Let AB the firſt, have to C the ſecond, the ſame ratio which 
DE the third, has to F the fourth; and let BG the fifth, have 
to C the ſecond, the ſame ratio which EH 
the ſixth, has to F the fourth: AG, the & | 
firſt and fifth together, ſhall have to C. the H 
ſecond, the ſame ratio which DH, the | 
third and fixth together, has to F the B 
fourth. F 13 
Becauſe BG is to C, as EH to F; by in- E + 
verſion, C is to BG, as F to EH: And be- 
cauſe, as AB is to C, ſo is DE to F; and 
as C to BG, fo F to EH ; ex aequali“, AB 
: - BG, as DE to EH: And becauſe | 
theſe ma nitudes are proportionals, the 
ſhall likewiſe be proportionals when 1 A C D F 
jointly b; as therefore AG is to GB, ſo is b 18. 5. 
DH to HE; but as GB to C, ſo is HE to F. Therefore, ex 
aequali *, as —_ is to C, ſo is DH to F. Wheretore, if the 
firſt, &c. „ e 
Cox. 1. F the ſame hypotheſts be made as in the propoſi- 
tion, the exceſs of the firſt and fifth ſhall be to the ſecond, as 
K 3 the 


| | a 22. 5. 5 


IP 
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Book V. the excels of the third and fixth to the fourth: The demonſtra. 


a A. & 14. 
15. 


b 19. 5. 


c A. 5. 


See N. 


tion of this is the ſame with that of the propoſition, if diviſion 
be uſed inſtead of compoſition. 

Cor. 2. The propoſition holds true of two ranks of magni. 
tudes, whatever be their number, of which each of the firſt 
rank has to the ſecond magnitude the ſame ratio that the corre. 
ſponding one of the ſecond rank has to a fourth magnitude; as 
is manifeſt. 


NOT. . TT HE. OR: 


\ 


F four magnitudes of the ſame kind are proportionals, 
the greateſt and leaſt of them together are greater 
than the other two together. 


Let the four magnitudes AB, CD, E, F be proportionals, 
viz. AB to CD, as E to F; and let AB be the greateſt of them, 
and conſequently F the leaſt *. AB, together with F, are great- 
er than CD, together with E. 

Take AG equal to E, and CH equal to F: Then becauſe as 
AB is to CD, ſo is E to F, and that AG is equal to E, and CH 
equal to F; AB is to CD, as AG to CH. B 
And becauſe AB the whole, is to the * 
whole CD, as AG is to CH, likewiſe the G D 
remainder GB ſhall be to the remainder 
HD, as the whole AB is to the whole d 
CD : But AB is greater than CD, there- ® 
fore © GB is greater than HD: And be- 
cauſe AG is equal to E, and CH to F; | | 
AG and F together 2 equal 8 CH and, $a | 
E together. If therefore to the unequa 1 
e GB, HD, of which GB is AC EF 
the greater, there be added equal magnitudes, viz. to GB the 
two AG and F, and CH and E to HD; AB and F together are 
greater than CD and E. T herefore, if four magnitudes, &c. 


Q. E. p. 
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ATIOS which are compounded of the ſame ratios, 


are the ſame with one another. 
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Let A be to B, as D to E; and B̃ to GasEtoF: The ra- Book. V. 
tio which is compounded of the ratios of A SYN 
o B, and B to C, which, by the definition A. B. C 
of compound ratio, is the ratio of A to C, i: D E. F. 
:he fame with the ratio of D to F, which, by Car 
the ſame definition, is compounded bf the — 
ratios of D to E, and E to F. 


Becauſe there are three magnitudes A, B, C, and three others 
D, E, F, which, taken two and two in order, have the ſame ra- 


tio; ex zequali, A is to C, as D to F.. A 22. f. 
Next, Let A be to B, as E to F, ond B to C, as D to E; 

therefore, ex dequali in proportione perturbata d, b 23. 3. 

A is to C, as D to F; that is, the ratio of A to 1 

C, which is compounded of the ratios of A to] J). E. F. 


B, and B to C, is the ſame with the ratio of D | 
to F, which is compounded of the ratios of D — 
to E, and E to F: And in like manner the propoſition may be 
demonſtrated, whatever be the number of ratios in either cale. 


PROP. G. THE OR. 


F ſeveral ratios be the ſame with ſeveral ratios, each See N. 
to each ; the ratio which is compounded of ratios 

which are the ſame with the firſt ratios, each to each, is 

the ſame with the ratio compounded of ratios which are 

the ſame with the other ratios, each to each. 


Let A be to B, as E to F; and CtoD, as G to H: And let 
A be to B, as Kto L; and C to D, as L to M : 'Then the ra- 
tio of K to M, by the definition | — — 
of compound ratio, is compound- 
ed of the ratios of K to L, and 
to M, which are the ſame with 
the ratios of A to B, and C to D: 
And as E to F, ſo let N be to O; Ow MK ſo let O be 
to P; then the ratio of N to P is compounded of the ratios of 
N to 0, and O to P, which are the ſame with the ratios of E to 
F, and 8 to H: And it is to be ſhewn that the ratio of K to M, 
i * ſame with the ratio of N to P, or that K is to M, as N 
to 

Becauſe K is to L, as (A to B, that is, as E to F, that is, as) 
Vio O; and as L to M, ſo is (C to D, and fo is G to H, 


K 4 and 


1 
| 
ö 
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Book V. and ſo is) O to P: Ex acquali*, K is to M, as N to P. There. 
ra fore, if ſeveral ratios, &c. Q. E. D. 


a 22. 5. 


PDF... ME 0:& F tl 
; | otl 
See N. F a ratio compounded of ſeveral ratios be the ſame Wl which 
with a ratio compounded of any other ratios, and if Nis the 
one of the firſt ratios, or a ratio compounded of any of are th 
the firſt, be the ſame with one of the laſt ratios, or with None of 
the ratio compounded of any of the laſt ; then the ratio of rat: 
compounded of the remaining ratios of the firſt, or the Wratios, 
remaining ratio of the firſt, if but one remain, is the Wratios, 
ſame with the ratio compounded of thoſe remaining of che far 
the laſt, or with the remaining ratio of the laſt, Then 
with tt 
Let the firſt ratios be thoſe of A to B, B to C, C to D, remair 
D to E, and E to F; and let the other ratios be thoſe of G to ame v 
H, H to K, K to L, and L to M: Alſo, let the ratio of A to ame v 
2 Definition F, which is compounded of“ the firſt — ich tl 
of com- ratios be the ſame with the ratio of G] A. B. C. D. E. F. n 
pounded to M, which is compounded of the] G. H. K. L. M. 
8 other ratios: And beſides, let the ra- — — Let t 
tio of A to D, which is compounded of the ratios of A to B, Wand the 
B to C, C to D, be the ſame with the ratio of G to K, which is be the 
compounded of the ratios of G to H, and H to K: Then the D, as 1 
ratio compounded of the remaining firſt ratios, to wit, of the {Wfinition 
ratios of D to E and E to F, which compounded ratio is the 
ratio of D to F, is the ſame with the ratio of T to M, which is ll] © 
compounded of the remaining ratios of K to L, and L to Ma 
the other ratios. 
Becaule, by the hypotheſis, A is to D, as G to K, by in- G, E 
„ B ß. VYerfion®, Dis to A, as K to G; and as A is to F, ſo is G to e 
<22 . NM; therefore®, ex acquali, Dis to F, as K to M. If therefore Wi 
a ratio which is, &c. Q. E. D. 3 
| of the r 
2 wit 
lo, as 
P R O P N 0 N, 28 
herefo 


wounded 
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PROP. K. THE OR. 


I there be any number of ratios, and any number of Se N. 
other ratios ſuch, that the ratio compounded of ratios 
which are the ſame with the firſt ratios, each to each, 
is the ſame with the ratio compounded of ratios which 
are the ſame, each to each, with the laſt ratios; and if 


* JF 


th one of the firſt ratios, or the ratio which is compounded 4 

io Wl of ratios which are the ſame with ſeveral of the firſt * 

the ratios, each to each, be the ſame with one of the laſt * 

the I ratios, or with the ratio compounded of ratios which are 0 

of che ſame; each to each, with ſeveral of the laſt ratios : N 
Then the ratio compounded of ratios which are the ſame 2A 
with the remaining ratios of the firſt, each to each, or the | 

> D, remaining ratio of the firſt, if but one remain; is the l 

Go WE fame with the ratio compounded of ratios which are the ' 

% me with thoſe remaining of the laſt, each to each, or : 

7. | {WI vith the remaining ratio of the laſt, 

— Let the ratios of A to B, C to D, E to F be the firſt ratios ; 

o „ and the ratios of G to H, K to L, M to N, O to P, Q to R, 

ch is de the other ratios: And let A be to B, as S to T; and Cto 


n the D, as T to V, and E to F, as V to X: Therefore, by the de- 
f the Wh tinition of compound ratio, the ratio of S to X is compounded 


ich b : | | 
M of e SF. 
A,B; C, B, L. F. os 1%. 
y in G, H; K, L; M, N; O, P; Q. R. T, Z, , Þ, e, d. 5 
G to e, f, g. m, n, o, p. 
refore Wl| 0 f | 


of the ratios of 8 to T, T to V, and V to X, which are the 
lame with the ratios of A to B, C to D, E to F, each to each : 
Allo, as G to H, ſo let Y be to Z; and K to L, as Z to a; M 
o N, as a to b, O to P, as b to c; and Q to R, as c to d: 
herefore, by the ſame definition, the ratio of Y to dis com- 
pounded of the ratios of Y to Z, Z to a, a to b, b to c, and 


F c to 
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Book v. c to d, which are the ſame, each to each, with the ratios of (; 
to H, K to L, M to N, O to P, and Q to R: Therefore, by the 
hypotheſis, 8 is to X, as Y to d: Allo, let the ratio of A to , 
that is, the ratio of 8 to T, which is one of the firſt ratios, be 
the ſame with the ratio of e to g, which is compounded of the 
ratios of e to f, and f to g, which, by the hypotheſis, are the 
fame with the ratios of G to H, and K to L, two of the other 
ratios; and let the other ratio of h to 1 be that which is com- 
pounded of the ratios of h to k, and k to l, which are the fame 
with the remaining firſt ratios, viz. of C to D, and E to F; 
alſo, let the ratio of m to p be that which is compounded of the 
ratios of m to n, n to o, and o to p, which are the ſame, each 
to each, with the remaining other ratios, viz. of M to N, O to 
P, and Q to R: Then the ratio of h to 1 is the ſame with the 

ratio of to p, or h is to l, as m to p. 


h, k, 1. 
: | A, B; C, D; E, F. 8, T, v, X 
GH, eee e, N. , 4:6 
e, f, g- m, n, o, p. 
A 5 IMI. 


are 


Becauſe e is to f, as (G to H, that is, as) Y to Z; and f is 
to g, as (K to L, that is, as) Z to a, therefore, ex aequali, e is 
to g, as Y to a: And by the hypotheſis, A is to B, that is, 
S to J, as e to g; wherefore Sis to T, as Y to a; and, by in- 
verſion, T is to 8, as a to I; and 8 is to X, as Y to d; there- 
fore, ex aequali, T is to X, as a to d: Alſo, becauſe h is to k, 
as (C to D, that is, as) T to V; and k is to l, as (E to F, that 
is, as) V to X; therefore, ex aequali, h is to l, as T to X: In 
like manner, it may be demonſtrated, that m is to p, as a to d: 

1 11.3. And it has been ſhown, that T is to X, as a to d; Therefore 
h is to l, as m to p. Q. E. D. 

The propoſitions G and K are uſually, for the ſake of brevity, 
expreſſed in the ſame terms with propoſitions F and H: And 
therefore it was proper to ſhow the true meaning of them when 
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DEFINITIONS. 


I, 
IMILAR rectilineal figures 


8 are thoſe which have their 

veral angles equal, each to 2 

ach, and the ſides about the | | 
qual angles proportionals. 
i Recfprocal fi 


II. 
gures, viz. triangles and parallelograms, are gee N. 
« ſuch as have their ſides about two of their angles propor- 
« tionals in ſuch manner, that a ſide of the firſt figure is to 
« a {ide of the other, as the remaining ſide of this other is to 
the remaining ſide of the _— 

III. 
ſtraight line is ſaid to be cut in extreme and mean ratio, 
hen the whole is to the greater ſegment, as the greater ſeg- 
ment is to the leſs. | 


vc altitude of any figure is the ſtraight 
line drawn from its vertex perpendicular 
to the baſe. 
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see N. T 


Let the triangles ABC, ACD, and the parallelograms EC 
CF have the ſame altitude, viz. the perpendicular drawn fron 
the point A to BD: Then, as the baſe BC is to the baſe CD 
ſo is the triangle ABC to the triangle ACD, and the parallel, 
gram EC to the parallelogram CF. 

Produce BD both ways to the points H, L, and take an 
number of ſtraight lines BG, GH, each equal to the bai 
BC; and DK, KL, any number of them, each equal to th 
baſe CD; and join AG, AH, AK, AL: Then, becauſe CB 
BG, GH are all equal, the triangles AHG, AGB, AR( 
are all equal“: Therefore, whatever multiple the baſe H. 
'is of the baſe BC, the ſame multiple is the triangle AH( 

of the triangle age For the ſame reaſon, whatever multipl 
the baſe LC is of the 
1 
N,; 
triangle AHC is alſo 
equal to the triangle 
ACD; and of the baſe BC and the triangle ABC, the firſt at 
third, any equimultiples whatever have been taken, viz. tl 
a 5+ def. 5. equal, equal; and if lefs, leſs: Therefore d, as the baſe BU 
to the baſe CD, ſo is the triangle ABC to the triangle AC. 


baſe CD, the ſame mul- 

ALC“; and if the baſ- 5 Y 

baſe HC and triangle AHC; and of the baſe CD and iriang 
And becauſe the parallelogram CE is double of the on 


PROP. I THEOR. 


R1ANGLEs and parallelograms of the ſame altitude 
are one to another as their baſes. 


a 38. 1. 


tiple is the triangle ALC 
of the triangle ADC: 
And if the baſe HC be 
equal to the baſe CL, the 

greater than the K L 
baſe CL, Iikewiſe the triangle AHC is greater than the triang 
ALC; and if lets, leſs : "Therefore, ſince there are four magn 
tudes, viz. the two baſes BC, CD, and the two triangles ADV 
ACD, the ſecond and fourth, have been taken any equimultip 
whatever, viz. the baſe CL and triangle ALC; and that it! 
been thown, that, if the baſe HC be greater than the baſe C 
the triangle AHC is greater than the triangle ALC; and 


ABC e, 
and that 
tiples h. 
js the p: 
it has be 
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ſo is © tl 
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AC e, and the parallelogram CF double of the triangle ACD, Bock vi. 

ind that magnitudes have the ſame ratio which their equimul- Lowe 

tiples have d; as the triangle ABC is to the triangle ACD, ſoc ar. x. 

the parallelogram EC to the parallelogram CF: And becauſe 55: 5. 

+ has been ſhown, that, as the baſe BC is to the baſe CD, fo is 

the triangle ABC to the triangle ACD; and as the triangle 

ABC to the triangle ACD, ſo is the parallelogram EC to the 
lelogram CF ; therefore, as the baſe BC is to the baſe CD, 

@ is © the parallelogram EC to the parallelogram CF. Where-e 12. 5. 

fre triangles, &c. Q. E. D. | 

Cor. From this it is plain, that triangles and parallelograms 

that have equal altitudes, are one to another as their baſes. 

Let the figures be placed ſo as to have their baſes in the ſame 

fraight line; and having drawn perpendiculars from the vertices 

of the triangles to the baſes, the ſtraight line which joins the 

rertices is parallel to that in which their baſes are t, becauſe the f 33. 1. 

erpendiculars are both equal and parallel to one another: Then, 

the ſame conſtruction be made as in the propoſition, the de- 

nonſtration will be the ſame. 


PROP B TAO. 


if a ſtraight line be drawn parallel to one of the ſides dee N. 
of a triangle, it ſhall cut the other ſides, or thoſe 
noduced, proportionally : And if the ſides, or the ſides 
jroduced, be cut proportionally, the ſtraight line which 

eins the points of ſection ſhall be parallel to the re- 
n.ning fide of the triangle. | 


L 


triang 

magn 
s AB 
arſt al 


VIZ, tl 


Let DE be drawn parallel to BC, one of the ſides of the tri- 
mole ABC: BD is to DA, as CE to EA. 
Join BE, CD; then the triangle BDE is equal to the tri- 


triangle CDE *, becauſe they are on the ſame baſe DE, and be- 37. r. 
nultic en the ſame parallels DE, BC: ADE is another triangle, 
at it Med equal magnitudes have to the fame, the ſame ratio d; there-b 5. 5. 
aſe r, as the triangle BDE to the triangle ADE, fo is the tri- 
; and role CDE to the triangle ADE; but as the triangle BDE to | 
ſe BU triangle ADE, ſo is BD to DA, becauſe having the ſame e 1. 8. 


\ CD. 
triang 


AÞ 


ititude, viz. the perpendicular drawn from the point E to 
U, they are to one another as their baſes; and for the ſame 
reaſon, 
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Book VI. reaſon, as the triangle CDE to the triangle ADE, fo is CF 0 
EA. Therefore, as BD to DA, fo is CE to EA d. 


Next, Let the ſides AB, AC of the triangle ABC, or theſs 
A. — 
* \ 


d II, 5. 


© 1. 6, 


fg. 5* 


g 39. Is 


D 


A | 
— 


B C E B C 
produced, be cut proportionally in the points D, E, that is, ſo 
that BD be to DA, as CE to EA, and join DE; DE is paral- 
lel to BC. | | 
The ſame conſtruction being made, becauſe as BD to DA, 
ſo is CE to EA; and as BD to DA, fo is the triangle BDE to 
the triangle ADE; and as CE to EA, ſo is the triangle CDE 
to the triangle ADE ; therefore the triangle BDE is to the 
triangle ADE, as the triangle CDE to the triangle ADE; 
that is, the triangles BDE, CDE have the ſame ratio to the 
triangle ADE; and therefore f the triangle BDE is equal to 
the triangle CDE : And they are on the ſame baſe DE; but e 
qual trjangles on the ſame baſe are between the ſame parallels *; 
therefore DE is parallel to BC. Wherefore, if a ſtraight line 
&c. Q. E. D. 


PROF. .. a 


F the angle of a triangle be divided into two equal 
angles, by a ſtraight line which alſo cuts the baſe; 
the ſegments of the baſe ſhall have the ſame ratio which 
the other ſides of the triangle have to one another: And 
if the ſegments of the baſe have the ſame ratio which the 
other ſides of the triangle have to one another, the 
ſtraight line drawn from the vertex to the point of ſec 
tion, divides the vertical angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into tw 
equal angles by the ſtraight line AD: BD is to DC, as mY ” AC 
| * bug 


Thr 
product 
the par 
angle C 
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© to 


heſe 


aigle BAD; wherefore BAD is equal to the angle ACE. A- 
gin, becauſe the ſtraight line 

BAE meets the parallels AD, E 
EC, the outward angle BAD 

z equal to the inward and op- A 

poſite angle AEC: But the 

angle ACE has been proved e- 
qual to the angle BAD; there- 

fore alſo ACE is equal to the 

angle AEC, and conſequent! 

the fide AE is equal to the E D C 


ſides of the triangle BCE, viz. to EC, BD is to DC, as BA to 


DAIMBA to ACE. 

E to Let now BD be to DC, as BA to AC; and join AD; the 
* mgle BAC is divided into two equal angles by the ſtraight line 
) tne A0. 


The ſame eonſtruction being made; becauſe, as BD to DC, 
) thei: BA to AC; and as BD to DC, ſo is BA to AE a, becauſe 


val toy A!) is parallel to EC; therefore BA is to AC, as BA to AEf; frr!s. 


Through the point C draw CE parallel to DA, and let BA Book VI; 
produced meet CE in E. Becauſe the ſtraight line AC meet 
the parallels AD, EC, the angle ACE is equal to the alternate à 32. - 
angle CAD d: But CAD, by the hypotheſis, is equal to the b 29. 1. 


de e AC; And becauſe AD is drawn parallel to one of the <6. 2, 


AE4; but AE is equal to AC; therefore, as BD to DC, ſo is 4 2. 6: 
© 7. 5. 


* 


ut conſequently AC is equal to AE, and the angle AEC is there- 8 9. 5. 


ne outward and oppoſite angle BAD : and the angle ACE is 
equal to the alternate angle CAD®: Wherefore alfo the angle 
AD is equal to the angle CAD: Therefore the angle BAC is 


the angle, &c. Q. E. D. 


equal 
baſe; 
yhich 


h the PROP. 
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to twWe 
to AC 


aroug! 


into two equal angles by the ſtraight line AD. Therefore, 


fre equal to the angle ACE ® : But the angle AEC is equal to hs 1+ 
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| 92 FT the outward angle of a triangle made by producing 
| one of its ſides, be divided into two equal angles, by 
a ſtraight line which alſo cuts the baſe produced ; the 
| ſegments between the dividing line and the extremities 
of the baſe have the ſame ratio which the other ſides of 
the triangle have to one another: And if the ſegments 
of the baſe produced, have the ſame ratio which the o- 
ther ſides of the triangle have, the ſtraight line drawn 


from the vertex to the point of ſection divides the out. Let 
ward angle of the triangle into two equal angles. 25 c 
Let the outward angle CAE of any triangle ABC be divided ny 
into two equal angles by the ſtraight line AD which meets the ,1i-t, 
baſe produced in D: BD is to DC, as BA to AC. fon 
a 32. I. Through C draw CF parallel to AD * ; and becauſe the ſtraight contigu 
line AC meets the parallels AD, FC, the angle AC is equi becaule 
b 2 1. to the alternate angle CAD»: But CAD is equal to the angle angles 
en DAE ©; therefore alſo DAE is equal to the angle ACF. Again, equal t. 
. becauſe the ſtraight line FAE meets the parallels AD, FC, U wo rig 
outward angle DAE is e- Ebb pro. 
qual to the inward and op- A be prod) 
poſite angle CFA : But the - : And 
angle ACF has been proved equal to 
equal to the angle DAE; rallel 4 + 
therefore alſo the angle angle A 
ACF is equal to the angle | DEC, . 
| CFA, and conſequently the B C D lercfor 
ſide AF is equal to the ſide a qual to 
46.1: AC d: And becauſe AD is parallel to FC, a fide of the triangle one 
586 BCF, BD is to DC, as BA to AF e; but AF is equal to AC CE e: 
zs therefore BD is to DC, ſo is BA to AC. dis BC | 
Let now BD be to DC, as BA to AC, and join AD; ti... 
angle CAD is equal to the, angle DAE. 3 D to D] 
The ſame conſtruction being made, becauſe BD is to DOT; AC | 
as BA to AC; and that BD is alſo to DC, as BA to AF here fore 
u. g. therefore BA is to AC, as BA to AF s; wherefore AC is eck, an 
5 9. 5. to AF®, and the angle AFC equal h to the angle ACF: N C as Cl 
bp 


OF EUCLID. ' _ 


the angle AFC is equal to the outward angle EAD, and the Beok VI. 


angle ACF to the alternate angle CAD ; therefore alſo EAD is WY 


equal to the angle CAD. Wherefore, if the outward, &c. 
Q. E. D. 


PROP. IV. THEOR. 


HE fides about the equal angles of equiangular tri- 

angles are proportionals ; and thoſe which are op- 

polite to the equal angles are homologous ſides, that is, 
are the antecedents or conſequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACP to the angle 
DEC, and conſequently * the angle BAC equal to the angles 32. 1 
CDE. The ſides about the equal angles of the triangles ABC, 
DCE are proportionals ; and thoſe are the homologous ſides 
which are oppoſite to the equal og | nx<b 
Let the triangle DCE be placed, ſo that its fide CE may be 
contiguous to BC, and in the ſame ftraight line with it : And 
becauſe the angles ABC, ACB are together leſs than two right 
angies d, ABC and DEC, which is F b 17. 1. 
equal to ACB, are alſo leſs than 
two right angles; wherefore BA, 
ED produced ſhall meet© ; let them op e 12. Ax. t. 
be produced and meet in the point 
F: And becauſe the angle ABC is 
equal to the angle DCE, BF is pa- 
allel 4 to CD. Again, becauſe the 
angle ACB is equal to the angle 
IEC, AC is parallel to FE*: | | 
Therefore FAC is a parallelogram ; and conſequently AF is 
qual to CD, and AC to FD: And becauſe AC is parallel toe 34. f. 
E, one of the ſides of the triangle FBE, BA is to AF, as BC 
oCEf: But AF is equal to CD; therefore g, as BA to CD, f 2. 6. 
vis BC to CE; and alternately, as AB to BC, ſo is DC tos 7 
E: Again, becauſe CD is parallel to BF, as BC to CE, ſo is 
Dto DE f : but FD is equal to AC; therefore, as BC to CE, 
is AC to DE: And alternately, as BC to CA, ſo CE to ED: 
here fore, becauſe it has been proved that AB is to BC, as DG | 
CE, and as BC to CA, ſo CE to ED, ex aequali ®, BA is toh 23. 4. 
as CD to DE. Therefore the ſides? &c. Q. E. D, 
L PROP. 
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PROP. V. THEOR 


F the ſides of two triangles, about each of their angles, 


CE. 


. F 
be proportionals, the triangles ſhall be equiangular, 0 
and have their equal angles oppoſite to the homologous angle 
ſides. and 1 
the h 
Let the triangles ABC, DEF have their ſides proportionals, 
ſo that AB is to BC, as DE to EF; and BC to CA, as EF to Let 
FD; and conſequently, ex aequali, BA to AC, as ED to DF; equal 
the triangle ABC 1s mers * 2 e R 3 angles 
equal angles are oppoſite to the homologous ſides, viz. the an- N 
te ABC equal to the angle DEF, and BCA to EFD, and alſo ng | 
AC to EDF. t 
At the points E, F, in the ſtraight line EF, make * the angle 150 
FEG equal to the angle ABC, and the angle EFG equal to DEG 
BCA; wherefore the remain- * ACB; 
ing angle BAC is equal to the D Dainin 
remaining angle EGF b, and . qual to 
the triangle ABC is there- it G d, 
ſore equiangular to the tri- | 5 the tri 
angle GEF; and conſequent- L E. E angular 
ly they have their ſides op- B S "Mi | DGF ; 
poſite to the equal angles pro- N 4 to 
portionals © L boy ids "> G to DF: 
AB to BC, ſo is to 5 | | otheſi 
but as AB to BC, ſo is DE to EE; therefore as DE to EF, f br, o 
GE to EF: Therefore DE and GE have the ſame ratio to Dr * 
and conſequently are equal ©: For the ſame reaſon, DF. is equi wo fide 
to FG : And becauſe, in the triangles DEF, GEF, DE is equ ele E 
to EG, and EF common, the two ſides DE, EF are equal t 1 ei] 
the two GE, EF, and the baſe DF is equal to the bale GY GDF, 2 
therefore the angle DEF is equal f to the angle GEF, and . 2 
other angles to the other angles which are ſubtended by the mole Dl 
qual ſides : Wherefore the angle DFE is equal to the age angle 
GFE, and EDF, to EGF : And becauſe the angle DEF is eq therefore 
to the angle GEF, and GEF to the angle ABC; therefore q gle Ba 
angle ABC is equal to the angle DEF: For the ſame realc mining 
the angle ACB is equal to the angle DFE, and the angle at bored 
to the angle at D. Therefore the triangle ABC is equiangl Wherefo 


to the triangle DEF. Wherefore, if the ſides, &c. QE. D 
; A | P R 0 


OF EUCLID: 163 


a 
—— 


cy k 7 * 7 
a 


PROF VI THEOR — RN NT 
es, Wl Fr two triangles have one angle of the one equal to S 
ar, one angle of the other, and the ſides about the equal 2 


angles proportionals, the triangles ſhall be equiangular, 
and ſhall have thoſe angles equal which are oppoſite to 
the homologous ſides. 


nals, 

bo Let the triangles ABC, DEF have the angle BAC in the one 

of, equal to the angle EDF in the other, and the ſides about thoſe 
] 


angles proportionals ; that is, BA to AC, as ED to DF; the 
triangles ABC, DEF are equiangular, and have the angle ABC 

equal to the angle DEF, and AC; to DFE. 

At the points D, F, in the ſtraight line DF, make the angle * 23: ”- 
FDG equal to either of the angles BAC, EDF; and the angle 

DFG equal to the angle | 

ACB ; Wherefore the re- A. 

maining angle at B is e- 
qual to the remaining one 
at Gd, and conſequently 
the triangle ABC is equi- 
angular to the triangle 
DGF; and therefore as 
BA to AC, fo is © GD 
to DF: But, by the hy- B C E F 17 


potheſis, as BA to AC, ſo is ED to DF; as therefore ED to 


1 


D 8 


— 
V3 
* 
LE 
* 


1 


* * 


4 


br, GD to DF; wherefore ED is equal © to DG z aud 4 7.3. 4 
$9 DF is common to the two triangles EDF, GDF : Therefore the A og 4 
. 4 tro ſides ED, DF are equal to the two ſides GD, DF; and the : 1. 

* 


angle EDF is equal to the angle GDF; wherefore the baſe EF 
Is equal to the baſe FG f, and the triangle EDF to the triangle f 4. . 
GDF, and the remaining angles to the remaining angles, each 
to each, which are ſubtended by the equal ſides : Therefore the 
angle DFG is equal to the angle DFE, and the angle at G to 
the angle at E: But the angle DFG is equal to the angle ACB; 


ns 3 
— 


P 
„ „ 


— 


ef therefore the angle ACB is equal to the angle DFE : And the q | Y 
x * angle BAC is equal to the angle EDF; wherefore alſo the re- E Hyp = 
wh + ning angle at B is equal to the remaining angle at E. 


DID © 


jan acrefore the triangle ABC is equiangular to the triangle DEF. 
u 8 Wherefore, if two triangles, &c. Q. E. PD. 


3 
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— Fx 
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4 23. 1. 


b 32. 1. 
e 4. 6. 


d It. 5. 
e 9. 5. 
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PROP. VI. THEO. 


F two triangles have one angle of the one equal to 
one angle of the other, and the ſides about two other 
angles proportionals, then, if each of the remaining 
angles be either lels, or not leſs, than a right angle; or 
if one of them be a right angle: The triangles thall be 
equiangular, and have thoſe angles equal about which 
the ſides are proportionals. 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the an- 
gle EDF, and the ſides about two other angles ABC, DEF pro- 
portionals, ſo that AB is to BC, as DE to EF; and, in the firſt 
caſe, let each of the remaining angles at C, F be leſs than 
right angle. The triangle ABC is equiangular to the triangle 
DEF, viz. the angle ABC is equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 

For, if the angles ABC, DEF be not equal, one of them is 
graater than the other; let ABC be the greater, and at the 
point B, in the ſtraight line | 
AB, make the angle ABG 
equal to the angle DEF: 
And becauſe the angle at A 
is equal to the angle at P, 
and the angle ABG to the 
angle DEF; the remaining B : 
angle AGB is equal b to the 
remaining angle DFE : Therefore the triangle ABG is equi- 


angular to the triangle DEF; wherefore © as AB is to BG, ſo i 
DE to EF; but as DE to EF, ſo, by hypotheſis, is AB to BC; 
therefore as AB to BC, ſo is AB to BG 4; and becauſe AB 
has the ſame ratio to each of the lines BC, BG; BC is equal 
to BG, and therefore the angle BGC is equal to the angle 
BCG f : But the angle BCG is, by hypotheſis, leſs than a right 
angle; therefore alſo the angle BGC is leſs than a right angle, 
and the adjacent angle AGB muſt be greater than a right angle! 
But it was proved that the angle AGB is equal to the angle at F; 
therefore the angle at F is greater than a right angle: But, by the 


hypotheſis, it is leſs than a right angle; which is abſurd. * 
| $M ore 


angle 
trian 


IN 


caſe. 
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fore the angles ABC, DEF are not unequal, that is, they are Book VI. 
equal: And the angle at A is equal to the angle at D; where- UrvWw 
fore the remaining angle at C is equal to the remaining angle 
at F: Therefore the triangle ABC is equiangular to the tris» 


to angle DEF. 
er Next, Let each of the angles at C, F be not leſs than a right 
angle: The triangle ABC is alſo in this caſe equiangular to the 
Io | — 
triangle DEF. 
= The ſame conſtruftion 
be being made, it may be pro- A 
ch ved in like manner that BC | D 
is equal to BG, and the 
angle at C equal to the an- 8 
one ole BGC: But the angle r 
an- at C is not lefs than a right CC 3 F 
ro- angle; therefore the angle | 
firſt BGC is not leſs than a right angle: Wherefore two angles of 
m 2 the triangle BGC are together not leſs than two right angles, 
agle which is impoſſible ®z, and therefore the triangle ABC may be h 15. 1. 
the proved to be equiangular to the triangle DEF, as in the firſt 
caſe. 
by Laſtly, Let one of the angles at C, F, viz. the angle at C, 
1 


be a right angle; in this caſe likewiſc the triangle ABC is equi- 
angular to the triangle DEF. 

For, if they be not equian- 
gular, make, at the point B of A. 
the ſtraight line AB, the angle | 
ABG equal tc the angle DEF; 


\ then it may be proved, as in G 
F the firſt caſe, that BG is e-B n 

. qual to BC: But the angle C 
equi- BCG is a right angle, there- A 


los fore i the angle BG is alſo a 
BC; nacht angle; whence two of 
e AD Bl the angles of the triangle BGC 


18. 6: 


qual © are together not lefs than two | 

angle richt angles, which is impoſ- B C 

right WY ſible >; Therefore the triangle | G 

angle, WY ABC is equiangular to the | | 
w_ triangle DEF. Wherefore, if two triangles, &c. Q. E. D. 
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PROP. vil. THE OR. 


See N. | bs a 4 angled triangle, if a E be drawn 


F 


from the right angle to the baſe; the triangles on 1 
each ſide of it are ſimilar to the whole triangle, and to ws 
one another. _ 

multi 
Let ABC be a right angled triangle, having the right angle whicl 
BAC; and from the point A let AD be drawn perpendicular and d 
to the baſe BC: The triangles ABD, ADC are ſimilar to the the p. 
whole triangle ABC, and to one another. Be 
Becauſe the angle BAC is equal to the angle ADB, each of of the 
them being a right angle, and that the angle at B is common to D/ 
to the two triangles ABC, ſition 
ABD; ; the remaining angle A CA i 
ACB is equal to the remainin \ is the 
1 32. 1. angle BAD*; Therefore theref 
triangle ABC is equiangular- to part © 
the triangle ABD, and the ſides line A 
about their equal angles are pro- 5 
b 4. 6. portionals b; wherefore the tri- B Db C 


c 1. def. 6, angles are ſimilar © : : In the like 

manner it may be demonſtrated, that the 3 AO is e- 
quiangular and ſimilar to the triangle ABC: And the triangles 
ABD, ADC, being both equiangular and ſimilar to ABC, are 
equiangular and ſimilar to each other. Therefore, in a right 


5 


angled, &c. Q. E. D. have 
Cor. From this it is manifeſt, that the perpendicular drawn the di 

from the. right angle of a right angled triangle to the baſe, 153 

mean proportional between the ſegments of the baſe ; And allo 1 

that each of the ſides is a mean proportional between the bale, i  - 


and its ſegment adjacent to that ſide: Becauſe in the triangles ** 
BDA, ADC, BD is to DA, as DA to DG; and in the tri- 


B 
angles ABC, DBA, BC is to BA, as BA to BD; and in hell uns. 
triangles ABC, ACD, BC is to CA, as CA to CD». draw I 

| HB, is 


PROP, 


OF EUCLID. 1167 


Book VI. 
— 


PROP, H. FEN O. 


ROM a given ſtraight line to cut off any part re. See x. 
F quired. | 9 412 


Let AB be the given ſtraight line; it is required to cut off 
my part from it. | 

From the point A draw a ſtraight line AC making any angle 
with AB; and in AC take any point D, and take AC the ſame 
multiple of AD, that AB is of the part - 
which is to be cut off from it; join BC, 
and draw DE parallel to it: Then AE is 
the part required to be cut off, 

Becauſe ED is parallel to one of the ſides 
of the triangle ABC, viz. to BC, as CD is 
to DA, ſo is BE to EA; and, by compo- 
fition b, CA is to AD, as BA to AE: But 
CA is a multiple of AD; therefore © BA 
is the ſame multiple of AE: Whatever part 
therefore AD is of AC, AE is the ſame B C | 
part of AB: Wherefore, from the ſtraight 
line AB the part required is cut off. Which was to be done. 


PROP. X. PRO B. 


O divide a given ſtraight line ſimilarly to a given 
(i divided ſtraight line, that is, into parts that ſhall 
have the ſame ratios to one another which the parts of 
the divided given ſtraight line have, 


Let AB be the ſtraight-line given to be divided, and AC the 
divided line; it is required to divide AB fimilarly to AC. 

Let AC be divided in the points D, E; and let AB, AC be 
placed ſo as to contain any angle, and join BC, and through the 
points D, E draw * DF, EG parallels to it; and through D“ . 
draw DHK parallel to AB: Therefore each of the figures FH, 

HB, is a parallelogram ; wherefore DH is equal d to FG, and b 34 1. 
| L 4 | HE 
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VE rallel to KC, one of the ſides of the 


F 2+ 6. 


a 31. 1. 


THE ELEMENTS 
Bock VI. HK to GB: And becauſe HE. is pa- A 


triangle DEC, as CE to ED, ſo is 

e KH to HD: But KH is equal to 
BG, and HD to GF; therefore, as F * JW 
CE to ED, ſo is BG to GF: Again, al H! N E 
becauſe F D is parallel to EG, one of | 


the fides of the triangle AGE, as ED 8 L ; | | -» 
K C 


to DA, ſo is GF to FA: But it has 
been proved that CE is to ED, as | 

BG to GF; and as ED to DA, 10 GF to FA: Therefore the 
given ſtraight line AB is divided ſimilarly to AC. Which wa 


A, GE 
to be done. 


there fo 
three g 


PROP. XI. PRO B. found. 


14 find a third proportional to two given ſtraight 


lines. 


Let AB, AC be the two given ſtraight lines, and let them 
be placed fo as to contain any angle; it is 
required to find a third proportional to AB, A. 


T' 


AC. 

Produce AB, AC to the points D, E; to find x 

and make BD equal to AC; and having 8B Place 

joined BC, chrough D, draw DE parallel to ſemicircl 

it *, int B 
Becauſe BC is parallel to DE, a fide of | ges to / 


the triangle ADE, AB is ® to BD, as AC to N Becau 
CE: But BD is equal to AC; as therefore D E ſemicircl 
AB to AC, ſo is AC to CE. Wherefore to the two given Whccauſe 
ſtraight lines AB, AC a third proportional CE is found. Which ingle A 
was to be done. the right 


the baſe, 
onal be 


etween 
onal DE 


PROP, XI. PROB. 


1 find a fourth en to three wives ſtraight 
lines. 


"% 
Let A, B, C be the three given ſtraight lines ; it. is required 
to find a fourth proportional to A, B, C. 


nd upon theſe make DG 
- ap © GE equal to B, D 
and DH equal to C; and 
having Joined GH, draw EF 
parallel? to it through the 
int E: And becauſe GH 


| rarallel to EF, one of the 7 


des of the triangle DEF, 

DG is to GE, as DH to 
HF b; but DG is equal to E 
A, GE to B, and DH toC; | | 

therefore, as A is to B, ſo is C to HF. Wherefore to the 
three given ſtraight lines, A, B, C a fourth proportional HF is 
found, Which was to be done. 


the b 2. 6. 


PROP. All. PROB. 


O find a mean proportional between two given 
ſtraight lines. 


Let AB, BC be the two given ſtraight lines; it is required 
to find a mean proportional between them. 

Place AB, BC in a ſtraight line, and upon AC deſcribe the 
ſemicircle ADC, and from the 
point B draw * BD at right an- D a 11. 2. 
gles to AC, and join AD, DC. 

Becauſe the angle ADC in a 
ſemicirele is a right angle d, and 
becauſe in the right angled tri- 
angle ADC, DB is drawn from 


the right angle perpendicular to : 
tie baſe, DB is a mean propor- A B C 


; | 0 bzr. 3. 


etween the two given ſtraight lines AB, BC, a mean propor- 
tional DB is found. Which was to be done. 


PROP. 


Take two ſtraight lines DE, DF, containing any angle EDF; Book vt. 
| 2 


onal between AB, BC the ſegments of the baſe © : Therefore e Cor. 8.6. 
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PROP. XIV. THEO. 
QUAL parallelograms which have one angle of the e 
one equal to one angle of the other, have their about 


ſides about the equal angles reciprocally proportional; triangl, 
And parallelograms that have one angle of the one equal angle i 


to one angle of the other, and their ſides about the e. fecipro 


qual angles reciprocally proportional, are equal to one 


another. brag 
Let AB, BC be equal parallelograms, which have the angles ger 
at B equal, and let the fides DB, BE be placed in the fame Let 
ſtraight line; wherefore alſo FB, BG are in one ſtraight line * WM; one 
The ſides of the parallelograms AB, BC about the equal angles braight 
are reciprocally proportional; that is, DB is to BE, as GB te qual to 
Complete the parallelogram FE; and becauſe the parallel E 
gram AB is equal to BC, and | the trial 
that FE is another parallelo- FAD to 
gram, AB is to FE, as BC to triangle 
FE b: But as AB. to FE, ſo is s the b 
the baſe DB to BE“; and, as triangle 
BC to FE, ſo is the baſe GB to uche ba 
BF; therefore, as DB to BE, fore CA 
ſo is GB to BF 9. Wheretore wherefor 
the ſides of the parallelograms G C angles ar 


AB, BC about their equal an- 


gles are reciprocally proportional. | . 1 
But, let the ſides about the equal angles be reciprocally prqq 45 th 
portional, viz. as DB to BE, fo GB to BF; the parallelograt Havin 
AB is equal to the parallelogram BC. FAto A 
Becauſe, as DB to BE, ſo is GB to BF; and as DB to Bl BaDe; 
ſo is the parallelogram AB to the parallelogram FE; and 54 ©. 
GB to BF, ſo is the parallelogram BC to the parallelogram FH mgle E / 
therefore as AB to FE, ſo BC to FE 4: Wherefore the par... the 
lelogram AB is equal © to the parallelogram BC. I herefo mole Al 
equal parallelograms, &c. Q. E. D. mangles, 


PRO 


* OF EUCLID; 


PROP. XV. THEOR. * 


\QUAL triangles which have one angle of the one 
equal to one angle of the other, have their ſides 
about the equal angles reciprocally proportional : And 
triangles which have one angle in the one equal to one 
angle in the other, and their ſides about the equal angles 
reciprocally proportional, are equal to one another. 


Let ABC, ADE be equal triangles, which have the angle 
ZAC equal to the angle DAE ; the ſides about the equal angles 


al the triangles are reciprocally proportional; that is, CA is to 
AD, as EA to AB. 


Let the triangles be placed fo that their fides CA, AD be 
n one ſtraight line; wherefore alſo EA and AB are in one 


ſtraight line “; and join BD. Becauſe the triangle ABC is e- 14. 2. 


qual to the triangle ADE, and 
that ABD is another triangle; B D 
therefore as the triangle CAB is to | 
the triangle BAD, ſo is triangle 


LEAD to triangle DAB»: But as b 7.5. 
triangle CAB to triangle BAD, ſo 
s the baſe CA to 83 a. as 01. 6. 


angle EAD to triangle DAB, ſo 
s the baſe EA to AB e; as thebe. | 
fore CA to AD, ſo is EA to AB d: C 

wherefore the ſides of the triangles ABC, ADE about the equal 
angles are reciprocally proportional. 

But let the ſides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to 
ab; the triangle ABC is equal to the triangle ADE. 

Having joined BD as before ; becauſe, as CA to AD, ſo is 
EA to AB; and as CA to AD, ſo is triangle ABC to triangle 
BAD e; and as EA to AB, ſo is triangle EAD to triangle 
BAD ©; therefore d as triangle BAC to triangle BAD, fo is tri- 
ugle EAD to triangle BAD; that is, the triangles BAC, EAD 
have the fame ratio to the triangle BAD : Wherefore the tri- 


d 11. 5. 


angle ABC is equal © to the Ones ADE. Therefore ppl. 9-55 


angles, &c. Q. E. D. 
PROP. 


THE ELEMENTS 


Book VI. 


4 11. 1. 


C14. 6. 


PROP. XVI. THE OR. 


IF four ſtraight lines be proportionals, the reCtany} 
contained by the extremes 1s equal to the 5 ple 
contained by the means: And if the rectangle conta 
by the extremes be equal to the rectangle contained hy 
the means, the four ſtraight lines are proportionals. 


Let the four ſtraight lines, AB, CD, E, F be proportional 
viz. as AB to CD, ſo E to F; the rectangle contained by AB, 
F is equal to the rectangle contained by CD, E. 

From the points A, C draw * AG, CH at right angles to 
AB, CD; and make AG equal to F, and CH equal to E, and 
complete the parallelograms BG, DH : Becauſe, as AB to C), 
fois Eto F; and that E. is equal to CH, and F to AG; AJ 
is d to CD, as CH to AG: Therefore the ſides of the paralle. 


lograms BG, DH about the equal angles are reciprocally pro- 
but parallelograms which have their fides about e- 


portional; 
qual angles reciprocally proportional, are equal to one another“ 
therefore the parallelo 
DH: And the parallelogram 


BG is contained by the E 
ſtraight lines AB, F; becauſe F 
AG is equal to F; and the 
parallelogram DH is contain- G— 


ed by CD and E; becaufe | 
CH is equal to E: There- 
fore the rectangle contained et 
by the ſtraight lines AB, F . ; { SY 
is equal to that which is con- RB C 
tained by CD and E. 


And if the rectangle contained by the ſtraight lines AB, Þ 
be equal to that which is contained by CD, E ; theſe four line 


are proportionals, viz. AB is to CD, as E to F. . 


The ſame conſtruction being made, becauſe the reCtangit 


contained by the ſtraight lines AB, F is equal to that which 1 
contained by CD, E, and that the rectangle BG is contained b 
AB, F, becauſe AG is equal to F; and the rectangle D 


by CD, E, becauſe CH is equal to E; therefore the parallelogran 
BG is equal to the Parallelogram DH; and they are _— 


gram BG is equal to the parallelogran 


F th 
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OF EUCLID. 


therefore AB is to CD, ſo E to F. Wherefore, if four, &c. 
Q. E. D. , 


PROF Av. THEOK 


F three ſtraight lines be proportionals, the rectangle 
contained by the extremes is equal to the ſquare of 
the mean : And if the reQangle contained by the ex- 


s toffltremes be equal to the ſquare of the mean, the three 
8 ſtraight lines are proportionals. 

, D, | 

A Let the three ſtraight lines A, B, C be proportionals, viz. as 
rale to B, ſo B to C; the rectangle contained by A, C is equal 
pro- ¶ to the ſquare of B. 

ut e- 


Take D equal to B; and becauſe as A to B, ſo B to C, and 


ſtraight lines be pro- 
portionals, the rectan- A — - 
ple contained by the 2 
xtremes is equal to 

hat which is contained D 


fore the rectangle con- — | D 
tained by A, C is equal | C hw, 
to that contained bß __ 
B, D: But the rec- 
tangle contained by B, A 3 
Dis the ſquare of B; becauſe B is equal to D: Therefore the 
ectangle contained by A, C is equal to the ſquare of B. 

And if the rectangle contained by A, C be equal to the 
quare of B; A is to B, as B to C. ö 


tang! The fame conſtruction being made, becauſe the rectangle 
hich ontained by A, C is equal to the ſquare of B, and the ſquare 
ned VF: B is equal to the rectangle contained by B, D, becauſe B is 
e Dual to D; therefore the rectangle contained by A, C is equal 


that contained by B, D: But if the rectangle contained by 
lie extremes be equal to that contained by the means, the four 
might lines are proportionals v: Therefore A is to B, as D to 


ar : But the fides about the equal angles of equal parallelo- Book vt. 
grams are reciprocally proportional e: Wherefore, as AB to C0. 
ſo is CH to AG; and CH is equal to E, and AG to F: As 14. C. 


hat B is equal to D; A is to B, as D to C: But if four 2. f. 


by the means d: There- C 16.6. 
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Rook VI. C; but B is equal to D; wherefore as A to B, ſo B to Me red 
» foerefore, if three ſtraight lines, &c. Q. E. D. : their ſid 
: to one A 
| Next 
FROP. AVI PROD AB, a 
| rectiline 
PON a given ſtraight line to deſcribe a reQtiline I Jein 
y . rectiline 
figure ſimilar, and ſimilarly ſituated to a given quadrila 
rectilineal figure. points B 
F : ual to 
Let AB be the given ſtraight line, and CDEF the given rec. i Ek; 
> tilineal figure of four ſides; it is required upon the given maining 
ſtraight line AB to deſcribe a rectilineal figure fimilar, and ſimi. re ſimi 
larly ſituated to CDEF. BHL is 
Join DF, and at the points A, B in the ſtraight line Af, «qual to 
23. 1. make the angle BAG equal to the angle at C, and the ange ABL is 
ABG equal to the angle CDF; therefore the remaining angle gures A 
b 33. 1. CFD is equal to the remaining angle AGB D: Wherefore the gures A 
triangle FCD is e- and as E 
quiangular to the H GH is t. 
triangle GAB: A- G E as CD t. 
gain, at the points triangles 
G, B in the ſtraight F dre de 
line GB make * the 5 L their ſid 
angle BGH equal to 7 K to one a 
the angle DFE, and | ſix or m 
the angle GBH e- A B C D ſimilar t 
qual to FDE; there- | 
fore the remaining angle FED is equal to the remaining angle 
GHB, and the triangle FDE equiangular to the triangle GBH 
Then, becauſe the angle AGB is equal to the angle CFD, an 
BGH to DFE, the whole angle AGH is equal to the who 
CFE : For the ſame reaſon, the angle ABH is equal to the ang IAI 
CDE; alſo the angle at A is equal to the angle at C, and thi ra 
angle GHB to FED: Therefore the rectilineal figure ABHG 1 
equiangular to CDEF : But likewiſe theſe figures have their {ide Let A 
about the equal angles proportionals : Becauſe the triangles GA the ar 
eas, FCD being equiangular, BA is© to AG, as DC to CF; an lide BC 
becauſe AG is to GB, as CF to FD; and as GB to GH, ſol'"angle | 
by reaſon of the equiangular triangles BGH, DFE, is FD t Take 
d 22. . FE; therefore, ex aequali d, AG is to GH, as CF to FE; | LF, as E 
the ſame manner it may be proved that AB is to BH, as CD WI? DE tc 


DE: And GH is to HB, as FE to ED ©, Wherefore, becaul 


Next, Let it be required to deſcribe upon a given ſtraight line 
AB, a rectilineal figure ſimilar, and ſimilarly ſituated to the 
rectilineal figure CDKEF. 

Join DE, and upon the given ſtraight line AB deſcribe the 
eal rectilineal figure ABHG ſimilar, and fimilarly fituated to the 
quadrilateral figure CDEF, by the former caſe; and at the 
points B, H in the ſtraight line BH, make the angle HBL e- 
qual to the angle EDK, and the angle BHL equal to the angle 
DEK ; therefore the remaining angle at K is equal to the re- 
maining angle at L: And becauſe the figures ABHG, CDEF 
are ſimilar, the angle GHB is equal to the angle FED, and 
BHL is equal to DEK ; wherefore the whole angle GHL is 


Ab, equal to the whole angle FEK : For the ſame reaſon the angle 
nge ABL is equal to the angle CDK: Therefore the five ſided fi- 
ug cures AGHLB, CFEED are equiangular ; And becauſe the fi- 


cures AGHB, CFED are ſimilar, GH is to HB, as FE to ED; 


GH is to HL, as FE to EK : For the ſame reaſon, AB is to BL, 
5 CD to DK: And BL is to LH, ase DK to KE, becauſe the 
triangles BLH, DKE are equiangular : 'Therefore, becauſe the 
five ſided figures AGHLB, CFEED are equiangular, and have 
their ſides about the equal angles proportionals, they are ſimilar 
to one another: And in the ſame manner a rectilineal figure of 
ſix or more ſides may be deſcribed upon a given ſtraight line 
ſimilar. to one given, and ſo on. Which was to be done. 


FADE, A THE O:R 


Whole . . . 
ang IuILAR triangles are to one another in the duplicate 
nd thi ratio of their homologous ſides. 


triangle DEF, the duplicate ratio of that which BC has to EF. 


he rectilineal figures ABHG, CDEF are equiangular, and have Book VI. 


their ſides about the equal angles proportionals, they are ſimilar 
to one another ©. | | - E x, def, 6. 


and as HB to HL, ſo is ED to EK ©; therefore, ex aequali 4, © 4. 6. 


Let ABC, DEF be ſimilar triangles, having the angle B equal 
to the angle E, and let AB be to BC, as DE to EF, ſo that the 
ide BG is homologous to EF“: the triangle ABC has to thea 12. def. 3 


Take BG a third proportional to BC, EF, ſo that BC is tob 11. 6, 
EF, as EF to BG, and join GA: 'Then, becauſe as AB to BC, 

o DE to EF; alternately „ AB is to DE, as BC to EF: Bute x6. 3: 
as 


» by _ 5 — 
. — kd 5 — 4 
8 — — òP— ee ——— ů 


ww z 
© 


PIR , 2 Fo I» 
* * . 
x $$ © 3-5 0 


28 
8 
2 ST - 


176 


THE ELEMENTS 


Book VI. 28 BC to EF, ſo is EF to BG; therefore © as AB to DF, fh, 
EFF to BG : Wherefore the ſides of the triangles ABG, Dpp 


411. 5. 


e x5. 6, 


Ff ro. def*s, 


gf 1. 6. 


which are about the equal angles, are reciprocally proportional: 
But triangles which have the fides about two equal angles reci. 


procally proportional : 
are equal to one an- A 


other®: Therefore the 
triangle ABG is equal 
to the triangle DEF: 
And becauſe as BC is 
to EF, ſo EF to BG; 1 | 
and that if three gg — 8 
r F 
portionals, the firſt is | 
faid t to have to the third the duplicate ratio of that which it has 
to the ſecond; BC therefore has to BG the duplicate ratio of 
that which BC has to EF: But as BC to BG, ſo is ; the triangle 
ABC to the triangle ABG. Therefore the triangle ABC has to 
the triangle ABG the duplicate ratio of that which BC has to 
EF: But the triangle ABG is equal to the triangle DEF; where- 
fore alſo the triangle ABC has to the triangle DEF the duplicate 
ratio of that which BC has to EF. Therefore ſimilar triangles, 
&c. Q. E. D. 

Cor. From this it is manifeſt, that if three ſtraight lines be 


D. 


proportionals, as the firſt is to the third, fo is any triangle up- 


on the firſt to a ſimilar, and fimilarly deſcribed triangle upon 
the fecond. | 


PROP. XX THEOR: 


png” polygons may be divided into the ſame num- 

ber of ſimilar triangles, having the ſame ratio to one 
another that the polygons have; and the polygons have 
to one another the duplicate ratio of that which their 
homologous ſides have. 


Let ABC DE, FGHKL. be ſimilar polyg 


have; and the polygon ABC DE has to the 


ons, and let AB be 
the homologous fide to FG : The polygons ABCDE, FGHEL 
may be divided into the ſame number of ſimilar triangles, 
whereof cach to each has the ſame ratio which the polygons 
polygon FGHKL 
the duplicate ratio of that which the fide AB has to the fide FG. 
Join BE, EC, GL, LH: And becauſe the polygon 3 ls 

ar 


gmilar 
angle 
becauſe 
to an A 
propor 
fore f11 
i equa 
milar, t 
therefo! 
angle L 
EB is t 
are ſim 
quali d, 
the eql 
the tria 
ſimilar t 
For the 
reaſon, t 
angle 
likewiſe 
milar tc 
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Therefo1 
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gons A BY 
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the poly 
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&milar to the polygon FGHKL, the angle BAE is equal to the Book vi. 
angle GFL“, and BA is to AE, as GF to FL.: Wherefore, WI. 
becauſe the triangles ABE, FGL have an angle in one equal a 1. def. 6. 
to an angle in the other, and their fides about theſe equal angles 
proportionals, the triangle ABE is equiangular b, and there- b 6. 6. 
fore fimilar to the triangle FGL ©; wherefore the angle ABE e 4. 6. 

b equal to the angle FG I.: And, becauſe the polygons are fi- 

milar, the whole angle ABC is equal to the whole an ole FGH ; 

therefore the remaining angle EBC is equal to the remainin 

angle LGH : And hecauſe the triangles ABE, FGL are ſimilar, 

EB is to BA, as LG to GF*; and alfo, becauſe the polygons 

are fimilar, AB is to BC, as FG to GH *; therefore, ex ae- 

quali d, EB is to BC, as LG to GH; that is, the ſides about d 22. 5. 
the equal angles EBC, LGH are proportionals ; therefore b 


the triangle EBC is equiangular to the triangle LGH, and 
ſimilar to it ©, | 


For the ſame \ 


A 
reaſon, thetri- ö 1 F 
angle ECD 1 2 | | 
likewiſe is ſi- E ** B 5 3 
milar to the L | G 
trangleLHK: | 
Therefore the 

D | 


ſimilar poly- 
rons ABCDE, C K 15 


HKL are divided into the ſame number of ſimilar triangles. 
Alſo theſe triangles have, each to each, the ſame ratio which 
the polygons have to one another, the antecedents being ABE, 
EBC, ECD, and the conſequents FGL, LGH, LHK : And 
the polygon ABCDE has to. the polygon FGHKL the dupli- 
ate ratio of that which the fide AB has to the homologous 
ide FG. | 
Becauſe the triangle ABE is ſimilar to the triangle FGL, 
ABE has to FG the duplicate ratio © of that which the ſide e 79. 6. 
BE has to the fide GL: For the ſame reaſon, the triangle BEC 
has to GLH the duplicate ratio of that which BE has to GL: 
Therefore, as the triangle ABE to the triangle FGL, ſo f is the # 271. f. 
mangle BEC to the triangle GLH. Again, becauſe the tri- 
ugle EBC is ſimilar to the triangle LGH, EBC has to LGH 
lie duplicate ratio of that which the fide EC has to the ſide 
H: For the ſame reaſon, the 22 ECD has to the triangle 
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Book vi. LHR, the duplicate ratio. of that which EC has to LH; 4; 
Way therefore the triangle EBC to tte triangle LGH, fo is t the 
fi:.5- triangle ECD to the triangle LHK: But it has been proved that 
the triangle EBC is likewiſe to the triangle LGH, as the triangle 
ABE to the triangle FGL. Therefore, as the triangle ABE is 
to the triangle FGL, ſo is triangle EBC to triangle LGH, and 
triangle ECD to triangle LHK : And therefore, as one of the 
antecedents to one of the conſequents, ſo are all the antecedents 
3 12. 5. to all the conſequents 3. Wherefore, as the triangle ABE to the 
triangle FGL, ſo is the polygon AB CDE to the palygon 
FGHK “L: But the triangle ABE has to the triangle FGL, the 
duplicate ratio of that which the fide AB has to the homologous 
fide FG. Therefore alſo the polygon ABCDE has to the poly. 
gon FGHKL the duplicate ratio of that which AB has to the 
homologous fide FG. Wherefore ſimilar polygons, &c. Q. E. D. 
Cor. 1. In like manner, it may be proved, that fimilar four 
fided figures, or of any number of fides, are one to another in 
the duplicate ratio of their homologous ſides, and it has already 
been proved in triangles. Therefore, univerſally ſimilar rect. 
lineal figures are to one another in the duplicate ratio of their 

homologous ſides. | 
Cox. 2. And if to AB, FG, two of the homologous fides, 
10. def. 8. a third proportional M be taken, AB has h to M the duplicate 
ratio of that which AB has to FG : But the four fided figure or 
polygon upon AB has to the four ſided figure or polygon upon 
FG likewiſe the duplicate ratio of that which AB has to FG: 
Therefore, as AB is to M, ſo is the figure upon AB to the figure 
iCor.19.6. upon FG, which was alſo proved in triangles i. Therefore, 
univerſally, it is manifeſt, that if three ſtraight lines be propor- 
tionals, as the firſt is to the third, ſo is any rectilineal figure up- 
on the firſt, to a ſimilar and ſimilarly deſcribed rectilineal f- 

gure upon the ſecond, | 
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PROP: XI THEOR. 


ECTILINEAL figures which are ſimilar to the ſame 
L rectilineal figure, are alſo ſimilar to one another. 


Let each of the reCtilineal figures A, B be ſimilar to the rec- . 
tilineal figure C: The figure A is ſimilar to the figure B. 

Becauſe A is ſimilar to C, they are equiangular, and alſo 
have their ſides about the equal angles proportionals . Again, = f. def. 6, 


becauſe B is ſimilar to 
A 6 


lar, and have their ſides 
about the equal angles 
proportionals * : There- 
fore the figures A, B 
are each of them equi- | 
angular to C, and have the ſides about the equal angles of each 
of them and of C proportionals. Wherefore the rectilineal fi- 
gures A and B are equiangular d, and have their ſides about the br. Ax. 1. 
equal angles proportionals ©. Therefore A is ſimilar * to B. e 11. 5. 

E. D. | 


C, they are equiangu- 


— 


PROP. XXII. THE OR. 


F four ſtraight lines be proportionals, the ſimilar rec- 

tilineal figures ſimilarly deſcribed upon them ſhall al- 
ſo be proportionals; and if the ſimilar rectilineal figures 
ſimilarly deſcribed upon four ſtraight lines be propor- 
tionals, thoſe ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH, and upon AB, CD let 
the fimilar rectilineal figures KAB, LCD be ſimilarly deſcri- 
bed; and upon EF, GH the ſimilar rectilineal figures MF, NH 
in like manner: Ihe rectilineal figure KAB is to LCD, as MF 
to NH. 

To AB, CD take a third proportional X; and to EF, GH 117. 6. 
third proportional O : And becauſe AB is to CD, as EF to 
GH, and that CD is d to X, as GH to O; wherefore, ex ae- b xr. f. 
qualie, as AB to X, ſo EF to O: But as AB to X, fo is 4 the e 22. f. 

M 2 rectilineal 4 Cor. 


20. 6. 
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Book VI. rectilineal KAB to the rectilineal LCD, and as EF to O, foi, L. 
AA 5 the rectilineal MF to the rectilineal NH : Therefore, as KAB CE: 
d 2 Cor. to LCD, ſo d is MF to NH. - DG; 
. And if the rectilineal KAB be to LCD, as MF to NH; the ſo K 
ſtraight line AB is to CD, as EF to GH. the r 
166. Make © as AB to CD, fo EF to PR, and upon PR deſcribe t of thi 
f13.6, the rectilineal figure SR ſimilar and ſimilarly fituated to either tio of 
| EAI ratios 

K ratio 
of the 
to CC 
* AC to 

5 7 3 but as 
M A. B O D therefe 
— ralleloy 
gram C 

| | \ , CH to 

e 11 P as DC 
E F G wherefc 


of the figures MF, NH : Then, becauſe as AB to CD, fo is EF BI rallelog 
to PR, and that upon AB, CD are deſcribed the fimilar and WF has bee: 
ſimilarly ſituated rectilineals KAB, LCD, and upon EF, PR, the par: 
in like manner, the ſimilar rectilineals MF, SR; KAB is to o the p 
LCD, as MF to SR; but, by the hypotheſis, KAB is to LCD, lelogram: 
as MF to NH; and therefore the rectilineal MF baving the WM ratio wi 
3 9. 5. fame ratio to each of the two NH, SR, theſe are equal 5 to one :1{o the 
another: [hey are alſo ſimilar, and fimilarly fituated there- waich is 
fore II is equal to PR: And becauſe as AB to CD, ſo is EF guian gu 
to PR, and that PR is equal to GH; AB is to CD, as EF ta 
GH. If therefore four ſtraight lines, &c. Q. E. D. 


PROP, Ml. THEO 


. HE 

UIANGULAR parallelograms have to one anothe ra 

See N. . F . . 5 other. 
the ratio which is compounded of the ratios 0 

their ſides. | | Let AE 

; ; a”; and! 

Let AC, CF be equiangular parallelograms, having the ang... lelogr 

BCO equal to the angle ECG: The ratio of the parallet0yra ram ABC 

AC to the parallelogram CF, is the ſame with the ratio whic Becauſe 


is compounded of the ratios ot their tides. L de angle 4 
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Let BC, CG be placed in a ſtraight line; therefore DC and Book v1. 
CE are alſo in a ſtraight line“; and complete the parallelogram \wyad 
DG; and, taking any ſtraight line K, make b as BG to CG, a 14. r. 

ſo K to L; and as DC to CE, ſo make b L to M: Therefore ® 12. 6+ 
the ratios of K to L, and L to M, are the ſame with the ratios 

f of the ſides, viz of BC to CG, and DC to CE. But the ra- 


r tio of K to M is that which is faid to be compounded © of the e A. def. 53 
ratios of K to 5 * y M : Wherefore alſo K has to M the 
ratio compounded of the ratios | 8 
of the lides: And becauſe as BC A D H 
to CG, ſo is the parallelogram | 
AC to the parallelogram CH d; \ | \ \ d 1. 6. 
but as BC to CG, ſo is K to L; 5 * G 


therefore K is © to L, as the pa- e115. 
rallelogram AC to the parallelo- 
gram CH : Again, becauſe as DC 
to CE, ſo is the parallelogram 
CH to the parallelogram CF; but * 
as DC to CE, fo is L to M; 2 

wherefore L is © to M, as the pa- KLM E F 
rallelogram CH to the parallelogram CF: Therefore, ſince it 

has been proved, that as K to L; ſo is the parallelogram AC to 

the parallelogram CH; and as L to M, ſo the parallelogram CH 

to the parallelogram CF; ex aequali f, K is to M, as the paral- f 22. 3. 
lelogram AC to the parallelogram CF: But K has to M the 

ratio which is compounded of the ratios of the ſides; therefore 

alſo the parallelogram AC has to the parallelogram CF the ratio 

which is compounded of the ratios of the fides. Wherefore 

equian gular parallelograms, &c. Q. E. D. 


PROP. XXIV. THE OR. 


HE parallelograms about the dinmeter of any pa- 8. N. 
rallelogram, are ſimilar to the whole, and to one 


Let ABCD be a parallelogram, of which the diameter is 
\C; and EG, HK the parallèlograms about the diameter: The 
prallelograms EG, HE are ſimilar both to the whole parallelo- 
ram ABCD, and to one another. | | 
becauſe DC, GF are parallels, the angle ADC is equal“ to a 29. 1. 
ic angle AGF: For the fame reaſon, becauſe BC, EF are pa- | 
| M 3 _ rallely, 
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Book VI. rallels, the angle ABC is equal to the angle AFF : And each 
Corry of the angles BCD, EFG is equal to the oppoſite angle DAB d, 
d 34. 2. and therefore are equal to one another, wherefore the paral. 
lelograms ABCD, AEFG are equiangular : And becauſe the 
angle ABC is equal to the angle AEF, and the angle BAC 
eommon to the two triangles BAC, EAF, they are equiangu- 
c 4.6. lar to one another; therefore © as AB 


: to BC, ſo is AE to EF: And becauſe A E B 
the oppoſite ſides of parallelograms 
d7.5- are equal to one another d, AB is to _. F 7 


AD, „ -AE w AG; and DC @ DD, WR _———Tp 
as GF to FE; and alſo CD to DA, 
as FG to GA: Therefore the fides of | 


Squire 
gure 1 
lineal 
rallelc 
tiline⸗ 
the p: 


the parallelograms ABCD, AEFG a- 


bout the equal angles are proportion- » K © 
als; and they are therefore {ſimilar to | 

e 1. def. 6. one another ©: For the ſame reaſon, the parallelogram ABCD 
is ſimilar to the parallelogram. FUCK. Wherefore each of the 
parallelograms GE, KH is ſimilar to DB: But rectilineal fi- to the 


gures which are fimilar to the ſame rectilineal figure, are alſo 1s equz 
f2i.6, Hfimilar to one another f; therefore the parallelogram GE is ſi- gure L 
milar to KH. Wherefore the parallelograms, &c. Q. E. D. A 1 
. cride 

| Was to 

P.ROP. XXV. PROB. 

Sce N, 0 deſcribe a rectilineal figure which ſhall be fimi- "= 
lar to one, and equal to another given rectilineal 3 
figure, Let | 
larly fat 


Let ABC be the given rectilineal figure, to which the figure W AEFG 
to be deſcribed is required to be ſimilar, and D that to which For, 
it muſt be equal. It is required to deſcribe a rectilineal figure WI parallel 
| ſimilar to ABC, and equal to D. meter . 
2 Cor. 4. 1. Upon the ſtraight line BC deſcribe * the parallelogram BE line fro 
equal to the figure ABC; alſo upon CE deſcribe * the paralle-W parallel, 
logram CM equal to D, and having the angle FCE equal meet A 
to the angle CBL : Therefore BC and CF are in a ſtraight H dray 
SO] 2. line b, as alſo LE and EM: Between BC and CF find © a mean BC: TI 

2 14. 3 proportional GH, and upon GH deſcribe 4 the rectilineal f- ABCD, 

418 8 gure KGH fimilar and ſimilarly ſituated to the figure ABC fame 4 

And becauſe BC is to GH as GH to CF, and if three ſtraighi to one: 

e IA lines be proportionals, as the firſt is to the third, ſo of the But bee 
4 0 gure 


* 
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ggure upon the firſt to the ſimilar and ſimilarly deſcribed fi- Book vi. 
gure upon the ſecond; therefore as BC to CF, ſo is the recti 


1 lineal figure ABC to KGH: But as BC to CF, ſo is f the pa- f 8 . | 
" rallelogram BE to the parallelogram EF: Therefore as the rec- n 
© tiineal figure ABC is to KGH, ſo is the parallelogram BE to 
by the parallelogram EF s: And the rectilineal figure ABC ts equal e IT. g, 
A 
H | | D | K 

* i 12 ON 

eee 8M 

b L E N 
the 


to the parallelogram BE ; therefore the rectilineal figure KGH 
is equal h to the parallelogram EF: But EF is equal to the fi- h 14. 4. 
gure D; wherefore alſo K GH is equal to D; and it is ſimilar 
to ABC. Therefore the rectilineal figure KG H has been de- 


ſcribed ſimilar to the figure ABC, and equal to D. Which 
was to be done. 


PROP. XXVI. THE OR. 


F two ſimilar parallelograms have a common angle, and 
be ſimilarly ſituated; they are about the ſame diameter. 


Let the parallelograms ABCD, AEFG be ſimilar and ſimi- 


larly ſituated, and have the angle DAB common. ABCD and 
igure AEF G are about the ſame diameter. 


rhich For, if not, let, if poſſible, the 


igure parallelogram BD have its dia- | D 
meter A C in a different ſtraight 4 1 

1 BE line from AF the diameter of the . H | 

ralle- parallelogram EG, and let GF K . 


H draw HK parallel to AD or 

BC: Therefore the parallelograms * 

ABCD, Ak Hd being about the B Q 

ſame diameter, they are ſimilar | 

to one another: Wherefore as DA to AB, ſo is > GA to AK: a 24. 6. 

But becauſe ABCD and. AEFG are ſimilar parallelograms, d . def. 
| 23 


M 4 


equa meet AHC in H; and through E | F 


— — — m — 
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Book VI. as DA is to AB, ſo is GA to AE; therefore © as GA to AE, ſo 
A to AK; wherefore GA has the ſame ratio to cach of the 


C 11. 5 


: ſtraight lines AF, AK; and conſequently AK is equal d to AF, 
9.5. 


the leſs to the greater, which is impoſſible: Therefore ABCD 
and AK HHG are not about the ſame diameter; wherefore ABCD 
and AEFG muſt be about the fame diameter. Therefore, if 


two ſimilar, &c. Q. E. Dt 


To ungerſand the three following propoſitions more eaſily, 
© it is to be obſerved, 

© 1. That a parallelogram is ſaid to be applied to a ſtraight 
© line, when it is deſcribed upon it as one of its ſides. Ex. gr. 
© the parallelogram AC is ſaid to be applied to the ſtraight line 
6 AB. 
© 2. But a parallelogram AE is ſaid to be applied to a ſtraight 
line AB, deficient by a parallelogram, when AD the baſe of 
AE. is leſs than AB, and there- 
fore AE is leſs than the paral- E C G 


lelogram. AC deſcribed upon | 
* 


AB in the ſame angle, and be- 
tween the fame parallels, by 
the parallelogram DC; and 
DC is therefore called the de- 
fect of AE. 
3. And a parallelogram AG is ſaid to be applied to a ſtraight 
line AB, exceeding by a parallelogram, when AF the bale of 
AG is greater than AB, and therefore AG exceeds AC the 
parallelogram deſcribed upon AB in the ſame angle, and be- 
tween the ſame parallels, by the parallelogram BG. 


F vw: 7 _1h OO OS. I. 


Q & a 


PROP. XVII. THE OR. 
1 


F all parallelograms applied to the ſame ſtraight 
line, and deficient by parallelograms, ſimilar and 
ſimilarly ſituated to that which is deſcribed upon the 


See N. 
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half of the line ; that which is applied to the half, and | 


is ſimilar to its defect, is the greateſt. 


Let AB be a ſtraight line divided into two equal parts in C; 
and let the parallelogram AD be applied to the half AC, 


which is therefore deficient from the parallelogram upon the 
whole line AB by the parallelogram CE upon the other halt 


CB: Of all the parallelograms applied to any gon BEL a 


OF EUCLID. - | 18g 


AB, and deficient by parallelograms that are ſimilar, and ſimi- Book Y 
Lrly ſituated to CE, AD is the greateſt. : — 


Let AF be any parallelogram applied to AK, any other part 
of AB than the half, ſo as to be deficient from the parallelo- 
gram upon the whole line AB by the parallelogram KH ſimi- 
lr, and fimilarly ſituated to CE; AD is greater than AF. 


Firſt, let AK the baſe of AF, be greater than AC the half of 
AB; and becauſe CE is ſimilar to the 


parallelogram KH, they are about the DL E 2 
ame diameter“: Draw their diame- - | oat ©. 
* 


ter DB, and complete the ſcheme : Be- 

cauſe the parallelogram CF is equal 8 — n 

dto FE, add KH to both, therefore | b 43. I. 

the whole CH is equal to the whole | | | 

CE: But CH is equal © to CG, be- | c 36. 1, 

cauſe the baſe AC is equal to the baſe * | 

CB; therefore CG is equal to KE: ; 

To each of theſe add Ct; then the A C K 5 

whole AF is equal to the gnomon CHL: Therefore CE, or the 

A 3 7 . = the. parallelogram AF. | 
Next, let the baſe AF, 

be leſs than AC, and, the ſame G FEM H 


conſtruftion being made, the paral- 

logram NH is equal to DG e, for IL D 

HM is equal to MG 4, becauſe BC 090; | E « 34. 2. 
s equal to CA; wherefore DH is 

greater than LG: But DH is equal 

to DK; therefore DE is greater than 

LG: To each of theſe add AL; then 

the whole AD is greater than the 

whole AF. Therefore of all paralle- 2 


lograms applied, &c. Q. E. D. A 8 


— 


r 


See N. 


to be applied; and let D be the parallelogram to which thi 
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given rectilineal figure to which the parallelogram to he 


PROP. XXVII. PRO B. 
1 a given ſtraight line to apply a parallelogram e. 
q 


ual to a given rectilineal figure, and deficient Use. 
a parallelogram fimilar to a given parallelogram : But the _ 
: « fimi 
diamete! 
ſcheme: 
XO a p: 
remaind 
And bec 
hole C 
becauſe 
IE is ec 
equal to 
roved, 
IS is eq 
the give; 
defect is required to be ſimilar. It is required to apply a he AB 
rallelogram to the ſtraight me D, | 
line AB, which ſhall be equal 
to the ſigure C, and be defi- 
cient from the parallelogram 
upon the whole line by a pa- 
rallelogram ſimilar to D. 
Divide AB into two equal 
rts * in the point E, and a — 
Gogh EB deſcribe the paral- A E SB 


lelogram EBFG fimilay d and L M 
ſimilarly ſituated to D, and 

complete the parallelogram N N 
AG, which muſt either be e- my: K N 


applied is to be equal, muſt not be greater than the pa. 
rallelogram applied to half of the given line, having ity 
defect ſimilar to the defect of that which is to be ap. 
plied ; that is, to the given parallelogram. 


Let AB be the given ſtraight line, and C the given reli 
neal figure, to which the parallelogram to be applied is requi 
red to be equal, which figure muſt not be greater than the pi 
rallelogram applied to the half of the line having its defect from 
that upon the whole line ſimilar to the defect of that which 


qual to C, or greater than it, Let A 
by the determination: And if izure to 
AG be equal to C, then what was required is already doneſſ*"2!, a: 
For, upon the ſtraight line AB, the parallelogram AG is appl. be ap 
equal to the figure C, and deficient by the parallelogram milar, 

ſimilar to D: But, if AG be not equal to C, it is greater thaſ"*s"t | 


it; and EF is equal to AG; therefore FF alſo is greater th 
C. Make © the parallelogram KLMN equal to the excels ( 
EF above C, and ſimilar and ſimilarly ſituated to D; but D 
ſimilar to EF, therefore 4 alſo KM is fimilar to EF: Let 
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de the homologous fide to EG, and LM to GF: And becauſe dot v 


were fore the ſtraight line EG is greater than KL, and GF than 
IM: Make GX equal to LK, and GO equal to LM, and com- 


n E. 
t b plete the parallelogram XGOP : Therefore XO is equal and 
imilar to KM; but EM is ſimilar to EF; wherefore alſo XO 


the 
d be 
> Pa- 
? Its 
ap- 


« ſimilar to EF, and therefore XO and EF are about the ſame 
liameter ©: Let GPB be their diameter, and complete thee 26. 6. 
{heme : Then becauſe EF is equal to C and KM together, and 
O a part of the one is equal to KM a part of the other, the 
remainder, viz. the gnomon ERO, is equal to the remainder C: 
And becauſe OR is equal f to XS, by adding SR to each, thee 34. r. 
yhole OB is equal to the whole XB: But X is equal ® to TE, g 36. z. 


ei WM becauſe the baſe AE is equal to the baſe EB; wherefore alſo 
eq is equal to OB: Add XS to each, then the whole TS is 
e nal to the whole, viz. to the gnomon ERO: But it has been 
fronroved, that the gnomon ERO is equal to C, and therefore alſo 
ich ls is equal to C. Wherefore the parallelogram 18, equal to 
h i le given rectilineal figure C, is applied to the given ſtraight 
a pe AB deficient by the parallelogram SR, fimilar to the given 


me D, becauſe SR is ſimilar to EF ®. Which was to be done. h 24. 6 


PROP. XX. PROB. 


* a given ſtraight line to apply a parallelogram e- e N. 
qual to a given rectilineal figure, exceeding by a 
prallelogram ſimilar to another given. 


Let AB be the given ſtraight line, and C the given rectilineal 

tpure to which the parallelogram to be applied is required to be 

qual, and D the parallelogram to which the exceſs of the one 

o be applied above that upon the given line is required to be 

imilar. Ft is required to apply a parallelogram to the given 

traight line AB which ſhall be equal to the figure C, exceeding 

7 a parallelogram ſimilar to D. + 5 

Divide AB into two equal parts in the point E, and upon 
deſcribe * the parallelogram EL ſimilar and ſimilarly 3 18. 6. 


* 


F is equal to C and KM together, EF is greater than KM ; Www 
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Book VI. ted to D: And make b the parallelogram GH equal to EL and 


Upe 
[ together, and ſimilar and fimilarly ſituated to D; wherefore 2 
b25.6. GI is ſimilar to ELe: Let KH be the fide homologous to H, miar 
521. 6 and KG to FE: And becauſe the parallelogram GH is greater I therefe 
than EL, therefore the fide KH is greater than FL, and KG WW... ! 
than FE: Produce FL and FE, and make FLM equal to KH, WW comme 
and FEN to KG, and complete the parallelogram MN, MN i;; WW...1indc 
therefore equal and 4D: 7 
ſimilar to GH; but there fo 
GH is ſimilar to EL; angles 
wherefore MN is fi- Where 
milar to EL, and con- But FE 
ſequently EL and and EL 
MN are about the BA to 
fame diameter d: greater 
426. 6. Draw their diameter greater 
FX, and complete treme a. 
the ſcheme. 'There- 
fore, fince GH is e- Let . 
qual to EL and C to- extreme 
gether, and that GH Divid 
is equal to MN; MN AB, BC 
is equal to EL and C: Take away the common part EL; Hfhen, t 
then the remainder, viz. the gnomon NOL, is equal to C. And eu to. 
e 36. 1. becauſe AE is equal to EB, the parallelogram AN is equal © to; AC to 
f 43. 1. the parallelogram NB, that is, to BMf. Add NO to each o in C 
therefore the whole, viz. the parallelogram AX, is equal to the 
gnomon NOL. But the gnomon NO is equal to C; theretyre 
alſo AX is equal to C. Wherefore to the ſtraight line AB 
there is applied the parallelogram AX equal to the given reti 
lineal C, exceeding by the parallelogram PO, which is ſimilar 
8 24.6. to D, becauſe PO is ſimilar to EL*. Which was to be done. 
| # rig 
bed 
PR 0:2; AKA. PK 0b. ual to 1 
| lie ſides 
O cut a given ſtraight line in extreme and meat 
ratio. | M4! 
AC: TI 
Wir, ar 


Let AB be the given ſtraight line; it is required to cut it i 
extreme and mean ratio, . 
Upol 


Draco 1 5 


7 


nd Upon AB deſcribe * the ſquare BC, and to AC apply the Book vi. 
ore WW parallclogram CD equal to BC, exceeding by the figure AD fi- Wavy 
F, miar to BG: But BC is a ſquare, a6 $59 
ater therefore alſo AD is a ſquare ; and be- b 29. 6, 
KG cauſe BC is equal to CD, by taking the D 

, common part CE from each, the re- 

N is ander BF is equal to the remainder 


D: And theſe figures are equiangular, A 1 EB 
therefore their ſides about the equal | 
angles are reciprocally proportional &: © 14. 6. 
Wherefore, as FE to ED, ſo AE to EB: 
But FE is equal to AC, that is, to ABz | 434.1. 
and ED is equal to AE: Therefore as 
BA to AE, ſo is AE to EB: But AB is C F 
greater than AE; wherefore AE is 1 
greater than EB © : Therefore the ſtraight line AB is cut in ex- e 14. 5. 
treme and mean ratio in Ef. Which was to be done. f 3. def. 6, 
Otherwiſe, | 
Let AB be the given ſtraight line; it is required to cut it in 
extreme and mean ratio. 
Divide AB in the point C, ſo that the rectangle contained by 
AB, BC be equal to the ſquare of AC 8 : . 8. 
Then, becauſe the rectangle AB, BC is e- A C B 
qual to the {quare of AC, as BA to AC, ſo 
5 AC to CB Þ : Therefore AB is cut in extreme and mean ra- h 17. 6. 
toin Cf, Which was to be done. 


BG 


PROP. XXXI. THE OR. 


0 
, 


EL; 

And 
al © to 
each; 
to the 
retore 
ne AB 
| reCtt- 
ſimilar 
one. 


4 right angled triangles, the rectilineal figure deſcri- sce N. 
bed upon the ſide oppoſite to the right angle, is e- 

qual to the ſimilar, and ſimilarly deſcribed figures upon 

he lides containing the right angle. 


meal 
| Let ABC be a right angled triangle, having the right angle 
A: Phe reCtilincai figure deſcribed upon BC is equal to the 
witar, and itmilariy deſcribed figures upon BA, AC. 
17.9 the perpendicular AD; therefore, becaule in the right 
40, Al is drawn from the right angle at A 
9 bife BC, the triangles ABD, ADC are ſi- 
AAC, and to one another *,- anda 8. 6. 
| becauſe 


ut it i 


Upot 
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b 4. 6. 


c 2. Cor. 
20. 6. 


dE. 5. 


e 24. 5. 
A. 5. 


See N. 


3 29. To 


” 
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Bock vl. becauſe the triangle ABC is ſimilar to ADB, as CB to BA, f 
LYN) is BA to BD and becauſe theſe three ſtraight lines are pro, 
portionals, as the firſt to the third, ſo is the figure upon the 


the triar 


D, and 
AC, as 


firſt to the ſimilar, and ſimilarly deſcribed figure upon the 6 WThereto 


cond © : Therefore as CB to 
BD, fo is the figure upon 
CB to the ſimilar and ſimi- 
larly deſcribed figure upon 
BA: And, inverſely 4, as DB 
to BC, ſo is the figure upon 
BA to that upon BC; For 
the ſame reaſon, as DC to 
CB, ſo is the figure upon C 

to that upon CB. Wherefore 


as BD and DC together to BC, ſo are the figures upon BA, 40 
to that upon BC: But BD and DC together are equal to BC 
Therefore the figure deſcribed on BC is equal f to the ſimila 
and ſimilarly deſcribed figures on BA, AC. Wherefore, iq 
right angled triangles, &c. Q. E. D. 


PROP. XXII. THE OR. 


F two triangles which have two ſides of the one pro 
portional to two ſides of the other, be joined at on 
angle, ſo as to have their homologous ſides parallel te 
one another; the remaining ſides ſhall be in a ſtraigh 
line. 


Let ABC, DCE be two triangles which have the two fide 
BA, AC proportional to the two CD, DE, viz. BA to AC, 
CD to DE; and let AB be parallel to DC, and AC to DE 
BC and CE are in a ſtraight line. 


Becauſe AB is parallel to 


DC, and the ſtraight line A 


AC meets them, the al- 


lernate angles BAC, ACD 


are equal; for the ſame 
reaſon, the angle CDE is 
equal to the angle ACD; 
wherefore alſo BAC is e- 
qual to CDE : And becauſe 


angle B 
whole ar 
the com! 
qual to d 
are equa 
ACB are 
C, in tt 
which ar 
ACE, 4 
CE are 
CE. 1 


C 


| 
| D 


—_ 


N equ 

cum. 
erences 
lo hav! 


Let Al 
angles BC 
umferen 
EF, fo it 
AC to t 
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Take a 
e, and 
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e alſo al 
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the triangles ABC, DCE have one angle at A equal to ane at Beok VI. 
p, and the ſides about theſe angles proportionals, viz. BA to WY 
40, as CD ta DE, the triangle ABC is equiangular b to DCE 20 6. 6. 
Therefore the angle ABC is equal to the angle DCE : And the 
angle BAC was proved to be equal to ACD : Therefore the 
whole angle ACE is equal to the two angles ABC, BAC; add 
the common angle ACB, then the angles ACE, ACB are e- 
qual to the angles ABC, BAC, Ach: But ABC, BAC, ACB 
xe equal to two right angles e; therefore alſo the angles ACE, c 
ACB are equal to two right angles: And ſince at the point 
C, in the ſtraight line AC, the two ſtraight lines BC, CE, 
which are on the oppoſite ſides of it, make the adjacent angles 
ACE, ACB equal to two right angles; therefore 4 BC and,,, , 
(E are in a ſtraight line. Wheretore, if two triangles, &c. 

„AE. D. 

BC 

mila 

e, In 


32. x; 


PROP. XXIII. THE OR. 


N equal circles, angles, whether at the centres or cir- see N. 


cumferences, have the ſame ratio which the circum- 
krences on which they ſtand have to one another: So 
lo have the ſectors. 5 
Let ABC, DEF be equal circles; and at their centres the 
nzles BGC, EHF, and the angles BAC, EDF at their cir- 
umferences 3 as the circumference BC to the circumference 
EF, ſo is the angle BGG to the angle EHF, and the angle 
PAC to the angle EDF; and alſo the ſector BGC to the ſector 
HF. | 

Take any number of circumferences CK, KL, each equal to 
IC, and any number whatever FM, MN each equal to EF: 
ind join GK, GL, HM, HN. Becauſe the circumferences 
IC, CK, KL are all equal, the angles BGC, CGK, KGL 
e alſo all equal: Therefore what multiple ſoever the circum- 2 27. 3» 
rence BL is of the circumference BC, the ſame multiple is 
e angle BGL of the angle BGC; For the ſame reaſon, what- 
er multiple the circumference EN is of the circumference 
the ſame multiple is the angle EHN of the angle _ f 
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Book VI. 


Loy 
A 27 9 


© 4. Is 


f 11, dab 3. and the ſegment BXC is therefore ſimilar to the ſegment COK*; 
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And if the circumference BL be equal to the circumference 
EN, the angle BGL is alſo equal“ to the angle EHN; and 
if the circumference BL be greater than EN, Hkewiſe the angle 
BGL is greater than EHN ; and if leſs, leſs : There being then 
four magnitudes, the two cireumferences BC, EF, and the 
two angles BGC, EHF; of the circumference BC, and of the 
angle BGC, have been taken any equimultiples whatever, vz. 
the circumference BL, and the angle BGL; and of the circum. 
ference EF, and of the angle EHF, any equimultiples what. 


A D 


EL rence 
N ſector 
5 M 
on! EF 

ever, viz. the circumference EN, and the angle .EHN : And 

it has been proved, that, if the circumference BL be greater 

than- EN, the angle BGL is greater than EHN ; and if e- 

qual, equal; and if lefs, leſs: As therefore the circumference 

BC to the circumference EF, ſo d is the angle BGC to the 

angle EHF: But as the angle BG is to the angle EH, ſo is 
© the angle BAC to the angle EDF, for each is double of ſector 
each 4 : Therefore, as the circumference BC is to EF, ſo is the Nrence E 
angle BGC to the angle EHF, and the angle BAC to the angle the {ec 
EDEF. magniti 
Alſo, as the circumference BC to EF, ſo is the ſector B60 bers B 
to the ſector EHF. Join BC, CK, and in the circumferences BC, 
BC, CK take any points X, O, and join BX, XC, CO, OK: WW ="itiplc 
Then, becauſe in the triangles GBC, GCK the two ſides BG, EHE, t 
GC are equal to the two CG, GK, and that they contain e- multiple 
qual angles; the baſe BC is equal © to the baſe CK, and the erence | 
triangle GBC to the triangle GCK : And, becauſe the circum- Us ſect 
ference BC is equal to the circumference CK, the remaining e » 5 
part of the whole circumference of the circle ABC, is equal to the ſeq 
the remaining part of the whole circumference of the ſame des, &e, 


circle: Wherefore the angle BXC is equal to the angle COR“; 


and 


7 
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ments of circles . equal ſtraight lines, arg equal * to one ano- 


177 


and they are upon equal ſtraight lines BC, CR i But ſimilar ſeg- wok VI. 


le ther: Therefore the ſegment BXC is equal to the ſegment CORK :g 24. 3. 
en And the triangle BGC is equal to the he CGK; therefore 
the the whole, the ſector BGC, is equal to the whole, the ſector 
the CGK : For the ſame reaſon, the ſector KG is equal to each of 
iz, the ſectors BGC, CGR : In the ſame manner, the ſectors EHF, 
m. FHM, MHN may be proved equal to one another: Therefore, 


what multiple ſoever the circumference BL is of the circumfe- 
rence BC, the fame multiple is the ſector BG of the ſector 
BGG : For the fame reaſon, whatever multiple the circumſe- 
rence EN is of EF, the ſame multiple is the ſector EHN of the 
lector EHF: And if the circumference BL be equal to EN, the 


D 


And 
eater 
if e⸗ 
rence 
the 
ſo is 
le of 
is the 
angle 


ſector BGL is equal to the ſector EHN ; and if the circumfes 
rence BL be greater than EN, the ſector BGL. is greater than 
the ſector EHN ; and if leſs, leſs : Since, then, there are four 
magnitudes, the two circumferences BC, 'EF, and the two ſec- 
BGOc Wt tors BGC, EHF, and of the circumference BC, and ſector 
: BGC, the circumference BL and ſector BGL are any equal 
multiples whatever; and of the circumference EF, and ſector 
EHF, the circumference EN and ſector EHN, are any equi- 
multiples whatever z and that it has been proved, if the cireum- 
ference BL be greater than EN, the ſeftor BGL is greater than 
the ſector EHN ; and if equa], egual; and if leſs, leſs. There- 


rences 

OR: 
8 BG, 
ain e- 
ad the 
ircum- 


aining Wl, nce B. the circumfe 
jual toll? the ſector BGC to the ſector EHF. Wherefore, in equal cir- 
nee, Kc. Q. E. D. A 

OK“; 


PROP, 


CORK*; 


and 


"BR 


fore d, as the circumference BC is to the circumference EF, ſob 5: def. 5. 


2 F. 4+ 


b 21. 3. 


C 4. 6. 


d 16. 6. 
e 3. 2. 


f 35. 3. 
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PPC) 


F an angle of a triangle be biſected by a ſtraight line, 

which hkewiſe cuts the baſe; the rectangle contained 

by the ſides of the triangle is equal to the rectangle con. 

tained by the ſegments of the baſe, together with the 
ſquare of the ſtraight line biſecting the angle. 


Let ABC be a triangle, and let the angle BAC be biſected 
by the ſtraight line AD; the rectangle BA, AC is equal to the 
rectangle BD, DC, together with the ſquare of AD. 

Deſcribe the cyrcle * ACB about the triangle, and produce 
AD to the circumference in E, EY 
and join EC: Then becaufg thbe A 
angle BAD is equal to the angle 
CAE, and the angle ABD to the 
angle > AEC, for they are in the 
ſame ſegment; the triangles ABD, 
AEC are equiangular to one an- 
other: Therefore as BA to AD, 
ſo is © EA to AC, and conſe- 
quently the rectangle BA, AC is 
equal d to the rectangle EA, AD, 
that is e, to the rectangle ED, DA, 
together with the ſquare of AD: But the rectangle ED, DA 
is equal to the rectangle f BD, DC. Therefore the rectangle 
BA, AC is equal to the rectangle BD, DC, together with the 
ſquare of AD. Wherefore, if an angle, &c. Q. E. D. 


PROP. c. THE OR. 
F from any angle of a triangle a ſtraight line be drawn 
perpendicular to the baſe ; the rectangle contained by 
the ſides of the triangle is equal to the rectangle con. 
tained by the perpendicular and the diameter of the ar- 


cle deſcribed about the triangle. 


Let ABC be a triangle, and AD the perpendicular from the 
angle A to the baſe BC; the rectangle BA, AC is equal to the 
rectangle contained by AD and the diameter of the circle de- 
ſeribed about the triangle. | 

Deſcribe 
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Deſcribe * the circle ACB about Book vi. 


the triangle, and draw its diame- + Lg 
ter AE, and join EC : Becauſe the a f. 4. 
right angle BDA is equal ꝰ to the bas 
r angle ECA in a ſemicircle, and 
; the angle ABD to the angle AEC B 2 D C | 
0 in the ſame ſegment ©; the tri- | e 21. 3. 
e angles ABD, AEC are equlan- | 
gular : Therefore as 4 BA to AD, 446 
ſo is EA to AC; and conſequent- 
d ly the rectangle BA, AC is equal E | | 
he to the rectangle EA, AD. If 3 


therefore, from an angle, &c. QE. D. 
PROP. D. T HE OR. 
TE rectangle contained by the diagonals of a qua- 


drilateral inſcribed in a circle, is equal to both the 
rectangles contained by its oppoſite ſides. 


Let ABCD by any quadrilateral inſcribed in à circle, and 
join AC, BD; the rectangle contained by AC, BD is equal to 
the two rectangles contained by AB, CD, and by | 

Make the angle ABE equal to the angle DBC]; add to each 
of theſe the common angle EBD, then the angle ABD is e- 
DA qual to the angle EBC: And the angle BDA is equal * to the 2 21. 3* 
angle angle BCE, becauſe they are in the ſame ſegment ; therefore 
"the the triangle ABD is equiangular. to 
the triangle BCE: Wherefore b as 
BC is to CE, fo is BD to DA; and 
conſequently the rectangle BC, AD 
is equal © to the rectangle BD, CE: 
Again, becauſe the angle ABE is 


rawn equal to the angle DBC, and the 
ed by angle * BAE to the angle BDC, the 
Con- triangle ABE is equiangular to the 
. triangle BCD; As therefore BA to 


AE, fo is BD to DC; wherefore | 
the rectangle BA, DC is equal to the rectangle BD, AE: But 
the rectangle. BC, AD has been ſhewn equal to che rectangle 


m 1 LD, CE; therefore the whole rectangle AC, BD is equal to 41. a. 
2 25 tac rectangle AB, DC, together with the rectangle AD, BC. | 


Therefore the rectangle, &c. Q. E. D. 
— * 1 | 


THE 


ribe ca 
Nel: This & a Lemma of Cl, Ptolomaeus, in page g. of bis xryany evvratic. 
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BOOK XI. 
DEFINITIONS. 


I. 
Solid is that which 1 a and thickneſs, 


That which bounds a ſolid is a ſuperficies. 
III. 
A ſtraight line is perpendicular, or at right angles to a plane, 
1 it makes right angles with every ſtraight line meeting 
in that plane. — 


A plane is perpendicular to a plane, when the ſtraight lines 
drawn in one of the planes perpendicularly to the common 
ſection of the two planes, are perpendicular to the other 


plane. 
V. 


The inclination of a ſtraight line to a plane is the acute angle 
contained by that ſtraight line, and another drawn from the 
point in which. the firſt line meets the plane, to the point in 
which a perpendicular to the plane drawn from any point of 
the firſt line above the 8 1 the ſame plane. 


The inclination of a plane to a plane is the acute angle contain- 
ed by two ſtraight lines drawn from any the ſame point of 
their common ſection at right angles to it, one upon one 


plane and the other u „ 
ö * vn. Tie 
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NOOR. Bock xt. 
Two planes are ſaid to have the ſame, or a like inclination \v yay 


one another, which two other planes have, when the' faid 
angles of inclination are equal to one another. 


VIII. 
Parallel planes are ſuch which do not meet one another though 
produced. — 


A ſolid angle is that which is made by the meeting of more ce N. 
than two plane angles, which are not in the fame plane, in 
one point. | * | 


The tenth definition is omitted for reafons given in the notes. See N. 
1 
Similar ſolid figures are fuch as have all their ſolid angles equal, 86e N. 
each to each, and which are contained by the fame number 
of ſimilar planes. Ten 


A pyramid is a ſolid figure contained by planes that are conſti 
tuted betwixt one plane and orie point aboye it in which they 
meet. * A | | 


| XIII. | 

A priſm is a ſolid figure contained by plane figures of which two 
' that are oppoſite are equal, ſimilar, and parallel to one ano- 

ther; and the others parallelograms. 

| XIV. | 

A ſphere is a ſolid figure deſcribed by the revolution of a ſemi- 

circle about its diameter, * remains unmoved. 

V 


The axis of a ſphere is the fixed ſtraight line about which the 
ſemicircle revolves. 2 
XV 


The centre of a ſphere is the ſame with that of the femicircle. 
XVII. 

The diameter of a ſphere is any ſtraight line which paſſes thro' 
the centre, and is terminated both ways by the ſuperficies of 
the ſphere. 

XVIII. | 


A cone is a ſolid figure deſcribed by the revolution of a right 


angled triangle about one of the ſides containing the right 
angle, which fide remains fixed. 


If the fixed fide be equal to the other fide Per ar" the right 
angle, the cone is called a right angled cone ; if it be leſs 
than the other fide, an obtuſe angled, and if greater, an acute 


angled cone. 
N 3 XX. The 
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Book XI. XIX. 
WYV The axis of a cone is the fixed ſtraight line about "hk the 
triangle revolves. 1 
XX. 
The baſe of a cone Is the circle deſcribed by that fide contain- 
ing the right angle, which revolves. . 
: © * FI 
A cylinder is a ſolid figure deſcribed by the een of 3 
right angled parallelogram about one of its ſides Which re- 
mains fixed. 
XXII. 


The axis of a cylinder is the fixed ſtraight line about 1 the 


parallelogram revolves. WP 
XXIII. 


The baſes of a cylinder are the cireles deſcribed by the two re- 
volving oppoſite ſides of the parallelogram. 
; XXIV. 
Similar cones and cylinders are: thoſe which have their axes and 
the diameters of their baſes 5 5 


A cube is a ſolid figure contained by ſix equal ſquares. 
XVXVI. 

A tetrahedron is a ſolid figure contained by four equal and e- 

f quilateral triangles. 

bt XXVII. 

. An octahedron is a ſolid figure W 12 echt equal and 

"ll equilateral triangles, 

= XXVIII. 


\ A dodecahedron is a ſolid figure contained by twelve equal 
if pentagons which are equilateral and equiangular. 
= | Xl 


An icoſahedron is a folid figure contained by twenty equal and 
equilateral triangles. 
DEF. A. 


A parallelepiped is a ſolid figure contained by fix addi 
tigures, whereof every oppoſite two are parallel. 


0 no ; Pa PROF. 
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(D are one plane: 
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F | Book XI. 
PROP.” . THE O-R- — 


ON part of a ſtraight line cannot be in a plane and see x. 


another part above it. 


If it be poſſible, let AB, part of the raight line. ABC, 1 in 
the plane, and the part BC above it: And ſince the ſtraight 
line AB is in the plane, Ke can be 

roduced in that plane: Let it be | 
woducy to D: And let any plane + SC a 
pals through the ſtraight line AD, N . —_ N 
and be turned about it until it paſs „ e 
thro' the point C; and becauſe the 
points B, C, are in this plane, the ſtraight line BC is in it : a 7. def. 1 
Therefore there are two ſtraight lines ABC, ABD in the ſame 
plane that have a common ſegment AB, which i is impoſſible d. b Cor. 119 
T herefore one e part, &. Q.E. D. 


P RO P. II. THE OR. 
WO ſtraight lines which cut one another are in see N. 


one plane, and three ſtraight lines which meet one 
another are in one plane. 


Let two ſtraight lines AB, CD, cut one another in E; AB, 
And three ſtraight lines EC, CB, BE 
which meet one another, are in one plane. 

Let any plane paſs through the ſtraight 
line EB, and let the plane be turned a- 
bout EB, produced, if neceſſary, until it 
paſs through the point C: Then becauſe 
the points E, C are; in this plane, the 
ſtraight line EC i is in it * : For the ſame 
reaſon, the ſtraight line BC is in the 
lame ; and, by the hypotheſis, EB is in 
it: Therefore the three ſtraight lines EC, 
CB, BE are in one plane: But in the plane 
in which EC, Eg are, in the ſame are » 
CD, AB: Therefore AB, CD are in 
one plane, Wherefore two ſtraight Ines, &c. N D. 


a 7. def. 1. 


br, 11, 


Q 


N 4 : , PR OP. 


z 10. Ax. 1. twixt them; which is impoſſible *; There- 


Zee N. 


a 15. 1. 
b 4. 1. 


© 26. 2. 
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wy PROP. in. THEOR. 

% Ir tes planet cut one another, their common feftion 


is a ſtraight line. 


Let two planes AB, BC, cut gfe another, and let the line 
DB be their common ſection: DB is 4 | 

{traight line: If it be not, from the point 
D to B, draw, in the plane AB, the 
ſtraight line DEB, and in the plane BC 
the ſtraight line DFB: Then two ſtraight 
lines DEB, DFB have the ſame extremi- 
ties, and therefore include a ſpace be- 


fore BD the common ſeCtion of the planes 
AB, BC cannot but be a ſtraight line. 
Wherefore, if two planes, &c. Q. E. D. 


PROP. Iv. THE OR. 


F a ſtraight line ſtand at right angles to each bf two 

ſtraight lines in the point of their interſection, it ſhall 

alſo be at right angles to the plane which paſſes through 
them, that is, to the plane in which they are. 


Let the ſtraight line EF ſtand at right angles to each of the 
ſtraight lines AB, CD in E, the point of their interſection: EF 
is alſo at right angles to the plane paſſing through AB, CD. 

Take the ſtraight lines AE; EB, CE, ED all equal to one an- 
other; and through E draw, in the plane in which are AB, CD, 
any ſtraight line GEH; and join AD, CB; then, from any 
point F in EF, draw FA, FG, FD, FC, FH, FB : And becauſe 


the two ſtraight lines, AE, ED are equal'to the two BE, EC, 


and that they contain equal angles AED, BEC, the baſe AD 
is equal d to the baſe BC, and the angle DAE to the angle 
EBC: And the angle AEG is equal to the angle BEH * ; there. 
fore the triangles AEG, BEH have two angles of one equal 
to two angles of the other, each to each, and the fides AE, 
EB, adjacent to the equal angles, equal to one another ; whert- 
fore they ſhall have their other fides equal©: GE is _— 


Is equa 


che an 


tight 
that is, 
palling 
that FE 
t in th: 
when it 
it in tha 
in whit 
EE. I 


IF thr 
ſtrai, 


that poi 
ame pl: 


Let thi 
baight 1. 
K. BD, 

If not, 

be ar 
ummon! 


l 40 EH, zud AG to EH: And Becauſe AF is equal to EB, root Kt. 

wa E common and at right angles to them, the 125 AF is 

guat to the baſe FB; for the ſame reaſon, CF is equal to b 4. 1. 

And becauſe AD is equal to BC, and AF to FB, the two 

vec FA, AD ale equal to the beg 

FB, BC, each to each; and the baſe DF F 

was proved equal to the baſe FC; | 

therefore the angle FAD is equal 4 to 5 

the angle FBC: Again; it was proved , 

that GA is equal to BH, and alſo AF A 4 
7 


d 8. 1. 


to FB; FA, then, and AG, are equal 
to FB and BH, and the angle FAG /- 
has been proved equal to the angle \ 
FBH ; therefore the bafe GF is equal | 
d to the baſe FH: Again, beeauſe it 
was proved, that GE is equal to EH, 
ind EF is common; GE, EF are e- 
quit to HE, EF; and the baſe GF | 
is equal to the baſe FH; therefore the angle GEF is equul © to 
che angle HEF; and conſequently each of theſe angles is a 
right © angle. Therefore FE makes right angles with GH, e 10. def. 2, 
that is, with any ſtraight line drawn through E in the plane 
patling through AB, CD. In like manner, it may be proved, 
that FE makes right angles with every ſtraight line which meets 
ugh t in that plane. But a ſtraight line is at right angles to a plane 

when it makes right ang'es with every ſtraight line which meets 

| in that plane : Therefore EF is at right angles to the plane f 3. def. n. 
the Wn which: are AB, CD. Wherefore, if a ſtraight line, &c. 


EF WEE P. 


ww PROP. V. THE OR. 
cat J three ſtraight lines meet all in one point, and as: x: 


ſtraight line ſtands at right angles to each of them in 
hat point; theſe three ſtraight lines are in one and the 
kme plane. * | 


Let the ſtraight line AB ſtand at right angles to each of the 
tight lines BC, BD, BE, in B the point where they meet; 
IC, BD, BE are in one and the ſame plane. 
If not, let, if it be poſſible, BD and BE be in one plane, and 
IC be above it; and let a plane paſs through AB, BC, the 
bmmon ſection of which with the plane, in which BD and BE 
# are, 


6 r 1001 ws 


2 


Book XI. 


AY ſtraight lines AB 


4 3. II. 


b 4 11. 
c 3. def'Ir, 


a def, 11. 


b 4. 1. 


ſtraight lines, &c. 
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ta line; let this be BF: Therefore the three 
C, BF are all in one plane, viz. that which 
paſſes through AB. BC; and becauſe AB ſtands at right an gles 
to each of the ſtraight fines BD, BE, it is alſo at right 1 
d to the plane paſſing through 8 and * makes 
right angles © with every ſtrai 

line meeting it in that plane; 2 
BF which is in that plane meets it: | | 
Therefore the angle ABF is a right 


angle; but the angle ABC, by the F 
hypotheſis, is alſo a right angle 
therefore the angle ABF is equal 


to the angle ABC, and they are 
both in the ſame plane, which is 
impoſſible: Therefore the ſtraight 
line BC is not above the plane in 
which are BD and BE: Wherefore the three ſtraight lines BC, 
BD, BE are in one and the ſame plane. 


Q. E. D. 
p RO P. VI. 


are, ſhall be a E 


7 HE OR. 


Plane, they ſhall be parallel to one another. 


Let the ſtraight lines AB, CD be at right angles to the ſame 
plane; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw the 
ſtraight line BD, to which draw DE at right angles, in the 


ſame plane; and make DE equal to AB, 

and join BE, AE, AD. - Then, becauſe 

AB is perpendicular to the plane, it 
ſhall make right * angles with every 
ſtraight line which meets it, and is in 
that plane : But BD, BE, which are in 
that plane, do eachriof chin meet AB. 
Therefore each of the angles ABD, B 
ABE is a right angle: For the ſame rea- 

ſon, each of the angles CDB, CDE is 

a right angle : And becauſe ABi is equal 

to DE, and BD common, -the two 
ſides AB, BD, are equal to the two 
ED, DB; and they contain right angles; 


F 
therefore the bak 
AD is equal o to. the baſe BE: Again, becauſe AB is 7 


Therefore, if three 


I two ſtraight lines be at right angles to the ſame 


to DE 
in the 
fore tl 
aright 
perpen 
the tw 
the thi 
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wee to DE, and BE to AD; AB, BE are equal to ED, DA; and, Book xl. 
aich in the triangles ABE, EDA, the baſe AE is common; thidre- HI 
gles fore the angle ABE is equal © to the angle EDA: But ABE is e 8. 2. 
ples right angle ; therefore EDA is alſo a right angle, and ED 


akes perpendicular to DA: But it ig alſo perpendicular to each of 
the two BD, DC: "Wherefore ED is at right angles to each of 
the three ſtraight lines BD, DA, D in the point in which 


they meet : Therefore. theſe three ſtraight. lines are all in the 


becauſe any three ſtraight lines which meet one another are i 
one plane ?: Therefore AB, BD, DC are in one plane: And e 2. 7. 
exch of the angles ABD, BDC i is 8 right angle; therefore AB is 
parallel f to CD. N an if two Wan lines, &c. Q. E. D. f 28. r. 


\ 


PROP. vn. 'THEOR. 


three two ſtraight lines be parallel, the Qraight line au See N. 


trom any point in the one to any point in the N 
iz in the ſame plane with the pareels. *. 


Let AB, CD be parallel Rrraight lines, and take any point 
ſame x in the one, and the point F in the other: The ſtraight line 
which joins E and F is in the ſame plane with the parallels. - . 

If not, let it be, if poffible, above the e, as EGF; and 
in the plane ABCD in which tjge 261 8 
parallels are, draw the ſtraight A. 3" E. . Da . 
ine EHF from E to F; and ſince dN e | 
EGF alſo is a ſiraight line, the _ 
two ſtraight lines EHF, EGF 
include a ſpace between them 
which is impoffible“. Therefore | ma 
the ftraight line joining the vi | 
doints E. F is not above the c | | F * D 
dane in which the parallels AB, CD are, and is therefore in 
tat plane. Wherefore, if two ſtraight lines, &c. QE. D. 


— 


U 


13232 
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F two ſtraight lines be parallel, and one of them is at see N. 
right angie to a plane; the other allo ſhall be at 


he baht angles to the fame plane. 


is £qui 
i 
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) 


fame plane d: But *AB is in the plane in which are BD, DA, ds. We: 
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Book KI. Let AB, CD be two parallel firaight Hines, and let 

them AB be at right angles to 4 4 other CD is 410 
* to the ſame plate. | | 
4 AB, CD mect the pure in the points B, D, and jol 

&7.::. BD: Therefore t AB, CD, BD art in one plane. In the play 


to which AB is, at right angles, draw DE at right * 
to BD, and make DE 2 13 AB, and join Bk, Ap. ih t 
And becauſe AB is perpendicular to the plane, it is peryey, vith it 
dicular to every ſtraight line which meets it, and is in tha ö 
a 3. def. 11, plane : Therefore each of the wh, * ABD, ABE, is a Let! 
+ angle: And becauſe the ſtraight line BD meets the para me pl: 
| ſtraight lines AB, CD, the angles ABD, CDB are together Ia E 
b 29. 1. equal d to two right angles: And ABD is a right ange ing 
therefore alſo CDB is a right angle, and CD perpendicular rr an 
BD: And becaufe AB is equal to DE, and BD, common, ce bt an 
two AB, BD, are equal to the two ED, | decartſe 
DB, and the angle ABD is equal to A, Och 
the angle EDB, becaufe each of them ular * t; 
| is a right angle; therefore the baſe AD T NN brough 
4 4. is equal e to the baſe BE: Again, de- 0 AB; 
cauſe AB is equal to DE, and BE to gles-d t 
AD; the two AB, BE are equal to the | i me real 
two ED, DA; and the baſe AE is com- 99 ngles to 
mon to the triangles ABE, EDA; | bre AB, 
48. Wherefore the angle ABE is equal © to GK. 
the angle EDA: And ABE is a right Jane, th 
angle; and therefore EDA is a right Fr arallel t 
angle, and ED perpendicular to DA: | 
But it is alſo perpendicular to BD; therefore ED is perpend 
£4 37+ , Cular © to the plane which paſſes through BD, DA, and hal 
5.06% 1 make right angles with every ſtraight line meeting it in th F tw 
plane: But DC is in the plane paſſing through BD, DA, ; 
Eauſe all three are in the plane in which are the parallels AJ to ty 
CD : Wherefore ED is at right angles ts DC; and therefaf be ſame 
CD is at right angles to DE: But CD is alſo at right angles cher tw 
DB; CD then is at right angles to the two ſtraight lines . 
DB in the point of their interſection D; and therefore is Let the 
right angles © to the plane paſſing through DE, DB, which paralle! 
the lame plane to which AB is at right angles. Therefore, ner, anc 
two ſtraight lines, &c. Q. E. D. Ad. 
e 


P R 0 


1 e 2% N.. 
k PROP. If, THEOR. * 
Join \ | 4 | 
plan WO ſtraight lines which are each of them parallel 
y to the ſame ſtraight line, and not in the ſame plane 
pen. it it, are parallel to one another. . 
a 1 4B, CD be each of them parallel to EF, and not in che 
ral Warne plane with it; AB ſhall be parallel to CD. 
gelber In EF take any point G, from which draw, in the plane 
nge; affing through EF, AB, the ſtraight line GH at right angles to 
l ; and in the plane paſſing through EF, CD, draw GK at 
a, the Fight angles to the ſame EF. And A H 
decarrſe EF is perpendicular bot —B 
0 o GH and GK, EF is perpendi- 8 | 
ular * to the plane HGE paſſing | 2 4. 17. 
krough them: And EF is parallel E. — G 
oAB; therefore AB is at right 3 jt 
gles b to the plane HG K. For the 2 v. u. 
me reaſon, CD is likewiſe at right 8 K CW, D - 
, 7 ngles to the plane HGK. There- | 


bre AB, CD are each of them at right angles to the plane 

GK. But if two ſtraight lines be at right angles to the ſame 
ane, they ſhall be parallel © to one another. Therefore AB is, 6, n. 
zrallel to CD. Wherefore two ſtraight lines, &c. Q. E. D). 


PROP. L THEO R 


F two ſtraight lines meeting one another be parallel 


+ nl to two others that meet one another, and are not in 
berelnde ſame plane with the firſt two; the firſt two and the 
ngles cher two ſhall contain equal angles. 
nes DR | | | 
re Let the two ſtraight lines AB, BC which meet one another 


parallel to the two ſtraight lines DE, FF that meet one an- 
her, and are not in the ſame plane with AB, BC. The angle 
dC is equal to the angle DEF. | 

Take BA, BC, ED, EF all equal to one another ; and join 


RO 


* 
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Book XI. AD, CF, BE, AC, DF: Becauſe BA is equal and parallel jg 
E bd, therefore AD is both equal and 
33, 1. parallel to BE. For the ſame reaſon, 
CF is equal and parallel to BE. There- FA 
fore AD and CF are each of them e- N Pl 7 
qual and parallel to BE. But ſtraight. | | © 
lines that are parallel to the ſame ſtraight | | 


line, and not in the ſame plane with it, 1 
b 9. 11. are parallel b to one another. Therefore 7 * 


ef. Ax. 1. AD is parallel to CF; and it is equal © 1 

to it, and AC, DF join them towards « St 
the ſame parts; and therefore AC is 
equal and parallel to DF. And be- Dn F 
cauſe AB, BC are equal to DE, EE, and the baſe AC to the 

d8.z, baſe DF; the angle ABC is equal 4 to the angle DEF. There. 
fore, if two ſtraight lines, &c. Q. E. D. 


PR-O'P. XL. "PF ROB. 


f ' O draw a ſtraight line perpendicular to a plane, 
from a given point above it. 

Let A be the given point above the plane BH; it is requi 
red to draw from the point A a ſtraight line perpendicular to 
the plane BH. 

In the plane draw any ſtraight line BC, and from the point 

212 1. A draw AD perpendicular to BC. If then AD be allo per. 
pendicular to the plane BH, the thing required is already 
done ; but if it be not, from the | A 

b 11. 1. point B draw ®, in the plane BH, | 
the ſtraight line DE at right an- 
gles to BC; and from the point 
A draw AF perpendicular to 

e 31. 1. DE; and through F draw GH 
parallel to BC: And becauſe BC 
is at right angles to ED and DA, 

d 4. 11. Be is at right angles to the plane r 
paſſing through ED, DA. And B D 0 
GH is parallel to BC; but, if | 


. 


two ſtraight lines be parallel, one of which is at right angles 
e 8 11. a plane, the other ſhall be at right © angles to the ſame plane 
wherefore GH is at right angles to the plane through ED, D. 

f 3 def. 11. and is perpendicular f to every ſtraight line meeting it in u 
plane. But AF, which is in the plane through ED, DA, * 


Let 
a ſtraig 
angles 
Fron 
draw * 
from A 
cauſe, t 
rallel { 
BC is a 
the oth 
F574 


to a giv 
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” 


> Therefore GH is Pepe dicular to AF; and conſequently Book X1. 
AF is perpendicular to GH; and AF is, perpendicular to BE 
therefore AF is perpendicular to each of the ſtraight lines GH, 
DE. But if a ſtraight line ſtands at right angles to each of 
$ two ſtraight lines in the point of their interſection, it ſhall alſo 
be at right angles to the plane paſſing. through them. But the 

MT plane paſſing through ED, GH is the plane BH; therefore AF 
;s perpendicular to the plane BH; Therefore, from the given 
point A, above the plane BH, the ſtraight line AF is drawn 
perpendicular to that plane: Which was to be done. 8 5 


el th 


. 6 1 2 : . P _ Y 
CS CE Ca dt 


2 bad — 


gens 


] 
* PROP. XII. PR O B. 
| | q 
here 1 ; 1 
O erect a ſtraight line at right angles to a given 4 
plane, from a point given in the plane. * 
Let A be the point given in the plane; it is required to erect 1 
a ſtraight line from the point A at right | 8 
lane, angles to the plane. 1 12 B 


From any point B above the plane 
erase BC perpendicular to it; and | u. 
* from A draw > AD parallel to BC. Be- | eons 0 


allel ſtraight lines, and one of them 
BC is at right angles to the given plane, 
the other AD is. alſo at right angles to ; 

it ©, Therefore a ſtraight line has been erected at right angles e 8. rr. 
to a given plane from a point given in it. Which was o be done. 


cauſe, therefore, AD, CB are two pa- / 70 
525 A 


— 


* 


PNO Ff. All. TH TLO R. 


[ROM the ſame point in a given plane, there cannot 
be two ſtraight lines at right angles to the plane, 
pon the ſame ſide of it: And there can be but one per- 
endicular to a plane from a point above the plane. 


de pine For, if it be poſſible, let the two ſtraiglit lines AC, AB, be at 
ED, Debt angles to a given plane from the ſame point A in the plane, 
it in Mad upon the ſame fide of it; and let a plane paſs through BA, 


)A, med C; the common ſection of this with the given plane is a 
| : | ſtraight 


| 
C | 
| 
| 
| 
| 
| 
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Book xl. ſtroight * line paſſing through A: Let DAE be their commoy 
& ſection : Therefore the ſtraight lines AB, AC, DAE are in ons 
a3-1 plane: And becauſe CA is xt right angles to the given plane, i 
ſhall make right angles with every 1 B 7 
ftraight line meeting it in that plane. | | C 
Bot DAE, which is in that plane, 
meets CA; therefore C 152 rig 1 
angle. For the ſame. reaſon BAR 
is a right angle. Wherefore the an- 
gle CAL is equal to the angle BAE; 5 N ws 
and thcy are in one plane, which is . 
impoſſible. Alſo, from a point above a plane, there ean be but 
one perpendicular to that plane; for, if there could be two, 
1 ©. 21, they would be parallel d to ane another, which is abſurd. There. 


fore, from the ſame point, &c. Q. E. D. 


PROP. XIV. THE OR. 


P 


cular, are parallel to one another. 


Let the ſtraight line AB be perpendicular to each of the 


planes CD, EF ; theſe planes are parallel to one another. 


If not, they ſhall meet one another when produced ; let them 


meet; their common ſection ſhall be G 
a ſtraight line GH, in which take any 
point K, and join AK, BK: Then, 
becauſe AB is perpendicular to the 
» 3. def. 11. plane EF, it is perpendieular * to the 
ſtraight line BK which is in that plane. C 
, Therefore ABK is a right angle. For 
the {ame reaſon, BAK is a right angle; 
wherefore the two angles ABK, BAK 
of the triangle ABK are equal to two +{ |. 


N 


B 
2 
ba7.z right angles, which is impoſfſible s:? ! 4 
Therefore the planes CD, EF, though 1 
produced, do not meet one another » 


e I.def. 11. that is, they are parallel ©, There- 2 
| fore planes, &c. Q_E. D. | 


LANES to which the ſame ftraight line is perpendi. 


G; 
rallel 
throu 
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10H . TS - Book x 
owe PROP. XV. THE OR. — 
5 K h 


17 two ſtraight lines meeting one another, be parallel See N. 
to two ſtraight lines which meet one another, but 

are not in the ſame plane with the firſt two; the plane 
which paſſes through theſe is parallel to the plane paſſing 
through the others. ” 


7 Let AB, BC, two ſtraight lines meeting one another, be pa- 

e but rallel to DE, EF that meet one another, but are not in the 
two, ſame plane with AB, BC: The planes through AB, BC, and 
here- Dt, EF ſhall not meet, though produced. 


From the point B draw BG perpendicular * to the plane a 11. 17. 
which paſſes through DE, EF, and let it meet that plane in 
G; and through G draw GH parallel d to ED, and GK pa- b 31. 1. 
rallel to EF: And becauſe BG is perpendicular to the plane 
through DE, EF, it ſhall E : 


make right angles with every r 
15 o 


ſtraight line meeting it in that B — * 


plane e. But the ſtraight lines e Ems. K 
N . | | 


GH, GK in that plane meet 
ir: Therefore each of the an- x 1 


gles BGH, BGE is a right | Lad *rid 
angle: And becauſe BA is A ada 
parallel 4 to GH (for each of 4 | | 


them is parallel to DE, and | 2 
they are not both in the ſame plane with it) the angles GBA, 
BGH are together equal © to two right angles: Aad BGH is ae 29. 1. 
right angle; therefore alſo GBA is a right angle, and GB per- 
pendicular to BA: For the ſame reaſon, GB is perpendicular to 

BC : Since therefore the ſtraight-line GB ſtands at right angles 

to the two ſtraight lines BA, BC, that cut one another in B; 

GB is perpendicular f to the plane through BA, BC: And it is f 4. 1. 
perpendicular to the plane through DE, EF; therefore BG is 
perpendicular to each of the planes through AB, BC, and DE, 

EF : But planes to which the ſame ſtraight line is perpendicular, 

we parallel 8 to one another: Therefore the plane through AB, 8 14.71. 
BC is parallel to the plane through DE, EF. Wherefore, if 
wo ſtraight lines, &c. Q. E. D. | E 


d 9. 17. 
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j* two Araight lines be cut by parall Pence der {hall 
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PR O P. XVI. THE OR. E 
F two parallel planes be cut by another plane, their b 
common ſections with it are N Je 
lel 
Let the parallel planes, AB, CD be-cut by the plane EFHG, A] 
and let their common ſections ith it be EF, GH: EF is para- to 
el to GH. pa 
For, if it is not, EF, GH ſhall meet, if produced, the, on tri 
the ſide of FH, or EG: Firſt, let them be produced on the ſide ſo 
of FH, and meet in the point K; Therefore, fine EEK is in Pr 
the plane AB, every point in Al 
EFK is in that plane: and K | K AE 
is a point in EFK ; therefore WI 
K is in the plane AB: For Kc. 
the ſame reaſon K i alſo in F 
the plane CD: Wherefore the — D 
planes AB, CD produced D 
meet one another ; but they | 
do not meet, fince they are | 
parallel by the hypotheſis : A | C | | 
Therefore the ſtraight lines E Mas 


EF, GH do not meet when 

produced on the fide of FH; In the FE manner it may be 
proved, that EF, GH do not meet when produced on the fide 
of EG : But ſtraight lines which are in the ſame plane and do 
not meet, though produced either way, are parallel: Therefore 
EF is parallel to GH. Whereſfore, ih two Liga . 871 Ke. 


Q. E. D. 


* 


PROP. XVII. I H 0 R. 


he: cut in the ſame ratio. 


Let the Araight Hes AB, CD be cut by the pan planes 
GH, KI, MN, in the points A, E, B; C, F. D; As AE is to 
EB, ſo'is CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the 
point X; and join EX, XF: Becauſe the two parallel plane 
KL, MN are cut by the plane EBDX, the common ſectio 

* 
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FX, BD, are parallel . For the ſame reaſon, becauſe the two Book XI. 
arallel planes GH, KL are cut e RY 
the plane Ax FC, the com- 
mon ſections AC, XF are paral- _ / 
lel : And, becauſe EX is paral- G 
tel to BD, a fide of the triangle 
ABD, as AE to EB, ſo is d AX % 


to XD. Again, becauſe XF is . 
89 parallel to AC, a ſide of the r * 

triangle ADC, (as AX to XD, KI. E F 
* ſo is CF to FD: And it was ' 


n 


proved that AX is to XD, as 5 * 
JD / , C 11. 5. 


AE to EB; Therefore ©, as {© 
AE to EB, ſo is CF to FD. M 
Wherefore, if two ſtraight lines, ©. 

Kc. Q. E. D. 
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PROP. XVII. THE OR. 


F a ſtraight line be at right angles to a plane, every 
plane which paäſſes through it ſhall be at right angles 
to that plane. ee e 


Let the ſtraight line AB be at right angles to a plane CK 3 
every plane which paſſes through AB ſhall be at right angles to 
the plane CK. 20 


mon ſection of the planes DE, CK; take any point F in CE, 
from which draw FG in the | 

plane DE at right angles to D G_A HH 
CE: And becauſe AB is per= | | 


pendicular to the plane CK, 
therefore it Is alſo perpendi- 
cular to every ſtraight line in 
that plane meeting it“; And 
n it is N 1 1 
ar to CE: Wherefore A —— 8 4 . 
's a right angle; but GFB is C F B E 
lkewiſe a right angle; therefore AB is parallel d to FG. And bas. . 
AB is at right angles to the plane CK; therefore FG is alſo at 
tight angles to the ſame plane ©. But one plane is at right an- e 8. 1; 
ges to another plane when the ſtraight lines drawn in one of the 
panes, at right angles to their common ſegion, are alſo at * 

WK angles 


1 


a 3. def Irv 


\ 


* 1 81 An : + © #44 F 
— H a 16. It, 
—"\C * 
” 3 
* 
* 
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: 
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Let any plane DE paſs through AB, and let CE be the com- 
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Book XI, angles to the other plane d: and any ſtraight line FG in the 

hor plane DE, which'is at right angles to CE the commonſection 

4 del. It. of the planes, has been proved to be perpendievlar to the other 
plane CK; therefore the plane DE is at right angles to the 
plane CK. In like manner, it may be proved that all the planes 
which paſs through AB are at right angles to the plane CK. 
— if a ſtraight line, &c. We D. 


PROP: Xx. THE OR. 


ö I two planes cutting one andibier: be each of them 
perpendicular to a third plane; their common ſection 
' ſhall be perpendicular to the fame plane. 


4 Let the two planes AB, BC be each of them perpendicular to 
= a third plane, and let BD be the common ſection of the firſt 
= two; BD is perpendicular to the third plane. 

| If it be not, from the point D draw, in the plane AB, the 

ſtraight line DE at right angles to AD the common ſection of 

| the plane AB with the third plane; and in the plane BC dray 
= DF at right angles to CD the common ſection, of the plane BC 
i] with the third plane. And becauſe the 
.4 plane AB is perpendicular to the third | 

| plane, and DE is drawn in the plane AB , 
| at right angles to AD their common ſec- 
| | tion, DE 1s perpendicular to the third | 
1 4 r. Plane . In the ſame manner, it may be 
A proved that DF is perpendicular to the 
we third plane. Wherefore, from the point 
=, D two ſtraight lines ſtand at right angles ea 
= to the third plane, upon the ſame fide of | 4 
| | b £3.17 it, which i 18 impoſſible b: Therefore, from * A Sow 
{| the point D there cannot be any ſtraight ©—- | 
line at right angles to the third plane, & 
except BD the common ſection of the 
planes AB, BC. BD therefore is perpendicular to the th 
plane, Wherefore, il two planes, &c. 2 D- 


PROP 


great 
than 
is eq 
are te 
BAC 
DAC 
other. 
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PROP. XY THEOR.” n 


I any two of them are greater than the third, 3 


Let the ſolid angle at A be contained by the three plane an- 
gles BAC, CAD, DAB. Any two of them are greater than 
the third. eee ES e 

If the angles BAC, CAD, DAB be all equal, it is evident 
that any two of them are greater than the third, But if they 
m are not, let BAC be that angle which is not leſs than either of 
on the other two, and is greater than one of them DAB; and at 
the point A in the ſtraight line AB, make, in the plane which | 
paſſes through BA, AC, the angle BAE equal * to the angle 2 23. r. 
DAB; and make AE equal to AD, and through E draw 
BEC cutting AB, AC in the points 9 | 
B, C, and join DB, DG. And be- | 
cauſe DA is equal to AE, and AB is_ | 
common, the two DA, AB are equal 
to the two EA, AB, and the angle 
DAB is equal to the angle EAB: 
Therefore the baſe DB is equal Þ to > b 
the baſe BE. And Becauſe BD, DC BR: E C 
are greater © than CB, and one of * | 
them BD has been proved equal to BE a part of CB, therefore 
the other DC is greater than the remaining part EC. And be- 
cauſe DA is equal to AE, and AC common, but the baſe DC 
greater than the baſe EC: therefore the angle DAC is greater 4 d 25. r. 
than the angle EAC; and, by the conſtruction, the angle DAB 
is equal eo the angle BAE; wherefore the angles DAB, DAC 
are together greater than BAE, EAC, that is, than the angle 
BAC. But BAC is not leſs than either of the angles DAB, 
DAC : therefore BAC, with either of them, is greater than the 
other. Wherefore, if a ſolid angle, &c. Q. E. D. 


4. 1. 


C 20. 1. 


third PROP. XXI. THE OR. 


E ſolid angle is contained by plain angles which 
together are leſs than four right angles. 


Firſt, Let the ſolid angle at A be contained by three plane 
anzles BAC, CAD, DAB. Theſe three together are leſs than 


tour right angles. | 
| . O 3 Take 


214 T HE ELEMENTS 
Book Xl. Take in each of the ſtraight lines AB, AC, AD any palnts 


., C, D, and join BC, CD, DB: Then, becauſe the folid ngle 550 
at B is contailied by. the three plain angles CBA, ABD, DRC, ang 
220, any two of them are greater! than the third; therefore the : righ 
2 | angles CBA, ABD are greater than the angle DBC: For the In t 
ſame reaſon, the angles BCA, ACD are greater than the angle toge 
DCB; and the angles GDA, ADB cater than BDC : Where. Fes; 
fore the ſix angles CBA, ABD, CA, ACD, CDA, ADB 77 
are greater than the three angles DBC, 5 1 
BCD, CDB: But the three angles 1 
DBC, BCD, CDB are equal to two , 
b 33. 1. right angles d: Therefore the fix an- 1 
gles CBA, ABD, BCA, ACD, CDA, 3 
ADB are greater than two right an- Io 
gles : And'becauſe the three angles of 
each of the triangles ABC, ACD,. 
ADB are equal to two'r ight ang angles, 
b therefore the nine angles of theſe three triangles, viz the angles 
| CBA, BAC, ACB, *ACD, CDA, DAC, ADB, DBA, BAD 
4 are equal to ax right angles: Of theſe the lx angles CBA, 
| ACB, ACD, CDA, ADB, DBA are greater than two right 
5 angles: I herefore the remaining three angles BAC, DAC, 
| BAD, which contain the ſolid angle at A, are leſs than four 
1 right angles. 
4 Next, Let the ſolid angle at A be ö Bf by any number 
bo ol plane angles BAC, CAD, DAE, EAF, FAB, theſe toge- 
& N ther are leſs than f5ur right angles. 
i : Let the planes in which the angles are, be cut by a plane, and Let 
'$ let the common ſection of it with thoſe "he * 
we planes be BC, CD, DE, EF, FB: And A Th 
4 becauſe the ſolid angle at B is contain- dong 
4 ed by three plane angles CBA, ABF, >; 
= FBC, of which any two are greater * 7 a 
4 than the third, the angles CBA, ABF x = 
= are greater than the angle FBC : For B E. | 
1 the ſame reaſon, the two plane angles "5m, 
1 at each of the points C, D, E, F, viz. y nt 
. the angles which are at the baſes of the 1 22 | 
A triangles having the common vertex C 3 tl 
A, are greater than the third angle at 27. 


AC > 


the ſame point, which is one of the 
angles of the polygon BCDEF : There- 
fore all the engles at the baſes of the triangles are together 
| | greater 


LY 
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th eater than all the angles of the polygon : And becauſe all the Bock xt.” 

le angles of the triangles are together equal to twice as many wag 

C, right angles as there are triangles d; that is, as there are ſidesb 32. 1. 1 
he in the polygon BCDEF : and that all the angles of the polygon, 92 
he together with four right angles, are likewiſe equal to twice as 4 
gle many right angles as there are ſides in the polygon e; there-c 1. Cor. 


fore all the angles of the triangles are equal to all the angles3*- 1 
of the polygon together with four' right angles, But all the 
angles at the baſes of the triangles are greater than all the angles 

of the polygon, 2s has been proved. Wherefore the remaining 
angles of the triangles, viz. thoſe at the vertex, which contain 

the ſolid angle at A, are leſs than four right angles. There- 

fore every ſolid angle, &c. Q. E. D. 


les FN 43;P... Hl, THNRE ORA. 
AD 
BA, 
right | | 
\& F every two of three plain angles be greater than the se N. 
four third, and if the ſtraight lines which contain them be 
all equal; a triangle may be made of the ſtraight lines 
mber WF that join the extremities of thoſe equal ſtraight lines. 
toge- X | 
by Let ABC, DEF, GHE be three plane angles, whereof every 
of two are greater than the third, and are contained by the equal . 
ſtraight lines AB, BC, DE, EF, GH, HK; if their extremities 
be joined by the ſtraight lines AC, DF, GK, a triangle may be 
made of three ſtraight lines equal to AC, DF, GK ; that is, 
every two of them are together greater than the third. 
If the angles at B, E, H are equal: AC, DF, GK are alſo 
equal *, and any two of them greater than the third: But ifa 4. r. 


the angles are not all equal, let the angle ABC be not leſs than 

either of the two at E, H; therefore the ſtraight line AC 

Is not leſs than either of the other two DF, GK »; and it is ba. or 24.1. 
plain that AC, together with either of the other two, muſt be 

reater than the third: Alſo DF with GK are greater than 

\C: For, at the point B in the ſtraight line AB make © thee 28. 1 


O 4 angle 
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Book xl. angle ABL equal to the angle GHR, and make BL equal to 

Bone of the ſtraight lines AB, BC, DE, EF, GH, HK, and join 
AL, LC; Then becauſe AB, BL are equal to GH, HK, and 
the angle ABL to the angle GHK, the baſe AL is equal to 
the baſe GK : and becauſe the angles at E, H are greater than 
the angle ABC, of which the angle at H is equal to ABL; there. 
fore the remaining angle at E is greater than the angle LBC: 


B E H 
A 


1 : lines eq 

Ac — C, y 2 ſo that 
D F G K about t! 

1. X, whi 

And becauſe the two ſides LB, BC are equal to the two DE, hides, 01 
EF, and that the angle DEF is gteater than the angle LBC, Firſt, 
the baſe DF is greater d than the baſe LC: And it has been LX, M. 
proved that GK is equal to AL; therefore DF and GK are ther be 
greater than AL and LC: But AL and LC are greater © than becauſe 
AC: much more then are DF and GK greater than AC. Hud LX 
Wherefore every two of theſe firaight lines AC, DF, GK are e each 
eater than the third ; and, therefore, a triangle may be madef, baſe LI 


the ſides of which ſhall be equal to AC, DF, GK. Q. E. D. = - 
angle M 


to the a1 
three an 


PROP. XXIII. PR O B. 


J make a ſolid angle which ſhall be contained by 
three given plane angles, any two of them being 
Frome than the third, and all three together leſs than 
our right angles. 


Let the three given plane angles be ABC, DEF, GHK, any 
two of which are greater than the third, and all of them toge- 
ther leſs than four right angles. It is required to make a ſolid 
angle contained by three plane angles equal to ABC, DEP, 


GHE, each to cach. 
From 


equal to 
MXN, I 
LXM, I 
four rig] 
the three 
me equa] 
y the 
than fou 
bſurd; 
b LX: 
els than 
haight ! 
ſcribe | 
qual to 
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From the ſtraight lines containing the angles, cut off AB, Book xl. 
30, DE, EF, GH, Hk, all equal 10 ene another; and join . 
AC, DF, GK : Then a triangle may be made * of three ſtraight = 22. 1. 


B H 


n 5 


lines equal to AC, DF, GK. Let this be the triangle LMN d, b 2a. r. 
ſ that AC be equal to LM, DF to MN, and GK to LN; and 
about the triangle LMN deſcribe © a circle, and find its centre © 5- 4. 
X, which will either be within the taiangle, or in one of its 
ide, or without it. | | | 

Firſt, Let the centre X be within the triangle, and join 
IX, MX, NX: AB is greater than LX: If not, AB muſt ei- 
ther be equal to, or leſs than LX ; firſt, let it be equal : 'Then 
becauſe AB is equal to LX, and that AB is alſo equal to BC, 


Ya nd LX to XM, AB and BC are equal to LX and XM, each 
are to each; and the. baſe AC is, by conſtruction, equal to the 


baſe LM : wherefore the angle ABC is equal to the angle 

LXM 4 For the ſame reaſon, the angle DEF is equal to the 4 3. f. 

wgle MXN, and the angle GHR 

w the angle NXL ; Therefore the | R 

three angles ABC, DEF, GH K are 

equal to the three angles LXM, 

MXN, NXL : But the three angles 

LXM, MXN, NXL are equal to 

eing tour right angles : therefore alſo 
tne three angles ABC, DEF, GHK 

we equal to four right angles: But, 

7 the hypotheſis, they are leſs M 

lan four right angles; which is 


„ 207 WM iblurd ; therefore AB is not equal 

toge, e LX: But neither can AB be | 

folge than LX: For, if poſſible, let it be leſs, and upon the 
DET, Wright line LM, on the fide of it on which is the centre X, 


eſcribe the triangle LOM, the ſides LO, OM, of whick are 
qual to AB, BC; and becauſe the baſe LM is equal to L .. 
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Book XI. baſe AC, the angle LOM is equal to the angle ABC 4 Ang EF. arc 
HV AB, that is, LO, by the hypotheſis, is leſs than LX; where. MN, tt 
4 8. 1. fore LO, OM fall within the ay LXM ; for, if they fel been p 
upon its ſides, or without it, the Therefc 
would be equal to, or greater than 2s has 
f2r.t, LX, XMf: Therefore the angle han th 
LOM, that is, the angle ABC, is angle L 
greater than the angle LX Mf: In angle C 
the ſame maner it may be proved 
that the angle DEF is greater than 
the angle MXN, and the angle 
GH K greater chan the angle NXL. Cid 
Therefore the three angles ABC, M Ly 
DEF, GK are greater than the 
three angles LXM, MXN, NXL; | / 
that is, than four right angles : But $ | 
the ſame angles ABC, DEF, GHK are leſs than four right A 
angles ; which is and: Therefore AB is not leſs than LX. | 
and it has been proved that it is not equal to LX; wherefore * 
AB is greater than LX. HK, an 
Next, Let the centre X of the circle fall in one of * ſides CB, BP 
of the triangle, viz. in MN, and tain equ 
join XL: In this caſe alſo AB i is GK, tha 
greater than, LX. If not, AB is becauſe 
either equal to LX, or leſs than it : fore the 
Firſt, let it be equal to XL: There- ACB at 
fore AB and BC, that is, DE, and or CBP, 
EF, are equal to MX and XL, that LXNV, t 
is, to MN: But, by the conſtruction, than the 
MN is equal to DF; therefore DE, whole a. 
EF are equal to DF, which is im- the who] 
+ 20,1. Poſlible+: Wherefore AB is not e- ML, LI 
| qual to LX; nor is it leſs; for then, each to e 
much more, an abſurdity would 5 greatei 
follow: Therefore AB is greater than LX. dale MN 
But, let the centre X of the circle fall without the unge ar. A 
LMN, and join LX, MX, NX. In this caſe likewiſe AB is ]W"*refore 
greater than LX: If not, it is either equal to, or leſs than LX: . A, 
Firſt, let it be equal; it may be proved in the ſame manner, qual to 
as in the firſt caſe, that the angle ABC is equal to the ange ter t 
MXL, and .GHK to LXN; therefore the whole angle MN DEF 
is equal to the two angles, ABC, GHK : But ABC and GHK FE. 
are together greater than the augle DEF; therefore allo to the 
the angle MXN is greater than DEF. And becauſe DE, er t! 
J EF a theſ 
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FF. are equal to MX, XN, arid the baſe DF to the baſe Bock xl. 
MN, the angle MXN is equal © to the angle DEF: And it has va 
deen proved that it is greater than DEF, which is abſurd. ds. 1. 
Therefore AB is not equal to LX. Nor yet is it leſs; for then, 

s has been proved in the firſt caſe, the angle ABC is greater 

than the angle MXL, and the angle GHE greater than the 

angle LXN; At the point B in the ſtraight line CB make the 

angle CBP equal to the angle GHK, and make BP equal to 


: 


HK, and join AP. And becauſe CB is equal to GH; 
CB, BP are equal to GH, HK, each to each, and they con- 
tain equal angles; wherefore the baſe CP is equal to the baſe 
GK, that is, to LN. And in the ifoſceles triangles ABC, MXL, 
becauſe the angle ABC is greater than the angle MXL, there- 
fore the angle MLX at the baſe is greater 5 than the angle zz. 2. 
ACB at the baſe. For the ſame reaſon, becauſe the angle GHK, 
or CBP, 1s greater than the angle 
LXN, the angle XLN is greater 
In the angle BCP. Therefore the 
whole angle MLN is greater than 
the whole angle ACP. And becauſe 
ML, LN are equal to AC, CP, 
each to each, but the angle MLN 
greater than the angle ACP, the 
bile MN is greater h than the baſe M 
AP. And MN is equal to DF; 
therefore alſo DF is greater than 
AP. Again, becauſe 5 , EF are 
qual to AB, B, but the baſe DF 
greater than the baſe AP, the an- 
le DEF is greater * than the angle 
P. And ABP is equal to the two angles ABC, CBP, that 
to the two angles ABC, GH K; therefore the angle DEF is 
reater than the two angles ABC, GHK; but it is alſo leſs 
a theſe ; which is impoſſible. Therefore AB is not leſs * 7 
a » 


k 25, 1. 


. — a... þ 
n 


1 
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y 4 
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b 3. def 11. 


C 47. 1. 
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LX; and it has been proved that it is not equal to it; they, 
fore AB is greater than LX. | 

From the point X erect XR at right angles to the plane 
of the circle LMN. And becauſe it has been proved in all the 


caſes, that AB is greater than LX, find a ſquare equal to the Fa 


exceſs of the ſquare of AB above | ang 
the ſquare of LX, and make RX R in wni 
equal to its ſide, and join RL, RM, | _ to one 
RN. Becauſe RX is perpendicul: r 
to the plane of the circle LMN, it Let 
is d perpendicular to each of the the ang 
ſtraight lines LX, MX, NX. Ard CAE, 1 
becauſe LX is equal to MX, ard FBG, I 
XR common, and at right angles angle F 
to eack of them, the baſe RL is e- — WR NW" whic 
qual to the baſe RM. For the fame mother 
reaſon, RN is equal to each of the X In tl 
two RL, RM. Tnereſore the three CAD f 
ſtraight lines RL, RM, RN are all o AG, 
. And becauſe the ſquare of planc 0 
XR is equal to the exceſs of the ſquare of AB above the ſquare e KL 
of LX; therefore the ſquare of AB is equal to the ſquares of WF? the 
LX, XR. But the ſquare of RL is equal © to the fame ſquares, hereto 
becauſe LXR is à right angle. Therefore the ſquare of AB DAL i 
is equal to the ſquare of RL, and the ftraight line AB to M. en. 0 
But each of the firaight lines BC, DE, EF, GH, HK is equal 5 
to AB, and each of the two RM, RN is equal to RL. Where. CAE. : 
fore AB, BC, DE, EF, GH, HK are each of them equal to"! equ 
each of the ſtraight lines RL, RM, RN. And becauſe RL, n © 
RM, are equal to AB, BC, and the baſe LM to the baſe AC; wh 
the angle LRM is equal 4 to the angle ABC. For the mf en 
reaſon, the angle MRN is equal to the angle DEF, and NRL D, N 
to GHK. Therefore there is made a ſolid angle at R, which ugles R 
is contained by three plane angles LRM, MRN, NRL, which MC, 
are equal to the three given plane angles ABC, DEF, GHR, ogles, 
each to each. Which was to be done. 4 1 
| | AL, 
e triaj 
F d the 
ul © to 
e ſides 
| e baſe 
. PRO. UN 


M to 
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PEPFOT?. i YPEFEOE es 
I each of two ſolid angles be contained by three plane See N. 
angles equal to one another, each o each; the planes 


in which the equal ang les are, have the ſame inclination 
to one another. | 


Let there be two ſolid angles at the points A, B; and let 
the angle at A be contained by the three plane angles CAN, 
CAE, EAD; and the angle at' B by the three plane angles 
FBG, FBH, HBG ; of which the angle CAD is equal to the 
angle FBG, and CAE to FBH, and EAD to HBG : 'The planes 
in which the equal angles are, have the ſame inclination to one 
mother. a 
In the ſtraight line AC take any point K, and in the plane 


CAD from K draw the ſtraight line KD at right angles 
o AC, and in the 


plane CAEthe ſtraight 

line KL at right angles 

o the ſame Ac: 
herefore the angle 
DRL is the inclina- 
on * of the plane | | a 6. def. 11. 
AD to the plane | G 

AE: In BF take 

equal to AK, and 


rom the point M draw, in the planes FBG, FBIH, the ſtraight 

nes MG, MN at right angles to BF; therefore the angle GMN 

the inclination * of the plane FBG to the plane FBH : Join 

D, NG; and becauſe in the triangles KAD, MBG, the 

ugles KAD, MBG are equal, as alſo the right angles AKD, 

MC, and that the ſides AK, BM, adjacent to the equal 

vgles, are equal to one another; therefore KD is equal ® to a 26. 1. 
1G, and AD to BG: For the ſame reaſon, in the triangles 

AL, MBN, KL is equal to MN, and AL to BN: And in 

e triangles LAD, NBG, LA, AD are equal to NB, BG, 

d they contain equal angles; therefore the baſe LD is e- 

ul © to the baſe NG. Laſtly, in the triangles KLD, MNG, e 4. r. 

e ſides DK, KL are equal to GM, MN, and the bate LD to 

e bale NG; therefore the angle DKL is equal © to the angle d 8. f. 

N: But the angle DKL is the inclination of the plane 

AD to the plane CAE, and the angle GMN is the inclina- 
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Book Xl. tion of the plane FBG to the plane FBH, which planes h 
YN thcrefore the ſame inclination * to one another: And * 
a 3. def. I1. ſame manner it may be demonſtrated, that the other Planes j 
which the equal angles are, have the ſame inclinatio k 
another. Therefore, if two ſolid angles, &c. Q. E. D. 


N to one 


PROP. B. THE OR. 


See N. F two ſolid angles be contained, each by three plane 
angles which are equal to one another, each to each 
and alike ſituated; theſe ſolid angles are equal to ons 


another. ſimilar 
er Bec: 
Let there be two ſolid angles at A and B, of which the fo angles 
angle at A is contained by the three plane angles CAD, Carl qua! e 
| EAD; and that at B, by the three plane angles FBG, FH the 10 
| HBG ; of which CAD is equal to FBG; CAE to FBH; a A is 
EAD to HBG : The ſolid angle at A is equal to the ſolid ang the ot! 
 # WY | 33 87 It, the: 
Let the ſolid angle at A be applied to the ſolid angle at BM it, tk 
and, firſt, the plane angle CAD being applied to the plan gre - 
angle FBG, ſo as the point A may coincide with the point BY pplied 
and the ſtraight line AC with BF; then AD coincides wii plane fi 
BG, becauſe the .angle CAD the ſtr 
is equal to the angle FBG : A B AB 
And becauſe the inclination of N with K 
the plane CAE to the plane gure 
a A. 11. CAD is equal * to the inclina- coincide 
tion of the plane FBH to the E H boure K 
plane FBG, the plane CAE C D F G ſtraight 
coincides with the plane FBH, each wit 
becauſe the planes CAD, FBG coincide with one another: A, N,! 
becauſe the ſtraight lines AC, BF coincide, and that the ang lid an, 
CAE is equal to the angle FBH ; therefore AE coincides vi lane K. 
BH, and AD coincides with BG; wherefore the plane Eee <qu: 
coincides with the plane HBG : "Therefore the ſolid angle Ines AE 
coincides with the ſolid angle B, and conſequently they arc . F, w 
b 8. A. 6. qual d to one another. Q E. D. 2.91 7,01 aft coil 
. vith NR 
7 lid an 
| ed, in - 


ED 


" * 4 
* * 
S;. P R 0 
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* * 8 
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qual and fimilar planes alike ſituated, and having 
none of their ſolid angles contained by more than three 
plane angles; are equal and fimilar to one another. 


number of ſimilar and equal planes, alike ſituated, viz. let the 


plane plane AC be fimilar and equal to the plane KM, the plane 
each AF to KP; BG to LQ; GD to ON : DE to NO; and laſtly, 


FH ſimilar and equal to PR: The ſolid figure AG is equal and 
ſimilar to the ſolid figure KQ. 

Becauſe the ſolid angle at A is contained by the three plans 
angles BAD, BAE, EAD, which, by the hypotheſis, are e- 
qual to the plane angles LEN, LKO, OKN, which contain 
the ſolid angle at K, each to each; therefore the ſolid angle 


0 Ons 


e ſolid 


the other folid angles of the figures are equal to one another, 
f, then, the ſolid figure AG be applied to the ſolid figure KO; 
firſt, the plane fi- 

gure AC being H 


applied to the r 
plane figure KM; E 
the ſtraight line 


AB coinciding 
with KL, the fi- 
gure AC -muſt 
coincide with th 
toure KM, becauſe they are equal and ſimilar : Therefore the 
ſtraight lines AD, DC, CB coincide with KN, NM, ML, 
each with each; and the points A, D, C, B, with the points 
K, N, M, L: And the ſolid angle at A coincides. with“ the 
ſolid angle at K; wherefore the plane AF coincides with the 
pane KP, and the figure AF with the figure KP, becauſe they 
we cqual and fimilar to one another: Therefore the ſtraight 


EF, with the points O, P. In the ſame manner, the figure 
AE coincides with the figure KR, and the ſtraight line DH 
vith NR, and the point H with the point R: And becauic the 
iid angle at B is equal to the ſolid angle at L, it may be pro- 
ed, in the ſame manner, that the figure BG coincides * 

| tne 


Let AG, KQ be two ſolid figures contained by the ſame 


at A is equal! to the ſolid angle at K: In the ſame manner, 


ines AE, EF, FB, coincide with KO, OP, PL; and the points 


Book XI. 
— V — 


- OLID figures contained by the ſame number of | E- Se: N. 


+ & Lo 


| 
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2 16, 11. 


b 10. 11. 


e 4. 1. 
d 34. 1. 


the figure LO, and the ftraight line CG with MQ, and the 
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| Book XI. 
\AAV point G with the point Q: Since, therefore all the plane, milat 
and ſides of the ſolid figure AG coincide with the planes and BF. 


fides of the ſolid figure KQ, AG is equal and fimilar to KO: 
And, in the fame manner, any other ſolid figures whatever con. 
tained by the fame number of equal and fimilar planes, alike 
ſituated, and having none of their ſolid angles contained by 
more than three plane angles, may be proved to be equal and 


ſimilar to one another. Q. E. D. 


PROP. XXIV. THE OR. 


? L 
JF 2 ſolid be contained by ſix planes, two 2 two al uhich 
which are parallel; the oppoſite planes are ſimilar and the \ 
equal parallelograms. one: 
| | ſolid . 
Let the ſolid CDGH be contained by the parallel planes AC, Pro 
GF; BG, CE; FB, AE: Its oppoſite planes are fimilar and lines 
equal parallelograms. | each e 
Becauſe the two parallel planes BG, CE, are cut by the HQ, 
plane AC, their common ſections AB, CD, are parallel *. A- the ſtr 
gain, becauſe the two parallet planes BF, AE, are cut by the 
plane AC, their common ſections AD, BC, are parallel“: And 
AB is parallel to Ci); therefore AC is a parallelogram. In like 
manner, it may be proved that each B 9 * 
of the figures CE, VG, GB, BF, 
AE is a parallelogram : Join AH, A 
DF; and becaute AB 1s parallel to N 7 
DC, and BH to CF; the two 
ſtraight lines AB, BH, which meet | c| 
one another, are parallel to DC | — — F 
and CF which meet one another, — Nilo. x 
and are not in the ſame plane with ) E KB, A( 
the other two; wherefore they con- they ar 
tain equal angles d; the angle ABH is therefore equal to the lelograr 
angle DCF : And becauſe AB, BH, are equal to DC, CF, and HG. 1 
the angle ABH equal to the angle DCF; therefore the baſq of the 
AH is equal © to the baſe DF, and the triangle ABH to the tr l KR, 
angle DCF: And the parallelogram BG is double 4 of the tr: Planes 
angle ABH, and the parallelogram CE double of the triange in the 
Der; therefore the parallelogram BG is equal and fim ed bye , 
lar to the parallelogram CE. In the fame manner it my Lp, Kr 
be proved, that the parallelogram AC is equal and Wh: thre 


mila 
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ilar to the parallelogarm GF, and the parallelogram AE to Book Xt. 
BF Therefore, if a ſolid, &. Q. E. D. r — — 


. 


PROP. XXV. THE OR. | 


F a ſolid parallelepiped be cut by a plane parallel to * 
two of its oppoſite planes; it divides the whole into 

two ſolids, the baſe of one of which ſhall be to the 

baſe of the other, as the one ſolid is t&the other. 


Let the ſolid parallelepiped ABCD be cut by the plane EV, 
which is parallel to.the oppoſite planes AR, HD, and divides 
the whole -into the two ſolids ABFV, EGCD ; as the baſe 
AEFY of the firſt is to the baſe EH CF of the other, ſo is the 
ſolid ABFV to the ſolid EGCD. 

Produce AH both ways, and take any number of ſtraight 
lines HM, MN, each equal to EH, and any number AK, KL 
each equal to EA, and complete the parallelograms LO, KY, 
HQ, MS, and the ſolids LP, KR, HU, MT: Then, becauſe 
the ſtraight lines LK, KA, AE are all equal, the parallelograms 


X B 8 1 


S> RPRR SAT 
| | | | 


L Kj A |E||H]}|{M||N: 


| 
oO T M NX 
LO, KY, AP are equal *: And likewiſe the parallelograms XX, ® 36. 1. 
KB, AG®; as allo Þ the parallelograms LZ, KP, AR, becauſe b 24. ft. 
they are oppolite planes: For the ſame reaſon, the paral- 
lelograms EC, HO, MS are equal *; and the parallelograms 
HG, HI, IN, as allo > HD, MU, NT : Therefore three planes 
of the ſolid LP, are equal and ſimilar to three planes of the ſo- 
ld KR, as alſo to three planes of the ſolid AV: But the three 
planes oppoſite to theſe three are equal and ſimilar, » to them 
in the ſeveral ſolids, and none of their ſolid angles are contains 
ed by more than three plane angles: Therefore the three ſolids 
LP, KR, AV are equal © to one another: For the ſame reaſon, « C. 1. 
the three ſolids ED, HU, * are equal to one another: 9 — 
CE | 8 ore 
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Book XI. fore what multiple ſoever the baſe LF is of the baſe AF, th 


W_—_— ——_— 


e C. 11. 


d 5. def. 5. 


See N. 


a 11. 11. 


b 23. 1 


C IZ. II. 
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ſame multiple is the ſolid LV of the folid AV : For the ſan 
reaſon, whatever multiple the baſe NF is of the bafe HF, the 
ſame multiple is the ſolid NV of the ſolid ED : And if the baſe 
LF be equal to the baſe NF, the folid LV is equal © to the ſo. 
lid NV; and if the bafe LF be greater than the baſe NF, the 
ſolid LV is greater than the folid NV; and if lefs, leſs : Since 
then there are four magnitudes, viz. the two baſes AF, FH, 


X 2 B 6 1 
wy — E N ä 8 oo 
| $3 | 


Li _LKLALEUMHIMUNT 


o 
and the two ſolids AV, ED, and of the baſe AF and ſolid AV, 
the baſe LF and ſolid LV are any equimultiples whatever; and 
of the baſe FH and folid ED, the baſe FN and ſolid NV area. 
ny equimultiples whatever ; and it has been proved, that if the 
baſe LF is greater than the baſe FN, the folid LV is greater 
than the folig NV; and if equal, equal; and if les, lels. 


Therefore * as the baſe AF is to the baſe FH, fo is the ſolid AV 
to the ſolid ED. Wherefore, if a ſolid, &. Q. E. D. 


PROP. XXVI PRO B. 
T a given point in a given ſtraight line, to make 
a ſolid angle equal to a given ſolid angle contain- 

ed by three plane angles. 8 


Let AB be a given ſtraight line, A a given point in it, and 
D a given ſolid angle contained by the three plane angles EDC, 
EDF, FDC : It is required to make at the point A in the ſtraight 
line AB a ſolid angle equal to the ſolid ge D. 
In the firaight line DF take any point F, from which drav 


2 FG perpendicular to the plane EDC, meeting that plane in 
G; join DG, and at the point A in the ſtraight line AB 
make Þ the angle BAL equal to the angle EDC, and in the 
plane BAL make. the angle BAK equal to the angle EDC; 


then make AK equal to DG, and from the point K erect © * 


FE, 
it ma 
that p 
angle 
becau 
contai 
baſe E 
angles 
KH a 
baſe A 
therefe 
qual to 
theref 
BAH 

the ang 
the ſait 
anple l 
to the 

Becauſe 
DC be 
and KI 
FC be 
whole 
the con 
5 equal 
AL Jos 
RL is ec 
LS, KH 
therefor 
HA, Al 
FC, the 
becauſe t 
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at right angles to the plane BAL; and make KH equal to Book Xl. 
GF, — join AH : Then * ſolid angle at A, which is contain. - 
ed by the three plane angles BAL, BAH, HAL, is equal to the 
ſolid angle at D contained by the three plane angles , EDF, 
FDC. | 
Take the equal ſtraight lines AB, DE, and join HB, KB, 
FE, GE: And becauſe FG is perpendicular to the plane EDC, 
it makes right angles with every ſtraight line meeting it in d 3.def. 11. 
that plane: Therefore each of the angles FGD, FGE, is a right 
angle: For the ſame reaſon, HKA, HK; are right angles: And 
becauſe KA, AB are equal ro GD, DE, each to each, and 
contain equal angles, therefore the baſe BK is equal © to the e 4. 1. 
baſe EG : And KH is equal to GF, and HKB, FGE, are right 
angles, therefore HB is equal to FE : Again, becauſe AK, 
KH are equal to DG, GF, and contain right. angles, the 
baſe AH is equal to the baſe DPF; and AB is equal to DE; 


therefore HA, AB are equal to FD, DE, and the baſe HB is e- 
qual to the baſe FE, 


therefore the angle 


, BAH is equal f to 
and the angle EDF : For 
SY the ſaime reaſon, the 
the angle HAL is qual 
7 to the angle FDC. 
leſs Becauſe if AL and 
AY DC be —_— 

and KL, HE, GC, 


FC be joined, ſince the whole angle BAL is equal to the 
whole EDC, and the parts of them BAK, EDG are, by 
the conſtruction, equal; therefore the remaining angle KAL 
nake s equal to the remaining angle GDC: And becauſe KA, 


tain- AL are equal to GD, DC, and contain equal angles, the baſe 


AL is equal © to the baſe GC: And KH is equal to GF, ſo that 


LK. KH are equal to CG, GF, and they contain right angles; 
-- erefore the baſe HL is equa] to the baſe FC: A ain, becauſe 


oc a, AL are equal to FD, DC, and the baſe HI. to the baſe 
E. 3 FC ed 
raight Wl. * the angle HAL. is equal f to the angle FDC : Therefore, 


becauſe the three plane angles BAL, BAH, HAL, which contain 
dau tte (old angle at A, are equal to the three plane angles EDC, 
ane in EDF, FDC, whic 


h contain the ſolid angle at D, each to each, 
ind are ſituated in the ſame order, the ſolid angle at A is e- 


efore, at a given point in 6 B. xt, 
; been made equal to a gi- 
contained by three plane angles. Which was to 


in the Gaal 2 to the ſolid angle at D. Ther 
De: Wo ſtraight line, a ſolid angle has 
re KH ren ſolid angle 
f 4 be done. 
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3 PROP. XXVII. PRO B. 


O deſcribe from a given ſtraight line a ſolid paral. 
lelepiped fimilar, and fimilarly fituated to one 
given. 


Let AB be the given ſtraight line, and CD the given ſolid pa. 
rallelepiped. It is required from AB to deſcribe a ſolid paralle. 
lepiped ſimilar and ſimilarly ſituated to CD. | 

a 26. 11. At the point A of the given ſtraight line AB, make : a ſolid 
angle equal to the ſolid angle at C, and let BAK, KAH, HAB 
be the three plane angles which contain it, ſo that BAK be e 
qual to the angle ECG, and KAH to GCF, and HAB to 

b12.6. FCE: And as EC to CG, fo make d BA to AK; and as GC to 

© 22.5 CF, fo make ® KA to AH ; wherefore, ex æquali e, as EC to 
CF, ſo is BA to AH: Complete the parallelogram BH, and 
the ſolid AL: And | 
becauſe, as EC to | 


CG, ſo BA to AK, H N 


D 
hw 


the ſides about the © 
equa) angles ECG, 
BAK arc proporti- 
onals ; therefore the Ki | 
parallelogram BK 


* 
is ſimilar to EG. C E 
For the ſame rea- A B 


ſon, the parallelo- 
gram KH is ſimilar to GF, and HB to FE. Wherefore three 
parallelograms of the ſolid AL are ſimilar to three of the ſolid 
d 24. 11. CD; and the three oppoſite ones in each ſolid are equal “ and 
ſimilar to theſe, each to each. Alſo, becauſe the plane angles 
which contain the folid angles of the figures are equal, each to 
each, and ſituated in the ſame order, the ſolid angles are e. 
e B. 11. qual e, each to each. Therefore the ſolid AL is ſimilar f to the 
fi. def. 11. ſolid CD. Wherefore from a given ſtraight line AB a ſolid pa- 
rallelepiped AL has been deſcribed ſimilar, and ſimilarly ſituated 
to the given one CD. Which was to be done. | 


PROP. 
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than t. 
two eq 
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OF EUCLID, 
PROP. XVIII. THE OR. 


F a ſolid para'l: lepiped be cut by a plane paſſing 
through the diagonals of two of the oppoſite planes ; 
it ſhall be cut in two equal parts. 


Let AB be a ſolid parallelepiped, and DE, CF the diago- 
nals of the oppoſite parallelograms AH, GB, viz. thoſe which 
are drawn betwixt the equal angles in each : And becauſe CD, 
FE are each of them parallel to GA, and not in the ſame plane 


with it, CD, FE are parallel a; wherefore the diagonals CF, 
DE are in the plane in which the pa- C B 
rallels are, and are themſelves paral- 

ſels > : And the plane CDEF ſhall cut | 


the ſolid AB into two equal parts. | 
Becauſe the triangle CGF is equal 
to the triangle CBF, and the triangle 
DAE to DHE; and that the paral- D Ys H 
lelogram CA is equal à and limilar to . 
the oppoſite one BE; and the paral- 1 7 
lelogram GE to CH : Therefore the A 
priſm contained by the two triangles 
CGF, DAE, and the three parallelograms CA, GE, EC, is 
equal e to the priſm contained by the two triangles CBF, DHE, 
and the three parallelograms BE, CH, EC; becauſe they are 
contained by the fame number of equal and ſimilar planes, alike 
inuated, and none of their ſolid angles are contained by more 
than three plane angles. Therefore the ſolid AB is cut into 
two equal parts by the plane CDEF. Q. E. D. 


N. B. The inſiſting ſtraight lines of a parallelepiped, men- 


* tioned in the next and ſome following propoſitions, are the 


ſides of the parallelograms betwixt the baſe and the oppoſite 


plane parallel to it. 


PRO P. MR. 1 HRE UR. 


COLID parallelepipeds upon the ſame baſe, and of See N. 


the fame altitude, the inſiſting ſtraight lines of 
vhich are terminated in the ſame ftraight lines in the 

pane oppoſite to the baſe, * equal to one another. 
| | 3 | Let 


\ - 


a 9+ IT, 


b 16. 11. 
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Book Xl. Let the ſolid parallelepipeds AH, AK be upon the ſame 
r AB, and of the ſame altitude, and let 1 inſiſting dra 
__ be- lines AF, AG, LM, LN, be terminated in the ſame ſtraight 
/ line FN, and CD, CE, BH, BK be terminated in the ſame 
ſtraight line DK; the ſolid AH is equal to the ſolid AK. 
Firſt, Let the parallelograms DG, HN, which are oppoſite 
to the baſe AB, have a common fide HG: Then, becauſe the 
ſolid AH is cut by the plane AGHC paſling through the diago. 
nals AG, CH of the oppolite planes ALGF, CBHD, AH i; 
a 28. 11. cut into two equal parts * by the plane AGHC : Therefore the 
ſolid AH is donble of the D H 
priſm which is contained be- ; 
twixt the triangles ALG, 
CBH : For the ſame reaſon, 
becauſe the ſolid AK is cut 
by the plane LGHB through 
the diagonals LG, BH of the 
oppoſite planes A LNG, 
CBKH, the folid AK is double of the fame priſm which i; 
contained betwixt the triangles ALG, CBH. Therefore the 
ſolid AH is equal to the ſolid AK. 
But, let the parallelograms DM, EN oppoſite to the baſe, 
have no common fide : Then, becauſe CH, CK are parallel. 
p 34. 1. grams, CB is equal ® to each of the oppoſite ſides DH, EK; 
1 wherefore DH is equal to EK : Add, or take away the common 
part HE; then DE is equal to HK : Wherefore alſo the tri. 
c 38. 1. angle CDE is equal © to the triangle BHK : And the parallelo. 
d 36. x. gram DG is equal 4 to the parallelogram HM : For the ſame 
reaſan, the triangle AFG is equal to the triangle LMN, and 
e 24. 11. the parallelogram CF is equal © to the parallelogram BM, and 


K. K 
M/\N 
/ 


; e | lane 

A | L. A | | L he pa 
CG to BN; for they are oppoſite. Therefore the priſm which and t! 
is contained by the two triangles AFG, CDE, and the three DOI 
f C. 11. parallelograms AD, DG, GC is equal f to the priſm, contain- gures 
| ed by the two'triangles LMN, BHK, and the three parallelo- becauſ 
grams BM, MK, KL. If therefore the priſm LMNBBK be and th 

| ; | taken 


J 


8 

"CY 

io 
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taken from the ſolid of which the baſe is the parallelogram Boo? XI. t 


1 


AB, and in which FDKN is the one oppoſite to it; aud if 

from this ſame ſolid there, be taken the priſm AFGCDE; 

the remaining ſolid, viz. the parallelepiped AH, is equal to the 

na parallelepiped AK. Therefore ſolid parallelepipeds, 
D. 


xc. Q. 
PNO P. AXX. THEO RN; 


OLID parallelepipeds upon the ſame baſe, and of ses N. 
the ſame altitude, the inſiſting ſtraight lines of 

which are not terminated in the ſame ſtraight lines in 

the plane oppoſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN be upon the ſame baſe AB, 
and of the ſame altitude, but their inſiſting ſtraight lines AF, 
AG, LM, LN, CD, CE, BH, BK, not terminated in the ſame 


h is ſtraight lines: The ſolids CM, CN are equal to one another. 
the Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, O, R; and join A0, LP, BO, 
ae, CR : And becauſe the plane LBHM is parallel to the oppoſite 
7 I N K 
mon 
tr 
lelo. 
ſame | 3 
and 2 —< : 
, and | » Fg 2 
F + » DOE yy — 


plane ACDF, and that the plane LBHM is that in which are . 
the parallels LB, MHPO , in which alſo is the figure BLEO | 

which and the plane ACDF is that in which are the parallels AC, 

Fur FDOR, in which alſo is the figure CAOR; therefore the fi- 

| gures BLPQ, CAOR are in parallel planes: In like manner, 

-allelo- becauſe the plane ALNG is parallel to the oppoſite plane CBKE, 

Uk be nd that the plane ALNG is that in which are the parallels 

P 4 | AL, 


232 - THE ELEMENTS 
Book XI. AL, OPGN, in which alſo is the figure ALPO ; and the plane 
" CBKE is that in which are the parallels CB, ROEK, in which 
alſo is the figure CBR; therefore the figures ALPO, CBQR 

are in parallel planes: And the planes ACBL, ORQP are pa. 

ralle] ; therefore the ſolid CP is a parallelepiped : But the ſo. 

lid CM, of which the baſe is ACBL, to which FDHM is the 

2 29. 11. oppoſite parallelogram, is equal = to the ſolid CP, of which the 


baſe is the parallelogram ACBL, to which OBO is the one 
oppoſite ; becauſe they are upon the ſame bale, and their in- 


are in the ſame ſtraight lines FR, MQ : And the ſolid CP is e- 
qual a to the ſolid CN; for they are upon the ſame baſe ACBL, 
and their inſiſting ſtraight lines AO, AG, LP, LN ; CR, CE, 
BQ, BK are in the ſame ſtraight lines ON, RK: Therefore 
the ſolid CM is equal to the ſolid CN, W herefore ſolid paral. 
lelepipeds, &. Q. E. D. | 


PRO P. . THE OR: 


see N. OO LI parallelepipeds which are upon equal baſes, 
and of the ſame altitude, are equal to one another. 


Let the ſolid parallelepipeds AE, CF, be upon equal baſes 
AB, CD, and be of the ſame altitude; the ſolid AE is equal 
to the ſolid CF. | 


Firſt, Let the inſiſting ſtraight lines be at right angles to the 


baſes AB, CD, and let the baſes be placed in the ſame plane, 


ſiſting ſtraight lines AF, AO, CD, CR; LM, LP, BH, BY 


and 
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and ſo as that the ſides CL, LB be in a ſtraight line ; there- Book XI. 
fore the ſtraight line LM, which is at right angles to the plane re 
in which the baſes are, in the point L, is common * to the two 3 13 f. 
ſolids AE, CF; let the other inſiſting lines of the ſolids be 

AG, HK, BE; DF, OP, CN: And firſt, let the angle ALB be 

equal to the angle CLD; then AL, LD are in a ſtraight line b. b 14. I. 
Produce OD, HB, and let them meet in Q, and complete the 

ſolid parallelepiped LR, the baſe of which is the parallelogram 

LQ, and of which LM is one of its inſiſting ſtraight lines: 
Therefore, becauſe the parallelogram AB is equal to CD, as the 

baſe AB is to the baſe LO, ſo is © the baſe CD to the ſame © 7-5 
LO: And becauſe the ſolid parallelepiped AR is cut by the 

plane LMEB, which is parallel to the oppoſite planes AK, DR; 

5 the baſe AB is to the baſe LO, ſo is « the ſolid AE to the 428. 17. 
ſolid LR: For the ſame reaſon, becauſe the ſolid parallelepiped 

CR is cut by the plane LMFD, which is parallel to the oppoſite 

planes CP, BR ; as | 


the baſe CD to the P F R 
baſe LO, ſo is the = 
ſolid 25 to the ſo- . — DN 
lid LR: But as the G YL = X 
baſe AB to the baſe | D Q | 
ne W109, co te baſe CD O = 
in- to the baſe LQ, as "3 "oy 
8 before was proved: _ * 
| 2 Therefore as the ſo- C LN G HT 
1, Wii AE to the ſolid | A 8 
E, LR, ſo is the ſolid CF to the ſolid LR; and therefore the ſolid 
ore AE is equal © to the ſolid CF. © 9+ 8. 
ral But let the ſolid parallelepipeds SE, CF be upon equal baſes 


SB, CD, and be of the ſame altitude, and let their inſiſtin 
traight lines be at right angles to the baſes; and place the 
bales SB, CD in the ſame plane, fo that CL, LB be in a ſtraight 
ine; and let the angles SLB, CLD be unequal ; the ſolid SE 
alſo in this caſe equal to the ſolid CF: Produce DL, TS un- 
il they meet in A, and from B draw BH parallel to DA ; and 
kt HB, OD produced meet in Q, and complete the ſolids AE, 
LR: Therefore the ſolid AE, of which the baſe is the parallelo- 
ran LE, and AK the one oppoſite to it, is equal f to the ſo. f 29: rr. 
id SE, of which the baſe is LE, and to which SX is oppoſite ; | 
jor they are upon the ſame baſe LE, and of the ſame altitude, 
ad their infiſting ſtraight lines, viz. LA, LS, BH, BT; MG, 
IV, EK, EX are in the ſame ſtraight lines AT, GX: And be- 
cauſe 
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Book XI. cauſe the parallelogram AB. is equal © to SB, for they are uno to the 
g zt, the ſame baſe LB, and between the ſame parallels LB, Ade (ol 
and that the baſe p F R baſes 2 
SB is equal to the u — 0 the 
baſe CD; therefore | N _ . E 
the baſe AB is equal | GH — Sx 
to the baſe CD, and | D | E 
the angle ALB is O — — Q, | 0 
equal to the angle, B 8 ˖ 
CLD: Therefore, 5 — 
by the firſt caſe, C P 
the ſolid AE is e- A'S HF Let 
qual to the ſolid They a 
CF; but the ſolid AF. is equal to the ſolid SE, as was demon to the 
ſtrated ; therefore the ſolid SE. is equal to the ſolid CP, LE 
But, if the inſiſting. ſtraight lines AG, HK, BE, LM, cv” AE, 
RS. DF, OP, be not at right angles to the baſes AB; CD; i anc] by 
this caſe likewiſe the ſolid AE is equal to the ſolid CF: Fron Eb 
the points G, K, E, M; N, 8, F, P, draw the ſtraight line 4 * 
k xr. 11. GQ,, KT, EV, MX; NY, SZ, FI, PU, perpendicular to Mx , 
plaue in which are the baſes AB, CD; and let them meet it i i d 
the points Q, I, V, X; XV, Z, I, U, and join QT, IV, v 8 * 
XQ; YZ, ZI, IU, UY : Then, becauſe GQ , KT, are at righ 7 1 
z 
are of tt 
altitude 
becauſe 
id para 
ed CK 
by the p 
NF is © 
A H & T 4 baſ 
36,11. angles to the ſame plane, they are parallel i to one another x F 7 
And MG, EK are parallels; therefore the plane M, ET, 0, E. ] 
which one paſſes through MG, 62, and the other throug 5003 
EK, KT which are parallel to MG, „and not in the {a e f 
k 15. 11. plane with them, are parallel * to one another: For the ſa 7. 0 
reaſon, the planes MV, GT are parallel to one another: Ther (FG. : 
fore the ſolid Q is a parallelepiped : In like manner, it va... am 
be proved, that the ſolid YF is a parallelepiped : But, fro 10 * 
what has been demonſtrated, the ſolid EQ is equal to the {0 NO, ar, 
FV, becauſe they are upon equal baſes MK, PS, and of il "a 


ſame altitude, and have their inſiſting ſtraight lines at right ang ude, th 


OF EUCLID, as 


to the baſes: And the ſolid EQ is equal i to the ſolid, AE; and Book XI. 
the ſolid F to the ſolid CF; becauſe they are upon the ſame e 
baſes and of the ſame altitude: Therefore the ſolid AE is equal 11. 

0 the ſolid CF. Wherefore ſolid parallelepipeds, &c. Q. E. D. 


PROP. XXXII. THE OR. 


OLID parallelepipeds which have the ſame alti- see N. 
8 tude, are to one another as their baſes. 


Let AB, CD be ſolid parallelepipeds of the ſame altitude: G 
They are to one anather as their bales; that is, as the baſe AE 

o the baſe CF, ſo is the ſolid AB to the ſolid CD. 

To the ſtraight line FG apply the parallelogram FH equal a = Cor. 45.1. 
o AE, ſo that the angle FGH be equal to the angle LCG ; 

and complete the ſolid parallelepiped GK upon the haſe FH, 

one of whoſe inſiſting lines is FD, whereby, the ſolids CD, GK 

muſt be of the ſame altitude: Therefore the ſolid AB-is equal d b 31. 11. 


| o the ſolid | 
to we, becauſe D — 


B ie NN OP * 
Ein * VV E \\ 
altitude: And FAN | | | 


re of the ſame 


becauſe the ſo- A M | C | G hs fi 


lid parallelepi- 

ed CK is cut 

by the plane DG which is parallel to its oppoſite planes, the baſe 

HF is © to the baſe FC, as the ſolid HD to the ſolid DC +: But e 25. 11. 
the baſe HF is equal to the baſe AE, and the ſolid GK to the 

ſolid AB: Therefore, as the baſe AE. to the baſe CF, ſo is the 


Z 


17 {lid AB to the ſolid CD. Wherefore ſolid parallelepipeds, &c. 
„Ege E. D. | 
22 Cor. From this it is manifeſt that priſms upon triangular ba- 


les, of the ſame altitude, are to one another as their baſes. 
Let the priſms, the baſes of which are the triangles AEM, 
WG, and NBO, PDQ the triangles oppolite to them, have 
ie ſame altitude; and complete the parallelograms AE, CF, 
ind the ſolid parallelepipeds AB, CD, in the firſt of which ler 
MO, and in the other let GQ be one of the inſiſting lines. And 
cauſe the ſolid parallelepipeds AB, CD have the fame alti. 
ue, they are to one another as the baſe AE is to the 8 
8 * F; 


the ſa 
There 
r, it m 
at, fro 
the (ol 
ad of ti 
ht ang 
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Book XT. CF ; wherefore the priſms, which are their halves 4 are t 
Jig r. another, as the baſe AE to the bale CF; that is, as the rhe” peu? 
AEM to the triangle CFG. In. x7 
EX ; 2 
PROP. XXXIII. T HE OR. and as 
there fo 
82 ar ſolid parallelepipeds are one to another in dL. 
the triplicate ratio of their homologous ſides, 7 
| 0 
Let AB, CD be ſimilar ſolid parallelepipeds, and the fide AF 4 
homologous to the fide CF : The ſolid AB has to the ſolid CU 13 
the triplicate ratio of that which AE has to CF. 1 1 a 575 
Produce AE, GE, HE, and in theſe produced take EK e. rj 
qual to CF, EL equal to FN, and EM equal to FR; and com. 33 
plete the parallelogram KL, and the ſolid KO : Becauſe KE, EI. up 
are equal to CF, FN, and the angle KEL equal to the angle CEN 00 k 
becauſe it is equal to the angle AEG which is equal to CF N, by 1 
realon that the ſolids AB, CD are ſimilar; therefore the paral. hrs 
lelogram KL is ſimilar and equal to the parallelogram CN : For 
the fame reaſon, the parallelogram MK is ſimilar and equal to Cor 
CR, and alſo OE n 
to FD. There- | B N s 
fore three paralle. | % * 
lograms of the ſo- — H | P line ha 
lid KO are equal G| | b the | 
and ſimilar tot bree — _ 
parallelograms of * "Wo 
the ſolid CD : And — K 
the three oppoſite A. . | 
ones in each ſolid L 
4 24. 11. are equal ® and 2 HOES 
n Galle” ts theſe : MIN 8³ 
Therefore the ſo- | AY 
b C. 11. lid KO is equal ® 0 a wh 
and ſimilar to the ſolid CD : Complete the parallelogr: 265 
GK, and complete the ſolids EX, LP upon the baſes ratio C 
GK, KL, fo that EH be an inſiſting ſtraight line in eac 
of them, whereby they muſt be of the ſame altitude with the * 
ſolid AB: And becauſe the ſolids AB, CD are ſimilar, ad. 
by permutation, as AE. is to CF, ſo is EG to FN, and fo is EH uned.; 
to FR; and FC is equal to EK, and FN to EL, and FR td pe 
EM; therefore as AE to EK, ſv is EG to EL, and ſo is HHH 0 
c1.6 to EM: But, as AE to EK, ſo © is the parallelogram AG te les A 


the parallelogram GK; and as GE to EL, ſo is e GK to KL 
N an 
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d 0 ad as HE to EM, ſo e is PE to KM : Therefore as the parallelo- Book XI. 
angh m AG to the parallelogram GK, ſo is GK to KL, and PE ITE 


o KM: But as AG, to GK, ſo “ is the folid AB to the ſolid d 28. 11. 
EX; and as GK to KL, ſo is the ſolid EX to the ſolid PL; 
and as PE to KM, ſo 4 is the ſolid PL to the ſolid KO: And 
therefore as the lolid AB to the ſolid EX, ſo is EX to PL, 
and PL ro KO: But if four magnitudes be continual propor- 
tionals, the firſt is ſaid to have to the fourth the triplicate ratio 
of that which it has to the ſecond : Therefore the folid AB 
has to the ſolid KO, the triplicate ratio of that which AB has 
o EX: But as Ah is to EX, ſo is the parallelogram AG to 
the parallelogram GK, and the ſtraight line AE to the ſtraight 
| ine EK. Wherefore the ſolid AB has to the ſolid KO, the tri- 
EK eB plicate ratio of that which AE has to EK. And the ſolid KO 
| com. s equal to the ſolid CD, and the ſtraight line EK is equal to 
un me ſtraight line CF. Therefore the ſolid AB has to the ſolid 
LN, CD, the triplicate ratio of that which the ſide AE has to the 
N, by homologous fide CF, &c. Q. E. D. 


Jual to Cor. From this it is manifeſt, that, if four ſtraight lines be 
continual proportionals, as the firſt is to the fourth, ſo is the 
ſolid parallelepiped deſcribed from the firſt to the ſimilar ſolid 
lmilarly deſcribed from the ſecond 3 becauſe the firſt ſtraight 
line has to the fourth the triplicate ratio of that which it has 


io the ſecond, 
NR 
| R DC TIRED 
> OLID parallelepipeds contained by parallelograms see N. 
| ) equiangular to one another, each to each, that is, 
ot which the ſolid angles are equal, each to each, have 
lor one another the ratio which is the ſame with the 
baſe ratio compounded of the ratios of their ſides. 
n eac | 
8 Let AB, CD be ſolid parallelepipeds, of which AB is con- 
TT ned by the parallelograms AE, AF, AG equiangular, each 
FR te lo each, to the parallelograms CH, CK, CL, which contain the 
ic HY id CD. The ratio which the ſolid AB has to the ſolid CD is 
AG U he ſame with that. which is compounded of the ratios of the 
to KL des AM to DL, AN to DK, and AO to DH. 


all 


Produce 
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Book XI. Produce MA, NA, e ſo that AP be equa 
= io DL, AQ to DK, and AR to DH ; and complete the fol 

parallelepiped AX contained by the parallelograms AS, AT, 
AV ſimilar and equal to CH, CK, CL, each tv each. There: 
fore the ſolid AX. i equal to the ſolid CD. Complete likewiſe 
the ſolid AY, the baſe of which is AS, and of which AO js 
one of its inſiſting {traight lines. Take any ſtraight line 3, 
and as MA to AP, fo make a to b; and as NA to A - 
make b toc; and as AO to AR; ſoc to d: Then, becauſe 4th 
parallelogram AE is equiangular to AS; AE is to AS, as the 
ſtraight line a to c, as Is demonſtrated in the 23. Prop. Book 
6. and the ſolids AB, AY, being betwixt the parallel planes 
BOY, EAS, are of the fans altitude. Therefore the ſolid AB 
is to the ſolid AY, as ® the baſe AE to the baſe AS, that is, 
as the ſtraight line a is to c. And the ſolid AY is to the ſolid 


a G. 11. 


b 32. 11. 


AX, as © the baſe OO is to the baſe ; that is, as the ſtraight 

1 line OA to AR; _ is, as the ſtraight line c to the ſtraight 
line d. And becaufe the ſolid AB is to the ſolid AY, as a is te 
c, and the folid AY to the ſolid AX, as c is to d; ex qual 
the ſolid AB is to the ſolid AX, or CD which is equal ro It 
as the ſtraight line a is to d. But "ye 7 * a to d . 92 0 
be compounded 4 of the ratios of a to to e, an 

an which — the ſame with the ratios of the ſides MA to AP, N 
to AQ, and OA to AR, each to each, And the ſides AP, 42 
AR are equal to the ſides DL, DK, DH, each to each, There 
fore the ſolid AB has to the ſolid CD the ratio which is the ſa 
with that which is compounded of the ratios of the ſides AM 
* AN to DK, and AO to DH. QE. PD. 
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PROP. XXXIV. THE OR. 


ere. peds, are reciprocally proportional; and if the 
4 baſes and altitudes be reciprocally proportional, the 

7 b lid parallelepipeds are equal. | 

„ * . 

po Let AB, CD be equal ſolid parallelepipeds ; their baſes are 

; the WY reciprocally proportional to their altitudes ; that is, as the baſe 
2,0, k is to the baſe NP, ſo is the altitude of the ſolid CD to the 


altitude of the ſolid AB. 3 | 
Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; 
CM. NX, OD, PR be at right angles to the baſes, As the baſe 
FH to the baſe NP, ſo is * 
(M to AG. If the baſe K B R D 
EH be equal ro the baſe | F 
X 


NP, then becauſe the ſo. . G | 


id AB is likewiſe equal 14 | | 
be equal to AG. Becauſe H E P 0 


"the ſolid CD, CM ſhall 

the baſes EH, NP be e- | 
gal, but the altitudes E C N 
6, CM be not equal, 
ether ſhall the ſolid AB be equal to the ſolid CD. But the 
ſolids are equal, by the hypotheſis, Therefore the altitude CM 
5 not unequal to the altitude AG; that is, they are equal, 
Wherefore as the baſe EH. to the baſe NP, fo is CM to AG. 
Next, Let the baſes EH, NP not be equal, but EH greater 


man the other: Since then the ſolid AB is equal to the ſolid 
D, CM is therefore F 


1050 
we greater than AG: For, e 
a is t be not, neither al- | 8 

in this caſe, would DX 
o folids AB, CD be K E MT 
ſaid te qual, which, by the = 1 W | | I 
« ro d pocheſis, are equal. | F hv | 
P,N 1 then CFequal to 1 
> A b, and complete the _I_ lo! 
Th ho Id parallelepiped CV H P 2 $1 
ne Cari ich the baſe is N 
AM. and altitude CT. C 


kauſe the ſolid AB ; 
equal ro the ſolid CD, therefore the ſolid AB is to the 
> OP ſolid 


HE baſes and altitudes of equal ſolid parallelepi- ste N. 
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Book XI. ſolid CV, as the ſolid CD to the ſolid CV. But as the & PT, 
STS” lid AB to the ſolid CV, fo b is the baſe EH to the baſe NP, for ſolid 
b 32. 11. the folids AB, CV are of the ſame altitude; and as the ſolid that 
; 78 * CD to CV, ſo © is the baſe MP to the baſe PT, and ſo «1, ſolid 
the ſtraight line MC to CT; and CT is equal to AG. There. Se 
fore, as the baſe EH to the baſe NP, fo is MC to AG. Where. BL, 
fore, the baſes of the ſolid parallelepipeds AB, CD are recipto. the b 
cally proportional to their altitudes. D, R 
Let now the baſes of the ſolid parallele pipeds AB, CD be re. baſes 
ciprocally proportional to their altitudes ; viz. as the baſe EI 0.1, 
to the baſe NP, fo the al- ) rallel« 
ritude of the ſolid CD ro K B R D this b 
the altitude of the ſolid ual, 
AB ; the ſolid AB is e- Ne INF | Frm R * t 
qual to the ſolid CD. Let bebo CD te 
the inſiſting lines be, as | equal 
before, at ki ht angles to, H L P 5 wid 1 
the Þaſes. hen, if the SN 


A | 
baſe EH be equal to the A E C N 
baſe NP, ſince EH is to | 

NP, as the altitude of the ſolid CD is to the altitude of the ſo. 
e A. 5. lid AB, therefore the altitude of CD is equal © to the altitude 
of AB. But ſolid parallelepipeds upon equal baſes, and of the 
f 31. 11, ſame altitude, are equal f to one another; therefore the ſolid AB 
is equal to the ſolid CD. 
But let the baſes EH, NP be unequal, and let EH be the 
reater of the two. Therefore, ſince as the baſe EH to the bile 
P. fo is CM the alti- 


tude of the ſolid CD to R D 

AG the altitude of AB, | | 

CM is greater © than K R N 25 * ſame a 
AG. Again, Take CT 2 2 DZ, by 
equal to AG, and com- | "6h F — therefc 
plete, as beſore, the ſo- | are rec 
lid CV. And, becauſe | nllelex 
the baſe E!1 is to the Hf AL P N angles 
baſe NP, s CM to AG, ** RY | as" nie F 
and that AG is equal to the alt} 
C, therefore = baſe | A E C 2 a baſe E. 
El is to the baſe NP, as MC to CT. But as the baſe EH 1s to NM baſe E. 
ſo d is the ſolid AB to the ſolid CV ; for the ſolids AB, CV are WT the alti 
the ſame altitude; and as MC to CT, ſo is the baſe MP to mY DZ, T 


lore as 
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* pT, and the ſolid CD to the ſolid e CV : And therefore as the Bock Xl. 
* ſolid AB to the ſolid CV, ſo is the ſolid CD to the ſolid CV r 


that is, each of the ſolids AB, CD has the ſame ratio to the 
ſolid CV ; and therefore the ſolid AB is equal to the ſolid CD. 
Second general caſe. Let the inſiſting ſtraight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to 
the baſes of the ſolids; and from the points F, 5. K, G; X, 
D, R, M draw perpendiculars to the planes in which are the 
baſes EH, NP meeting thoſe planes in the points 8, Y, V, T; 
2. J. U, Z; and complete the ſolids FV, XU, which are pa- 
rallelepipeds, as was proved in the laſt part of prop. 31. of 
this book. In this caſe, likewiſe, if the ſolids AB, CD be e- 
qual, their baſes are reciprocally proportional to their altitudes, 
vir, the baſe EH to the baſe NP, as the altitude of the ſolid 
CD to the altitude of the ſolid AB. Becauſe the folid AB is 
equal to the ſolid CD, and that the ſolid BT is equal eg to the 8 29. 9739 - 
ſolid BA, for they are upon the ſame baſe FK, and of the 


K 8B RD 
| 0 

of the G F / 
id AB 


// 
V f N 4 475 | 
be the | 
HEL 


ge bale * J 8 . 27 0 Q 


1 C N 

ſame altitude; and that the ſolid DC is equal s to the ſolid 
DZ, being upon the ſame baſe XR, and of the ſame altitude ; 
therefore the ſolid BT is equal to the ſolid DZ: But the baſes 
re reciprocally proportional to the altitudes of equal ſolid pa- 
rallelepipeds of which the inſiſting ſtraight lines are at right 
angles to their baſes, as before was proved : Therefore as the 
bake FK to the baſe XR, ſo is the altitude of the ſolid DZ to 
ihe altitude of the ſolid BT : And the baſe FK is equal to the 
baſe EH, and the baſe XR to the baſe NP: Wherefore, as the 
baſe EH to the baſe NP, ſo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT : But the altitudes of the ſolids - 
DZ, DC, as alſo of the ſolids BT, BA are the fame. There- 
fore as the baſe EH to the baſe NP, ſo is the altitude of the 
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Book XI. ſolid CD to the altitude of the ſolid AB; that is, the baſe; of 

the ſolid parallelepipeds AB, CD are reciprocally proportions 
to their altitudes. 

Next, Let the baſes of the ſolids AB, CD. be reciprocally 

roportional to their altitudes, viz. the baſe EH to the baſs 

NP, as the altitude of the ſolid CD to the altitude of the ſo. 

lid AB; the ſolid AB is equal to the ſolid CD : The ſame 

conſtruction being made; becauſe, as the baſe EH to the base 

NP, ſo is the altitude of the ſolid CD to the altitude of the 

ſolid AB; and that the baſe EH is equal to the baſe FK; and 

NP to XR; therefore the baſe FK is to the baſe XR, as the 

altitude of the ſolid CD to the altitude of AB : But the alt. 
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tudes of the ſolids AB, BT are the ſame, as alſo of CD and 
DZ; therefore as the baſe FK to the baſe XR, ſo is the alt 
tude of the ſolid DZ to the altitude of the ſolid BI : Where. 
fore the baſes of the ſolids BI, DZ are reciprocally propor: 
tional to their altitudes ; and their inſiſting ſtraight lines are 2 
right angles to the baſes ; wherefore, as was before proved, ths 
8 29. or 30. ſold BT is equal to the ſolid DZ : But BT is equal s to theo: 
77 lid BA, and DZ to the ſolid DC, becauſe they are upon tht 
ſame baſes, and of the ſame altitude. Therefore the ſolid Ab 
is equal to the ſolid CD. Q, E. D. 
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OF EUCLID, 


PROP, XXXV. THEOR, 


F, from the vertices of two equal plane angles, there 
be drawn two ſtraight lines elevated above the planes 


e (0 a 4 

ſane in which the angles are, and containing equal angles 
bas with the ſides of thoſe angles, each to each; and if in 

f the che lines above the planes there be taken any points, 


and from them perpendiculars be drawn to the planes 
in which the firſt named angles are: And from the 
points in which they meet the planes, ſtraight lines be 
drawn to the vertices of the angles firſt named; theſe 
ſtraight lines ſhall contain equal angles with the 
ſtraight lines which are above the planes of the angles. 


Let BAC, EDF he two equal plane angles; and from the 
oints A, D let the ſtraight lines AG, DM be elevated above 
the planes of the angles, making equal angles with their ſides 
ach to each, viz. the angle GAB equal to the angle MDE, and 

AC to MDF; and in AG, DM let any points G, M be ta- 
en, and from them let perpendiculars GL, MN be drawn to 
he planes BAC, EDF meeting theſe planes in the points L, N; 


D and D 


Vhere . | 
= 
i d 


as 
H L 
G 


M 


4 Join LA, ND: The angle GAL is equal to the angle 
Make AH equal to DM, and through H draw HK parallel 
) GL: But GL is perpendicular to the plane BAC; where- 
re HK is perpendicular © to the ſame plane: From the points 
N, to the ſtraight lines AB, AC, DE, DF, draw perpen- 
culars KB, KC, NE, NF; and join HB, BC, ME, EF: 

h Q 2 Becauſe 


— 


i 0 
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Book XI. Becauſe HK is perpendicular to the plane BAC, the plane 
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DM, 
11. HK which paſſes through HK is at right angles “ to the ſquar' 
9 BAC; and AB is Ps, the plane BAC * right * AKH 
the common ſection BK of the two planes; therefore AR ;; to the 
c 4. def. 11. perpendicular © to the plane HBK, and makes right angles the ſq 
d z. def. 11. with every ſtraight line meeting it in that plane: But BH meets and of 
it in that plane; therefore ABH is a right angle: For the ſame There 

reaſon, DEM is a right angle, and is therefore equal to the ing ſq 

angle ABH : And the angle HAB is equal to the angle MDE, NM : 
Therefore in the two triangles HAB, MDE there are twoangęes each, : 
in one equal to two angles in the other, each to each, and theref, 

one ſide equal to one ſide, oppoſite to one of the equal angles E. D. 
in each, viz. HA equal to DM ; therefore the remaining ſides Cos 
Cc 2 are equal e, each to each: Wherefore AB is equal to DE, In two ec 
the ſame manner, if HC and MF be joined, it may be demon. contal 

ſtrated that AC is equal ro DF: Therefore, ſince AB is equal to each; 
DE, BA and AC are equal to ED and DF ; and the angle qual ſt 

one an 

' D 

S 4 Let 

B : K x, and let 

L the an 
H M each s. 
G equal tc 

pendicu 
BAC is equal to the angle EDF; wherefore the baſe BC is e- Beca 
£4. 1. qual f to the baſe EF, and the remaining angles to the remain. anples ] 
ing angles: The angle ABC is therefore equal to the anyle the thre 
DEF : And the right angle ABK is equal to the right angle WM #"g'c =: 
DEN, whence the remaining .angle CBK is equal to the re- fore coi, 
maining angle FEN : For the ſame reaſon, the angle BCK 1s de appl 

equal to the angle EFN : Therefore, in the two triangles BCK, tides w 

EFN, there are two angles in one equal to two angles in the becauſe 
other each to each, and. one ſide equal to one fide adjacent bent N 
to the equal angles in each, viz. BC equal to EF; the other BAC coj 
ſides, therefore, are equal to the other ſides; BK then is equal EDF, b 

to EN : And AB is equal to DE; wherefore AB, BK are equal fore HK 


to DE, EN; and they contain right angles; wherefore tbe 
baſe AK is equal to the baſe DN: And lince AH is 1 4 


OF EUCLID. | 245 


DM, the ſquare of AH is equal to the ſquare of DM : But the Book XI. 
ſquares of AK, KH. are equal to the ſquare t of AH, becauſe 


1 AKH is a right angle: And the ſquares of DN, NM are equal * / “ 
vi to the ſquare of DM, for DNM is a right angle: Wherefore 

7 the ſquares of AK, KH are equal to the ſquares of DN, NM; 

1 and of thoſe the ſquare of AK is equal to the ſquare of DN: 

Ny Therefore the remaining ſquare of KH Is equal to the remain- 

he ing ſquare of NM; and the ſtraight line KH to the ſtraight line 

F NM: And becauſe HA, AK are equal to MD, DN each to 

* each, and the baſe HK to the baſe MN. as has been proved; 

* therefore the angle HAK is equal ® to the angle MDN. Q. h 8. 1. 

E. D. 
Je Cor. From this it is manifeſt, that if, from the vertices of 
In two equal plane angles, there be elevated two equal ſtraight lines 


containing equal angles with the fades of the angles, each to 
each ; the perpendiculars drawn from the extremities of the e 
qua! ſtraight lines to the planes of the firſt anyles are equal to 
one another, 


Another Demonſtration of the Corollary, 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM be two equal ſtraight lines above the planes of 
the angles, containing equal angles with BA, AC ; ED, DF, 
each to each, viz. the angle HAB equal to MDE, and HAC 
equal to the angle MDF; and from H, M let HK, MN be per- 
pendiculars to the planes BAC, EDF: HK is equal to MN. 

Becauſe the ſolid angle at A is contained by the three plane 


is e- 

main angles BAC, BAH, HAC, which are, each to each, equal to 
angle the three plane 1 EDF, EDM, MDF containing the ſolid 
angle angle at D; the ſolid angles at A and D are equal: And there- 


e re. bre coincide with one another; to wit, if the plane angle BAC 
CK is be applied to the plane angle EDF, the ſtraight line AH coin- 
BCK, des with DM, as was ſhewn in prop. B of this book : And 


n the WY becauſe AH is equal to DM, the point H coincides with the 
jacent I point M: Wheretore HK which is perpendicular to the plane 
other! AC coincides with MN © which is perpendicular to the plane 


i 13. 11. 


equal EDF, becauſe theſe planes coincide with one another: There. 
equal fore HK is equal to MN, Q, E. D. ROM 

re the 5 

wal 0 


DM, | : 
Q 2 | P R OP. 


7 


DG equal to B, and complete the ſolid parallelepiped DH; 


a 26. 11. 


b 14. 6. 


KN are drawn from their vertices above their planes, and ch 
"tain equal angles with their ſides ; therefore the perpendid 
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PROP. XXXVI THE OR. 


F three ſtraight lines be proportionals, the ſolid Pas 

rallelepiped deſcribed from all three as its ſides, i 
equal to the equilateral parallelepiped deſcribed from 
the mean proportional, one of the ſolid angles of which 
is contained by three plane angles equal, each to each, 
to the three plane angles containing one of the ſolid 
angles of the other figure. 


lines 


Let A, B, C be three proportionals, viz. A to B, as B 9 
C. The ſolid deſcribed from A, B, C is equal to the equila 
teral ſolid deſcribed from B, equiangular to the other. 

Take a ſolid angle D contained by three plane angles EDF, 
FDG, GDE ; and make each of the ſtraight lines ED, DF, 


onals, 
parall, 
them, 


Make LK equal to A, and at the point K in the ſtraight line 
LK make = a ſolid angle contained by the three plane angle 


LKM, MKN, NKL equal to the angles EDF, FDG, GDE, Mal 


0 


H GH, C 


— 


G 
N Lie | 
| 


| 
K E P 

A. B * 

each to each; and make KN equal to B, and KM, equal 
C; and complete the ſolid parallelepiped KO ; And becaule, 
A is to B, ſo is B to C, and that A is equal to LK, and! 
to each of the ſtraight lines DE, DF, and C to KM; there 
fore LK is to ED, as DF to KM; that is, the ſides about i 
equal angles are reciprocally proportional; therefore the p 
rallelogram LM is equal * to EF: And becauſe EDF, LKM: 
two equal plane angles, and the two equal ſtraight lines Dd 


K — —„V — — —— 


that CN 
fore, ex 
ſo 4 is t 
the ſolic 
the ſolic 


lars from the points G, N, to the planes EDF, LKM are 
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qual © to one another: Therefore the ſolids KO, DH are of Book XI. 
the ſame altitude; and they are upon equal baſes LM, EF, * 35 
and therefore they are equal 4 to one another: But the ſolid 11. 


KO is deſcribed from the three ſtraight lines A, B, C, and the a 31. 11. 


pa. ſolid DH from the ſtraight line B. If therefore three ſtraight 

, 1 lines, &. Q. E. D. 

rom 

* PROP. XXVII. TH E OR. 

ach, | 

ſolid F four ſtraight lines be proportionals, the ſimilar See N. 

ſolid parallelepipeds ſimilarly deſcribed from them 

ſhall alſo be proportionals. And if the fimilar paral- 

Buß lelepipeds ſimilarly deſcribed from four ſtraight lines 

quilz be proportionals, the ſtraight lines ſhall be proporti- 

ED? onals. 

„Db, Let the four ſtraight lines AB, CD, EF, GH be proporti- 

DH 8 onals, viz. as AB to CD, ſo EF to GH; and let the ſimilar 

it line parallelepipeds AK, CL, EM, GN be ſimilarly deſcribed from 

angle them. AK is to CL, as EM to GN. . 


GDE Make * AB, CD, O, P continual proportionals, as alſo EF, 2 11. 6. 


GH, Q, R: And becauſe as AB is to CD, ſo EF te GH; and 


equal ( 2 : b 
cauſe, * 
„ and * 2 8 2 


5 
that CD is b to O, as GH to Q. and O to P, as Q to R; there- b 11. f. 


bout tl 
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KM fore, ex æquali e, AB is to P, as EF to R: But as AB to P, 23. 5. 
nes Do is the ſolid AK to the ſolid CL; and as EF to R, fo 4 is d cor. 33. 
and co the ſolid EM to the ſolid GN : Therefore b as the ſolid AK to 11. 
rpendeſz the ſolid CL, ſo is che ſolid EM to the ſolid GN. 
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2 27. 11. 


f 9. 5. 


See N. 
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But let the ſolid AK be to the ſolid CL, as the ſolid EM 1, 


the ſolid GN : The ſtraight line AB is to CD, as EF to GH. 
Take AB to CD, as EF to ST), and from ST deſcribe « , 
ſolid parallelepiped SV ſimilar and ſimilarly ſituated to either gf 
the ſolids EM, GN: And becanſe AB is to CD, as EF to 87 
and that from AB, CD the ſolid parallelepipeds AK, CL are 
ſimilarly defcribed ; and in like manner the ſolids EM, Sy 
from the ſtraight lines EF, ST ; therefore AK is to CL, x 


| | 


8. 
. 

EM to SV : But, by the hypotheſis, AK is to CL, as EM to 

GN: Therefore GN is equal f to SV: Bur it is likewiſe ſimilar 

and ſimilarly ſituated to SV; therefore the planes which contain 

the ſolids GN, SV are ſimilar and equal, and their homologous 


ſides GH, ST equal to one another: And becauſe as AB to CD, 
ſo EF to ST, and that ST is equal to GH; AB is to CD, as 


EF to GH. Therefore, if four ſtraight lines, &c. Q. E. D. 
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* planes.” 


Let the plane CD be perpendicular to the plane AB, and 
let AD be their common ſection ; if any point E be taken in 
the plane CD, the perpendicular drawn from E to the plane 


ce 
ce 
c 


Aa 


AB ſhall fall on AD. 


F a plane be perpendicular to another plane, and 
| a ſtraight line be drawn from a point in one of 
the planes perpendicular to the other plane, this 
ſtraight line ſhall fall on the common ſection of the 
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N; X, 
and join 
XO, PR 
cauſe D 
* an 

is p: 
DC: Fo 
reaſon, ] 
allel to 


T, « becauſe FG is perpendicular 
Ire « to the plane CD, and the 
V « ſtraight line EG, which is in 


« that plane, meets it ; there- 
« fore FGE is a right angle : 
« But EF is alſo at right angles 
« to the plane AB; and there- 
« fore EFG is a right angle : 
« Wherefore two of the angles 


« plane,” &c. Q. E. D. 


Let the ſides of D - ö 
the oppoſite planes 
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PROP. XXXIX. THE OR. 


CF, AH of the ſo- | 


Id parallelepiped 
AF, be divided 


points K, L, M, 
N; X, O, „ 
nd join KL, MN, 
XO, PR; And be- 
auſe DK, CL are 


qual parts in the | 


each into two e— D 


qual and parallel, 
IL is parallel = to 
DC: For the ſame 
reaſon, MN is pa- 
wel to BA; And 


« For, if it does not, let it, if poſſible fall elſewhere, as EF; Book XI. | 
« and let it meet the plane AB in the point F; and from F 
« draw *, in the plane AB a perpendicular FG to DA, which , 12. x. 


« js alſo perpendicular ® to the plane CD; and join EG: Then \, , det. 
1 


N D 
"Fo". 
Gu #5 


« of the triangle EFG are equal together to two right angles : 
« which is abſurd : I herefore the perpendicular from the point 
„E, ro the plane AB, does not fall elſewhere than upon the 


« {traight line AD: It therefore falls upon it. If therefore a 


N a ſolid parallelepiped, if the ſides of two of the op- 
polite planes be divided each into two equal parts, 
the common ſection of the planes paſſing through the 
points of diviſion, and the diameter of the ſolid paral- 
lelepiped cut each other into two equal parts. 
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BA is parallel to DC; therefore, becauſe KL, BA are each ,; 
them parallel to DC, and not in the ſame plane with it, xj ; 
parallel d to BA: And becauſe KL, MN are each of then 
rallel to BA, and not in the fame plane with it, KL is — 
dro MN; wherefore KL, MN are in one plane. In like m 
ner, it may be proved, that XO, PR are in one plane, Let ys 
be the common ſection of the planes KN, XR; and DG 
diameter of the ſolid parallelepiped AF: YS and DG do 
and cut one another into two equal parts. | 
Join DY, YE. BS, 8G. Becauſe DX is parallel to OF, 4 
alternate angles DXY, YOE are equal © to one another: An 


becauſe DX is e D K F 


F th 

tu 
and th 
gram | 
qual t. 


qual to OE, and 8 Let | 
XY to YO and Y | tude, t! 
contain equal an- | — — 0 CDF, : 
gles, the bale DY | . 5 N other b 
is equal 4 to the | 77 grams | 
baſe YE, and the N gram A 
other angles are 5. | | arallel, 
equal; therefore T ABCD! 
the angle XYD | | X Comp 
is equal to the an- gram 4 
le OYE, and KU | 
YE is, a ſtraight — — 
© line: For the | 
ſame reaſon BSG RJ) 
is a ſtraight line, be 
and BS 5 to A N 
SG : And becauſe CA is equal and parallel to DB, and al 
equa] and parallel to EG; therefore DB is equal and parallel 
to EG: And DE, BG join their extremities ; therefore DE. 
equal and parallel * ro BG: And DG, YS are drawn fra on 
points in the one, to points in the other; and are therefore] ak 
one plane: Whence it is manifeſt, that DG, XS muſt nam...) b 
one another; let them meet in T: And becauſe DE is parall 44 5 a 
to BG, the alternate angles EDT, BGT are equal ; and be orig 
angle DTV is equal f to the angle GT'S : Therefore in thet GBR. 
angles DTV, GTS there are two angles in the one equal | ABCDF 
two angles in the other, and one ſide equal to one fide, oppoſiii 4... be 


to two of the equal angles, viz. DY to GS ; for they are ! 
halves of DE, BG: Therefore the remaining ſides are equal 
each to each. Wherefore DT is equal to TG, and YT equ 
to 18. Wherefore, if in a ſolid, &. Q. E. D. 


PRO! 


watt” 
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PROP. XL. THE OR. 


F there be two triangular priſms of the ſame alti- 

tude, the baſe of one of which is a parallelogram, 
and the baſe of the other a triangle; if the parallelo- 
cram be double of the triangle, the priſms ſhall be e- 
qual to one another, 


Let the priſms ABCDEF, GHKLMN be of the ſame alti- 
tude, the firſt whereof is contained by the two triangles ABE, 
CDF, and the three parallelograms AD, DE, EC; and the 
other by the two triangles GHK, LVN and the three parallelo- 
grams LH, HN, NG; and let one of them have a parallelo- 
gram AF, and the other a triangle GHK for its baſe; if the 
parallelogram AF be double of the triangle GHK, the priſm 
ABCDEF is equal to the priſm GHKLMN. | 

Complete the ſolids AX, GO ; and becauſe the parallelo. 
gram AF is double of the triangle GHK ; and the parallelo- 


\ EE 1 O 
N * =_ | An 
G A Y H ＋ 
nd al 
bs E F 6 K 


gram HK double ® of the ſame triangle; therefore the paral- a 34. r. 
elooram AF is equal to HK. But ſolid parallelepipeds upon 

equal baſes, and of the ſame altitude, are equal Þ to one an- b 3r. 11, 
other. Therefore, the ſolid AX is equal to the ſolid GO; and 

the priſm ABCDELF is half e of the ſolid AX ; and the priſm « 28, 17. 
CHKLMN half < of the folid GO. Therefore the priſfin 
ABCDEF is equal to the priſm GHKLMN. Wherefore, if 
ere be two, &c. Q. E. D. 
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LEMMA I. 


Which is the firſt propoſition of the tenth book, and is necef. 


ſary to ſome of the propoſitions of this book, 


F from the greater of two unequal magnitudes, there 
be taken more than its half, and from the remainder 
more than its half; and ſo on: There ſhall at length 
remain a magnitude leſs than the leaſt. of the propoſed 


magnitudes. 


Let AB and C be two unequal magnitudes, of which AB is 


A 


the greater. If from AB there be taken more 
than its half, and from the remainder more than 
its half, and ſo on; there ſhall at length remain 
a magnitude leſs than C. 

For C may be multiplied ſo, as at length to 
become greater than AB. Let it be fo multi- 
plied, and let DE its multiple be greater than 
AB, and let DE be divided into DF, FG, GE, 
each equal to C. From AB take BH greater 
than its half, and from the remainder AH 
take HK greater than its half, and ſo on, until 
there be as many diviſions in AB as there are 
in DE : And let the diyifions in AB be AK, 
KH, HB; and the diviſions in DE be DF, FG, 
GE. And becauſe DE is greater than AB, and 
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ken from AB is greater than its half; therefore the remainder 
GD is greater than the remainder HA. Again, becauſe GD is 
reater than HA, and that GF is not preater than the half of 
GD, but HK is greater than the half of HA; therefore the re- 
mainder FD is greater than the remainder AK. And FD is 
equal to C, therefore C is greater than AK; that is, AK is leſs 
than C. Q. E. D. 

and if only the halves be taken away, the ſame thing may in 
the ſame way be demonſtrated. 


. FED RR 


IMILAR polygons inſcribed in circles, are to one 
another as the ſquares of their diameters. 


Let ABCDE, FGHKL be two circles, and in them the ſi- 
wilar polygons ABCDE, FGHKL ; and let BM, GN be the 
diameters of the circles: As the ſquare of BM is to the ſquare 
of GN, ſo is the polygon ABCDE to the polygon FGHKL. 

Join BE, AM, GL, FN : And becauſe the polygon ABCDE is 


here wilar to the polygon FGHKL, and ſimilar polygons are divided 
** into ſimilar triangles; the triangles ABE, FGL are ſimilar and e- 
ngth 


n the ſame circumference ; and the angle FLG is for the ſame 
reaſon, equal to the angle FNG : Therefore alſo the angle AMB 
equal ro FNG : And the right angle BAM is equal to the 


moles ABM, FGN are equal, and they are equiangular to one 


another: 


that EG taken from DE is not greater than its half, but BH ta- Book XII. 


quiangular d; and therefore the angle AEB is equal to the angle b 6. 7. 
LG : But AEB is equal © to AMB, becauſe they ſtand up- c 21. 3. 


ght 4 angle GFN; wherefore the remaining angles in the tri- d 31. 3. 


254 


THE ELEMENTS 


Book XII. another: Therefore as BM to GN, ſo* is BA to GF; and there. ſquare 
e 4 6. fore the duplicate ratio of BM to GN, is the ſame f with the du. Ind the 
f 10. def. Plicate ratio of BA ro GF: But the ratio of the ſquare of BMA fore th 
S. & 22. 5, the ſquare of GN, is the duplicate * ratio of that which BM hz Ude th 
8 20. . to GN; and the ratio of the polygon ABCDE to the polygon WW parts ir 
A GMH, 
F it ſtanc 
, drawn | 
| | on the 
V E 6 L. o he 
of the 
M ö N than the 
H- | riangle 
eee D — ſegment 
cumfere 
: and the! 
FGHKL is the duplicate s of that which BA has to GF: There. 
fore as the ſquare of BM to the ſquare of GN, ſo is the polygon 
ABCDE to the polygon FGHKL. W herefore ſimilar polygons, 
e- Q E. D. X 
PRO FP. . THA 5 
see N. IRCLES are to one another as the ſquares of their 


diameters. 


Let ABCD, EFGH be two circles, and BD, FH their dia 
meters: As the ſquare of BD to the ſquare of FH, ſo is the 
circle ABCD, to the circle EFGH. 

For, if it be not ſo, the ſquare of BD ſhall be to the ſquare 
of FH, as the circle ABCD is to ſome ſpace either leſs than the 
circle EFG H, or greater than it . Firſt, let it be to a ſpace 


to do th 
which, tc 
dove tl 
om the 
bore th; 


S leſs than the circle EFGH; and in the circle EFG kf and 
deſcribe the ſquare EFGH : This ſquare is greater tha n the 
half of the circle EFGH ; becauſe if, through the point ent; El 
E, F, G, H, there be drawn tangents to the circle, Haan ar 
ſquar doe S: 

LG! 


For there is ſome ſquare equal to | proportionals ; that is, to the ſquares Ll the cir 
the circle ABCD; let P be the fide of | BD, FH and the circle ABCD, it is pond Non! 
it, and to three ſtraight lines BD, FH | ſible there may be a fourth proportion ; 
and P, there can be a fourth propor- | al. Let this be 8. And in like ms iquare 
tional; let this be Q: Therefore the | ner are to be underſtood ſome thing Non Eh 
ſquares of theſe four ſtraight lines are | in ſome of the following propoſitions. 
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ſquare EF GH is half * of the ſquare deſcribed about the circle; Book XII. 


ere. 

Fi and the circle is leſs than the ſquare deſcribed about it; there- a JJ. 1. 
Ne fore the ſquare EFGH is greater than half of the circle. Di- 
bade the circumferences EF, FG, GH, HE, each into two equal 


parts in the points K, L, M, N, and join EK, KF, FL. LG, GM, 
MH, HN, NE : Therefore each of the triangles EKF, FLG, 
GMH, HNE is greater than half of the ſegment of the circle 
it ſtands in; becauſe, if ſtraight lines touching the circle be 
drawn through the points K, L. M, N, and parellelograms up- 
on the ſtraight lines EF, FG, GH, HE be completed; each 

of the triangles EKF, FLG, GMH, HNE ſhall be the half 2 41. 1. 
of the parallelogram in which it is : But every ſegment is leſs 
than the parallelogram in which it is: Wherefore each of the 
mangles EKF, FLG, GMH, HNE is greater than half the 
ſegment of the circle which contains it: And if theſe cir. 
cumferences before named be divided each into two equal parts, 
and their extremities be joined by ſtraight lines, by continuing 


gon 


here. 


lygon 
Zons, 


their 


ir dia. 
is tee do this, there will at length remain ſegments of the circle 
which, together, ſhall be leſs than the exceſs of the circle EFG H 
dove the ſpace 8: Becauſe, by the preceding Lemma, if 


1an the om the greater of two unequal magnitudes there be taken 


a \pacWore than its half, and from the remainder more than its 
EF and fo on, there ſhall at length remain a magnitude leſs 
r than the leaſt of the propoſed magnitudes. Let then the ſeg- 
Pon ents EK, KF, FL, LG, GM, MH, N, NE be thoſe that 
le, hin and are together leſs than the exceſs of the circle EFGH 
que S: Therefore the reſt of the circle, viz. the polygon 


LGMHN, is greater than the ſpace S. Deſcribe likewiſe 
i the circle ABCD the polygon AXBOCPDR ſimilar to the 
portion Jyon EKFLGMHN : As, therefore, the ſquare of BD is to 
like mule (quare of FH, ſo b is the polygon AXBOCPDR to the po- 
me toon ERFLGMHN : But the ſquare of BD is alſo to the 

| | | ſquare 


b 1. 13. 
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Book XII. ſquare of FH, as the circle ABCD is to the ſpace 8: There, the ſq 

fore as the circle ABCD is to the ſpace 8, ſo is © the polyp *b* © 
AXBOCPDR to the polygon EKFLGMHN: But the cirds ſible : 

ABCD is greater than the polygon contained in it: wherefyr, as the. 

a 14. 5. the ſpace S is greater! than the polygon EKFLGMHN. Ry EF GH 
it is likewiſe leſs, as has been demonſtrated; which is impoſſ. of BD 

ble. Therefore the ſquare of BD is not to the ſquare of FR, leſs tha 

as the circle ABCD is to any ſpace leſs than the circle EFGH; 25 A 

ircles 


Inthe ſame manner, it may be demonſtrated, that neither is the 
ſquare of FH to the ſquare of BD, as the circle EFGH i 0 
any ſpace leſs than the circle ABCD. Nor is the ſquare 
BD to the ſquare of FH, as the circle ABCD is to any ſpace 

reater than the circle EFGH : For, if poſſible, let it be ſo to 
F. a ſpace greater than the circle EFG H: Therefore, inverlely, 
as the ſquare of FH to the ſquare of BD, ſo is the ſpace T 1 


ving ti 
whole 
gether 


Lett 
and its \ 
ded into 
having t 
the who 
which to 
the who 

Dividt 
each inte 
LF. G 
GH, HK 
cauſe Al 
HD, HE 
ſame rea 
Therefor 
HR equa 
AE; th 
HK: An; 
fore EA, 
tach to e 
lerefore 


the circle ABCD. But as the ſpace + J is to the circle ABCI 
ſo is the circle EFGH to ſome ſpace, which muſt be leſs * th 
the circle ABCD, becauſe the ſpace T is greater, by hypoth 


ſis, than the circle EFGH. Therefore as the ſquare of FH is 


+ For as, in the foregoing note, at *, | manner, there can be a fourth prope 
it was explained how it was poſſible | tional to this other ſpace, named 
there could be a fourth proportional to | and the circles ABCD, EFGH. 
the ſquares of BD, FH, and the circle | the like is to be underſtood in ſoue 
ABCD, which was named S. So in like the following propoſitions. 


WD is po 
KOH, os 
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the ſquare of BD, ſo is the circle EFGH to a ſpace leſs than Book XII. 
the circle ABCD, which has been demonſtrated to be inypoſ- 

ible : Therefore the ſquare of BD is not to the ſquare of FH, 

x the circle ABCD is to any ſpace greater than the circle 

EFGH: And it has been demonſtrated, that neither is the ſquare 

of BD to the ſquare of FH, as the circle ABCD to any ſpace 

eſs than the circle EFGH : Wherefore, as the ſquare of BD to 

the ſquare of FH, ſo is the circle ABCD to the circle EFGH . 

Circles therefore are, c. Q. E. D. 


Nam. eK. 


VERY pyramid having a triangular baſe, may be see N. 
divided into two equal and ſimilar pyramids ha- 

ung triangular baſes, and which are ſimilar to the 

whole pyramid; and into two equal priſms which to- 

zether are greater than half of the whole pyramid. 


Let there be a pyramid of which the baſe is the triangle ABC 
and its vertex the point D : The pyramid ABCD may be divi- 
dec into two equal and ſimilar pyramids 
having triangular baſes, and finjlar to 
the whole; and into two equal priſms 
which together are greater than half of 
the whole pyramid. | : 

Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points 
E, F, G. H, K. L, and join EH, EG, 
GH, HK, KL, LH, EK, KF, FG. Be. 
cauſe AE is equal to EB, and AH to 


HD, HE is parallel = to DB: For the a2. 6, 
ſame reaſon, HK is parallel to AB: 
Therefore HEBK is a parallelogram, and 
HK equal d to EB: But EB is equal to b 34. 1. 


AE; therefore alſo AE is equal to \ 
BK: And AH is equal to HD; where. B F C 

bre EA, AH are equal to KH, HD, 

ach to each; and the angle EAH is equal*© to the angle KHD; e 29. 1. 
lierefore the baſe EH is equal to the baſe KD, and the why 

R H 


{ Becauſe as a fourth proportional to the ſquares of BD, FH and the circle 


CD is poſſible, and that it can neither be leſs nor greater than the circle 
(CH, it muſt be equal to it, 
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Book XII. AEH equal 4 and ſimilar to the triangle HKD : For the ſame 


d 4.1. 


e 10. 11. 


40. 11. 


g 4. 6. 


h 21. 6. 


1B 11. 


& 11. 
Def. 11. 


K 41. 1. 


reaſon, the triangle AGH is equal and ſimilar to the triangle 
HLD : And becauſe the two ſtraight lines EH, HG wht 
meet one another are parallel to KD, DL that meet one ang. 
ther, and are not in the fame plane with them, they contain 
equal e angles; therefore the angle EHG is equal to the ange 
KDL. Again, becauſe EH, HG are equal to KD, DL, each 
to each, and the angle EHG equal to the angle KDL; there. 
fore the baſe EG is equal to the baſe RL: And the triangle 
EHG equal 4 and fimilar to the triangle KDL: For the ſame 
reaſon, the triangle AEG is alſo equal and ſimilar to the tri. 
angle HKL. Therefore the pyramid of which the baſe is the 
triangle AEG, and of which the vertex is the point I, is e. 
qual f and ſimilar to the pyramid the 

baſe of which is the triangle KEL, and D 

vertex the point D: And becauſe HK 

is parallel to AB a ſide of the triangle 
ADB, the triangle ADB is equiangu- 

lar to the triangle HDK, and their 

ſides are proportional: s : 1herefore the 
triangle ADB is ſimilar to the triangle K 
HDK : And for the ſame reaſon, the 
triangle DBC is ſimilar to the triangle 
DKL ; and the triangle ADC to the 
triangle HDL ; and alſo the triangle 

ABC to the triangle AEG : But the 
triangle AEG is ſimilar to the triangle 

H RL, as before was proved; therefore B es 
the triangle ABC is ſimilar “ to the F 
triangle HKL. And the pyramid of 

which the bale is the triangle ABC, and vertex the point I 
is therefore ſimilar i to the pyramid of which the baſe is the tri 
angle HKL, and vertex the ſame point D: But the pyramid 
which the baſe is the triangle HKL, and vertex the point D, 
ſimilar, as has been proved, to the pyramid the baſe of which! 
the triangle AEG, and vertex the point H: Wherefore the p 
ramid the baſe of which is the triangle ABC, and vertex the po 
D, is ſimilar to the pyramid of which the baſe is the triang! 
AEG and vertex H: Therefore each of the pyramids AEGH 
HELD is ſimilar to the whole pyramid ABCD: And becaul 
BF is equal to FC, the parallelogram EBFG is double * oft 


triangle GFC : But when there are two priſms of the fame : 
tudt 


tude, 
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tude, of which one has a parallelogram for its baſe, and the other Book XII. 
triangle that is half of the parallelogram, theſe priſms are equal — 
to one another; therefore the priſm having the parallelogram a 40. 11. 
EBFG for its baſe, and the ſtraight line KH oppoſite to _ 
it, is equal to the priſm having the triangle GFC for its baſe, \ 
and the triangle HKL oppoſite ta it; for they are of the ſame 

altitude, becauſe they are between the parallel d planes ABC, b 15. 11. 
HKL: And it is manifeſt that each of theſe priſms is greater 

than either of the pyramids of which the triangles AEG, HKL 

zre the baſes, and the vertices the points H, D; becauſe, if 

EF be joined, the priſm having the parallelogram EBFG for 

is baſe, and KH the ſtraight line oppoſite to it, is greater than 

the pyramid of which the baſe is the triangle EBF, and vertex 

the point K; but this pyramid is equal © to the pyramid the e C. 11. 
baſe of which is the triangle AEG, and vertex the point H; 

yecauſe they are contained by equal and ſimilar planes: Where. 

re the priſm having the parallelogram EBFG for its baſe, 

and oppoſite ſide KH, is greater than the pyramid of which 

the baſe is the triangle AEG, and vertex the point H : And the 

priſm of which tke baſe is the parallelogram EBFG, and op- 

polite fide KH is equal to the priſm having the triangle GFC 

for its baſe, and HKL the triangle oppoſite to it; and the pyra- 

nid of which the baſe is the triangle AEG, and vertex H, is 

equal to the pyramid of which the baſe is the triangle HKL, 

ind vertex D: Therefore the two priſms before mentioned are 

greater than the two pyramids of which the baſes are the tri- 

angles AEG, HKL, and vertices the points H, D. Therefore 

the whole pyramid of which the baſe is the triangle ABC, and 

rertex the point D, is divided into two equal pyramids ſimilar 

0 one another, and to the whole pyramid; and into two equal 
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PROP. IV. THE OR. the b: 
DEF, 


FF there be two pyramids of the ſame altitude, upon * 


triangular baſes, and each of them be divided in. becauf 


to two equal pyramids ſimilar to the whole Pyramid, one an 


And becauſe B is equal to XC, and AL to LC, therefore X 


a 2. 6. 


c 15.11. 


437; 11. 


and alſo into two equal priſms; and if each of the WM equal | 
pyramids be divided in the ſame manner as the fi elo, 
two, and ſo on: As the baſe of one of the firſt tuo be tr. 
pyramids is to the baſe of the other, ſo ſhall all te n 


priſms 1n one of them be to all the priſms in the other, N 


that are produced by the ſame number of diviſions. compot 


Let there be two pyramids of the ſame altitude upon the tri 
angular baſes ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equz 
Pyramids ſimilar to the whole, and into two equal priſms ; and 
ler each of the pyramids thus made be conceived to be divide 
in the like manner, and ſo on: As the baſe ABC is to the bal 
DEF, ſo are all the priſins in the pyramid ABCG to all thi 
priſms in the pyramid DEFH made by the ſame number of di 
viſions. 

Make the ſame conſtruction as in the foregoing propoſition 


is paralle]= to AB, and the triangle ABC ſimilar to the tri 
angle LXC : For the ſame reaſon, the triangle DEF is fimil 
to RVF : And becauſe BC is double of CX, and EF double « 
FV, therefore BC is to CX, as EF to FV: And upon BC, Cl 
are deſcribed the ſimilar and ſimilarly ſituated rectilineal 
gures ABC, LXC; and upon EF, FV, in like manner, at 
deſcribed the ſimilar figures DEF, RVF : Therefore, as the RVPS 1 
angle ABC is to the triangle LXC, ſo ® is the triangle DEF me K 
the triangle RVF, and, by permutation, as the triangle Al Ars F. 
to the triangle DEF, ſo is the triangle LXC to the iriang 
RVF: And becauſe the planes ABC, OMN, as alſo the pla 
DEF, ST are parallel ©, the perpendiculars drawn from . be b 
points G, H to the baſes ABC, DEF, which. by the hypo... *. 
ſis, are equal to one another, ſhall be cut each into two en {ike 
d parts by the planes OMN, STY, becauſe the ws 1 I OMNG 
GC, BF are cut into two equal parts in the points iN, IH oN ze 
the ſame planes: Therefore the priſms LXCOMN, RVE mid 01 
are of the ſame altitude; and therefore, as the baſe LX her tue 


bale DE 


are unto 


But as tl 
has been 
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DEF, ſo* is the priſm having the triangle LXC for its baſe, 


and OMN the triangle oppoſite to it, to the priſm of which the 
upon baſe is the triangle RVF, and the oppoſite triangle STY : And 
d in. becauſe the two priſms in the pyramid ABCG are equal to 
mid. one another, and alſo the two priſms in the pyramid DEF H 
theſe equal to one another, as the priſm of which the baſe is the pa- 


rallelogram KBXL and oppoſite ſide MO, to the priſm having 
the triangle LXC for its baſe, and OMN the triangle oppoſite 
to it; fo is the priſm of which the baſe d is the parallelogram 


> firk 
0 
11 the 


ther i; the triangle RVF, and oppoſite triangle STV. Therefore, 


ns, componendo, as the priſms KBXLMO, LXCONN together 
he tri 
in the 


equa 
S 3 an( 
vide 
1e bal 
all the 
of dt 


oſation 
ore X 
the tr] 
ſimil 
zuble « 
C, C1 


neal i 


Gy re unto the priſm LXCOMN; fo are the priſms PEVRTS, 
Ur RVFSLY to the priſm RVFS IV: And, permatando, as the 
1 af priſms KBXLMO, LXCOMN are to the priſms PEVRTS, 


RVFSTY ; ſo is the priſm LXCOMN to the priſm RVFSTY : 
But as the priſm LXCOMN to the priſm RVFSTY, ſo is, as 
has been proved, the baſe ABC to the baſe DEF : Therefore, 


triang 


e pla 


3 the baſe ABC to the baſe DEF, ſo are the two priſms in 
m the pyramid ABCG to the two priſms in the pyramid DEFH : 
0 1 And like wiſe if the pyramids now made, for example, the two 

, y MNG, STYH be divided in the ſame manner; as the baſe 
Vs OMN is to the baſe STY, ſo ſhall the two priſms in the py- 


ramid OMNG be to the two priſms in the pyramid STYH : 
but the baſe OMN is to the baſe STY, as the baſe ABC to the 
vale DEF; therefore, as the baſe ABC to the baſe DEF, fo are 

R 3 the 


PEVR, and oppoſite fide TS, to the priſm of which the baſe 


a Cor. 
11. 


207 


he baſe RVF; that is, as the triangle ABC to the triangle Book X11, 


32, 
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Book XII. the two priſms in the pyramid ABCG to the two priſms in the 


pyramid DEFH ; and fo are the two priſms in the pyranj 
OMNG to the two priſms in the pyramid STYH and ſo n 
all four to all four: And the fame thing way be ſhewn of the 
priſms made by dividing the pyramids AKLO and DPRS, 00 
of all made by the ſame number of diviſions. Q. E. D. 


PROP. V. 14H 4 


YRAMIDS of the fame altitude which have ti. 
angular baſes, are to one another as their baſe, 


Let the pyramids of which the triangles ABC, DEF are the 
baſes, and of which the vertices are the points G, H, be of the 
ſame altitude: As the baſe ABC to the baſe DEF, ſo is the py. 
ramid ABCG to the pyramid DEFH. 

For, if it be not ſo, the baſe ABC muſt be to the baſe DEF, 
as the pyramid ABCG to a folid either lefs than the pyramid 
DEFH, or greater than it “. Firſt, let it be to a ſolid leſs than 
It, viz. to the folid Q: And divide the pyramid DEFH into 
two equal pyramids, ſimilar to the whole, and into two equil 
priſms: Therefore theſe two priſms are greater than the half 
of the whole pyramid. And again, let the pyramids made by 
this diviſion be in like manner divided, and ſo on, until the 
pyramids which remain undivided in the pyramid DEFH be, 
all of them together, leſs than the exceſs of the pyramid DEFH 
above the folid Q: Let theſe, for example, be the pyramids 
DPRS, STYH: Therefore the priſms, which make the reſto 
the pyramid DEFH, are greater than the ſolid Q: Divide like- 
wiſe the pyramid ABCG in the ſame manner, and into at 
many parts, as the pyramid DEFH ; Therefore, as the bal 
ABC to the baſe DEF, fo Þ are the priſms in the pyramid 
ABCG to the priſms in the pyramid DEFH : But as the bale 
ABC to the baſe DEF, fo, by hyporhefis, is the pyramid ABCG 
to the ſolid Q; and therefore, as the pyramid ABCG to tie 
ſolid Q, fo are the priſms in the pyramid ABCG to the pril 
in the pyramid DEFH : But the pyramid ABCG is greate 
than the priſms contained in it; wherefore © alſo the ſolid N. 
greater than the priſms in the pyramid DEFH. But is it al 


leſs, which is impoſſible. Therefore the baſe ABC is * 


This may be explained the ſame way as at ibe note + in propoſition 2. 
the lixe caſe. 
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he baſe DEF, as the pyramid ABCG to any ſolid which is Book XII. 


* leſs than the pyramid DEFH. In the ſame manner it may 
and WY e cmonſtrated, that the baſe DEF is got to the baſe ABC, 
fn. BY: the pyramid DEFH to any ſolid Which is leſs than the pyra- 


nid ABCG. Nor can the baſe ABC be to the baſe DEF, as 
the pyramid ABCG to any ſolid which is greater than the py. 
mid DEFH. For if it be poſſible, let it be fo to a greater 


. 
a 


” and 


;z, the ſolid Z. And becauſe the baſe ABC is to the bale DEF 
+; the pyramid ABCG to the ſolid Z; by inverſion, as the baſe 
DEF to the baſe ABC, ſo is the ſolid Z to the pyramid ABCG. 

tri. But as the ſolid Z is to the pyramid ABCG, ſo is the pyramid 

ales, 
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wm DEFH to ſome ſolid ®, which muſt be leſs * than the pyramid a 14. 5. 

e He. 4BCG, becaule the ſolid Z is greater than the pyramid DEFH, Þ 
no And therefore, as the baſe DEF to the baſe ABC, ſo is the py. 7 
e bi mid DEFH to a ſolid leſs than the pyramid ABCG ; the con- n 


trary to which has been proved. Therefore the baſe ABC is 


| — - 


orte the baſe DEF, as the pyramid ABCG to any ſolid which 
BCG 3s greater than the pyramid DEFH. And it has been proved, 
to tl chat neither is the baſe ABC to the baſe DEF, as the pyramid 
pala ABCG to any ſolid which is leſs than the pyramid DEFH. 
preate Therefore, as the baſe ABC is to the baſe DEF, ſo is the py- 
id 00 amid ABCG to the pyramid DEFH. Wherefore pyramids, 
ra” N E. D. | 

not d R 4 PROP, 

the 


* This may de explained the ſamg way as the like at the mark + in prop. 2. 
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for 
US PROP. VI. THE O R. 4" 
| ; fore Py! 
10 M. YRAMIDS of the ſame altitude which have poly. Wl * 
| gons for their baſes, are to one another as their 
baſes. 
”- Let the pyramids which have the polygons ABCDE, FGHKL, 


for their baſes, and their vertices in the points M, N, be of the 
ſame altitude: As the baſe ABCDE to the baſe FGHKEL, oi; 
the pyramid ABC DEM to the pyramid FGHKLN. 

Divide the baſe ABCDE into the triangles ABC, Ab, 
ADE; and the baſe FGHKL into the triangles FGH, FHK, 
FKL : And upon the baſes ABC, ACD, ADE ler there be 23 
many pyramids of which the common vertex is the point M. 
and upon the remaining baſes as many pyramids having their 
common vertex in the point N: Therefore, ſince the triangle 

«5.12 ABCis to the triangle FGH, as * the pyramid ABCM to the 
pyramid FGHN; and the triangle ACD to the triangle FGH, 
as the pyramid ACDM to the pyramid FGHN; and alſo the 


M 
A pt 
B C 8 H 

triangle ADE to the triangle FGH, as the pyramid ADEM to 

the pyramid FGHN ; as all the firſt antecedents to their com- 

! 2. Cor. mon conſequent ; ſo ® are all the other antecedents to their com. 
24.25. mon conſequent ; that is, as the baſe ABCDE to the bal? 
FGH, ſo is the pyramid ABCDEM to the pyramid FGRN: 

And, for the ſame reaſon, as the baſe FGHKL to the baſe FGH, 

ſo is the pyramid FGHKLN to the pyramid FGHN ; And, by 
Inverſion, as the baſe FGH to the baſe FGHKL, fo is the py- 

ramid FGHN to the pyramid FGHKLN : Then, becauſe as the 

| baſe ABCDE to the baſe FGH, fo is the pyramid ABCDEM 

to the pyramid FGHN; and as the baſe FGH to the baſe 


FGHKL, ſo is the pyramid FGHN to the pyramid FGHKLN; 
| | therefore, 
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therefore, ex equal: ©, as the baſe ABCDE to the baſe FGHKL, Book x11. 
the pyramid ABCDEM to the pyramid FGHKLN, There- 12 — 
fore pyramids, Wc, Q. E. D. 


Lo. 
- 
— 1 


PRUP. VI HS VF 


: - 
, vw © 


VERY priſm having a triangular baſe may be di- 


. vided into three pyramids that have triangular : 
8 vaſes, and are equal to one another. 4 
1s Ut 
Let there be a priſm of which the baſe is the triangle ABC, * 
D, and let DEF be the triangle oppoſite to it : The priſm ABCDEF 15 
5 may be divided into three equal pyramids having triangular 1 
bales. 3 
M, Join BD, EC, CD; and becauſe ABED is a parallelogram Yi 
70 of which BD is the diameter, the triangle ABD is equal * to a 34. 1. yl 
Fe he triangle EBD; therefore the pyramid of which the baſe is 2 
5 the triangle ABD, and vertex the point C, is equal ® to the b 5. 12. | 1 
75 ;yramid of which the baſe is the triangle EBD, and vertex the of 
a. point C: But this pyramid is the ſame with the pyramid the : 
baſe of which is the triangle EBC, and vertex the point D; 1 
ſur they are contained by the ſame planes: Therefore the py- „ 
amid of which the baſe is the triangle ABD, and vertex the „ 
point C, is equal to the pyramid, the baſe of which is the tri- | I 
angle EBC, and vertex the point D: Again, becauſe FCBE is * 
; parallelogram of which the diameter is | jt 
(E, the triangle ECF is equal = to the F 1 
wiangle ECB; therefore the pyramid of D | 4 
which the baſe is the triangle ECB, and 4 E 4 
rertex the point D, is equal to the py- - 
'M to ramid, the baſe of which is the triangle 5. 
cad ECF, and vertex the point D: But the N 
7 prramid of which the baſe is the triangle T 1 | 
| baſe ECB, and vertex the point D has been A —IR "Had 
HN: proved equal to the pyramid of which the * 1 
FGH, bale is the triangle ABD, and vertex the point C. Therefore Fs 
id, by ne priſm ABCDEF is divided into three equal pyramids having 
he 1y- angular baſes, viz. into the pyramids ABDC, EBDC, ECFD: 
2s th and becauſe the pyramid of which the baſe is the triangle ABD, 
"DEM nd vertex the point C, is the ſame with the pyramid of which 
e baſe the baſe is the triangle ABC, and vertex the point D, for oy 
kLN; contained by the ſame planes; and that the pyramid of whic 
refore, e baſe is the triangle ABD, and vertex the point C, has been 


demonſtrated 


* 
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Book XII., demonſtrated to be a third part of the priſm the baſe of which 


is the triangle ABC, and to which DEF is the oppoſite triangle. 
therefore the pyramid of which the baſe is the triangle abc 
and vertex the point D, is the third part of the priſm whic, 
has the ſame baſe, viz. the triangle ABC, and DEF is the o 
polite triangle. Q. E. D. « 

Co. 1. From this it is manifeſt, that every pyramid is the 
third part of a priſm which has the ſame baſe, and is of 25 
equal altitude with it ; for if the baſe of the priſm be any other 
figure than a triangle, it may be divided into priſms having tri. 
angular baſes, 

CoR. 2. Priſms of equal altitudes are to one another as their 
baſes ; becauſe the pyramids upon the ſame baſes, and of the 
ſame altitude, are © to one another as their baſes. 


PROP. VII. THEO R. 


9 pyramids having triangular baſes are 


one to another in the triplicate ratio of that of 
their homologous ſides. 


Let the pyramids having the triangle ABC, DEF for their 
baſes, and the points G, H for their vertices, be ſimilar, and 
ſimilarly ſituated ; the pyramid ABCG has to the pyramid 
DEFH, the triplicate ratio of that which the ſide BC has tothe 


homologous ſide EF. 
Complete the parallelograms ABCM, GBCN, ABGK, and 


the ſolid parallelepiped BGML contained by theſe planes and 
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thoſe oppoſite to them: And, in like manner, complete the ſo- 
lid parallelepiped EHPO contained by the three parallelogram 


DEFP, HEFR, DEHX, and thoſe oppoſite to them: And be- 


cauſe 
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dauſe the pyramid ABC G is ſimilar to the pyramid DEFH, the Book XII. 

angle ABC is equal * to the angle DEF, and the angle GBC ar. det. 

do the angle HEF, and ABG to DEH: And AB is® to BC, 1. 

0 DE to EF; that is, the ſides about the equal angles are pro- def. * 

portionals 3 wherefore the parallelogram BM is ſimilar to EP : 

For the ſame reaſon, the parallelogram BN is ſimilar to ER, 

and BK to EX: Therefore the three parallelograms BM, BN, 

BK are ſimilar to the three EP, ER, EX : But the three BM, 

BN, BK, are equal and ſimilar e to the three which are oppo. e 24. 11. 

lite to them, and the three EP, ER, EX equal and ſimilar to 

the three oppoſite to them: Wherefore the ſolids BGML, 

EHPO are contained by the ſame number of ſimilar planes; 

and their folid angles are equal“; and therefore the ſolid d B. 11. 

BGML, is ſimilar to the ſolid EHPO : But ſimilar ſolid pa- 

rallele pipeds have the triplicate © ratio of that which their ho- e 33. 11. 

mologous fides have : Therefore the ſolid BGML has to the 

ſolid EHPO the triplicate ratio of that which the {ide BC has 

to the homologous fide EF: But as the ſolid BGM is to the 

ſolid EHPO, ſo is f the pyramid ABCG to the pyramid DEFH ; f 15. 5. 

becauſe the pyramids are the ſixth part of the ſolids, ſince the 

priſm, which is the halft of the ſolid parallelepiped, is triple b 8 28. 11. 

of the pyramid. Wherefore likewiſe the pyramid ABCG be 7-73 

to the pyramid DEFH, the triplicate ratio of that which BC 

has to the homologous ſide EF. Q. E. D. | 
Cor. From this it is evident, that ſimilar pyramids which sce N. 

have multangular baſes, are likewiſe to one another in the tri- 

plicate ratio of their homologous ſides: For they may be di- 

vided into ſimilar pyramids having triangular baſes, becauſe the 

ſimilar polygons, which are their baſes, may be divided into 

the ſame number of ſimilar triangles homologous to the whole 

polygons ; therefore as one of the triangular pyramids in the 

firſt multangular pyramid is to one of the triangular pyramids 

in the other, ſo are all the triangular pyramids in the firſt to all 

the triangular pyramids in the other; that is, ſo is the firſt 

multangular pyramid to the other: But one triangular pyramid 

1s to its ſimilar triangular pyramid, in the triplicate ratio of 

their homologous ſides; and therefore the firſt multangular py- 

ramid has to the other, the triplicate ratio of that which one of 

the ſides of the firſt has to the homologous ſide of the other, 


PROP, 
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pyran 
PROP. IX. THE OR. ſo is 
pyran 
F | H E baſes and altitudes of equal pyramids ha. WW raid 
ving triangular baſes are reciprocally propos 1. 
tional: And triangular pyramids of which the baſk ava 
and altitudes are reciprocally proportional, are equi of h 
to one another, pyran 
Let the pyramids of which the triangles ABC, DEF are the 2 
baſes, and which have their vertices in the points G, H, hy . al 
equal ro one another: The baſes and altitudes of the pyranig the be 
ABCG, DEFH are reciprocally proportional, viz. the baſe 3 
ABC is to the baſe DEF, as the altitude of the pyramid DEP ae 
to the altitude of the pyramid ABC G | ABCC 
Complete the parallelograms AC, AG, GC, DF, DH, Hr; ih: 
+ And the ſolid parallelepipeds BGML, EHPO contained by tirade 
the ſo 
- 2— the ba 
\ he 
$ IT to t 
1 IC — parall« 
b . = 
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* | | | P | There 
" | | C 7 : F There 
E. y 
7 A B 9 


theſe planes and thoſe oppoſite to them: And becpuſe the py. 

ramid ABCG is equal to the pyramid DEFH, and that the 

ſolid BGML is ſextuple of the pyramid ABCG, and the ſolid 

EHPO ſextuple of the pyramid DEFH ; therefore the ſolid 
a 1. Ax. 5. BGM is equal * to the ſolid EHPO : But the baſes and ali. 
tudes of equal ſolid parallelepipeds are reciprocally propor: 
tional d; therefore as the baſe BM to the baſe EP, ſo is the al 
titude of the ſolid EHPO to the altitude of the ſolid BGNL: 
But as the baſe BM to the baſe EP, ſo is © the triangle Ah 
to the triangle DEF ; therefore as the triangle ABC to the wr. 
angle DEF, fo is the altitude of the ſolid EHPO to the at. 
tude of the ſolid BG MIL: But the altitude of the ſolid EHU 
is the ſame with the altitude of the pyramid DLFH ; and tht 
altitude of the ſolid BGML is the ſame with the altitude of tht 
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ramid ABCG : Therefore, as the baſe ABC to the baſe DEF, Book XII. 


ſo is the altitude of the pyramid DEFH to the altitude of the 
pyramid ABCG : Wherefore the baſes and altitudes of the py- 
ramids ABCG, DEFH are reciprocally proportional. 

Again, let the baſes and altitudes of the pyramids ABCG, 
DEFH be reciprocally proportional, viz. the baſe ABC to the 
baſe DEF, as the altitude of the pyramid DEFH to the altitude 
of the pyramid ABCG : The pyramid ABCG is equal to the 
pyramid DEFH. 

The ſame conſtruction being made, becauſe as the baſe ABC 
to the baſe DEF, ſo is the altitude of the pyramid DEFH to 
the altitude of the pyramid ABCG : And as the baſe ABC to 
the baſe DEF, ſo is the parallelogram BM to the parallelo- 
gram EP ; therefore the parallelogram BM is to EP, as the 
altitude of the pyramid DEFH to the altitude of the pyramid 
ABCG : But the altirude of the pyramid DEFH is the ſame 
with the altitude of the ſolid parallelepiped EHPO ; and the al- 
titude of the pyramid ABCG is the ſame with the altitude of 
the ſolid parallelepiped BGML : As, therefore, the baſe BM to 
the baſe EP, ſo is the altitude of the ſolid parallelepiped EHPO 
to the altitude of the ſolid parallelepiped BGML. But ſolid 
parallelepipeds having their baſes and altitudes reciprocally pro- 


ortional, are equal ® to one another. Therefore the ſolid pa. b 34. 11. 


rallelepiped BGM is equal to the ſolid parallelepiped EHPO. 
And the pyramid ABCG is the ſixth part of the ſolid BGML, 
and the pyramid DEFH the ſixth part of the ſolid EHPO. 
Therefore the pyramid ABCG is equal to the pyramid DEFH. 
Therefore the baſes, &c. Q E. D. 


Nr. A. , 


VERY cone is the third part of a cylinder which 
has the ſame baſe, and 1s of an equal altitude 
with it. 


Let a cone have the ſame baſe with a cylinder, viz. the cir- 
cle ABCD, and the ſame altitude. The cone is the third part 
of the cylinder ; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it muſt either be 
greater than the triple, or leſs than it. Firſt, Let it be greater 
than the triple; and deſcribe the ſquare ABCD in the circle; 
this ſquare is greater than the half of the circle ABCD “. 


U 
As was ſhewn in prop. 2. of this book, * 


_ 
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- o _ 


> - —- — — — — — 

pe py . Fay * * 2 a 4 vi” 42. 4J — _ A 
* —— . wy * . 4 4 
- _ ' nt 0 "hs 


7 I” 
c n 


270 


Book XII. Upon the ſquare ABCD erect a priſm of the ſame altitude with 


2 32. 11. 


c Lemma. 
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the cylinder; this priſm is greater than half of the cylinder, 
becauſe if a ſquare be deſcribed about the circle, and a pri 
erected upon the ſquare, of the ſame altitude with the cylinder 
the inſcribed ſquare is half of that circumſcribed; and Upon 
theſe ſquare baſes are erected folid parallelepipeds, viz. th 
priſms of the ſame altitude; therefore the priſm upon th 
ſquare ABCD is the half of the priſm upon the ſquare deſc, 
bed about the circle: Becauſe they are to one another as thei 
baſes : And the cylinder is leſs than the priſin upon the ſquar 
deſcribed about the circle ABCD : Therefore the priſm up 
the ſquare ABCD of the ſame altitude with the cylinder, i 
greater than half of the cylinder. Bife& the circumference 
AB, BC, CD, DA in the points E, F, G, H; and join AE 
EB, BF, FC, CG, GD, DH, HA: Then, each of the triangle, 
AEB, BFC, CGD, DHA is 8 than the half of the 4. 
ment of the circle in which it ſtands, 

as was ſhewn in prop. 2. of this A 

book. Erect priſms upon each of | 
theſe triangles of the ſame altitude E 
with the cylinder; each of theſe 
priſms is greater than half of the ſeg. 
ment of the cylinder in which it is ; 
becauſe if, through the points E, F, 
G, H, parallels be drawn to AB, BC, 
CD, DA, and parallelograms be F 
completed upon the ſame AB, BC, C 

CD, DA, and ſolid parallelepipeds 

be erected upon the parallelograms ; the priſms upon the 


triangles AEB, BFC, CGD, DHA are the halves of the ſoli _ 

parallelepipeds >. And the ſegments of the cylinder which are F 
upon the ſegments of the circle cut off by AB, BC, CD, Da, b ed 
are leſs than the ſolid parallelepipeds which contain them, p 4 . 
Therefore the priſms upon the triangles AEB, BFC, CGD, ou 


DHA, are greater than half of the ſegments of the cylinder in 
which they are; therefore, if each of the circumferences be d. 
vided into two equal parts, and ſtraight lines be drawn from 


BC, CI 
BF, FC 


the points of diviſion to the extremities of the circumferences 25 2 ; 
and upon the triangles thus made, priſms be erected of the ſame ip 


altitude with the cylinder, and fo on, there muſt at length re. 


f 
main ſome ſegments of the cylinder which together are lels* theſe 


h 
than the exceſs of the cylinder above the triple of the cone. riſing 1 
Let them be thoſe upon the ſegments of the circle AE, EB, 10 dy 


OF EUCLID. 271 


rc, CG, GD, DH, HA. Therefore the reſt of the cylin- Book XIL. 
der, that is, the priſm of which the baſe is the 'polygon 
AEBFCGDH, and of which the altitude is the ſame with that 

of the cylinder, is greater than the triple of the cone: But this | 
priſm is triple 4 of the pyramid upon the ſame baſe, of which q,. cor. 7. 
the vertex is the ſame with the vertex of the cone; therefore 12. 

the pyramid upon the baſe AEBFCGDH, having the ſame 

vertex with the cone, is greater than the cone, of which the 

baſe is the circle ABCD: But it is alſo leſs, for the pyramid is 


contained within the cone; which is impoſſible, Nor can the 
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upon cylinder be leſs than, the triple of the cone. Let it be leſs, if 
er, poſſible: Therefore, inverſely, the cone is greater than the third 
enen part of the cylinder. In the circle ABCD defcribe a ſquare ; 
As ſquare is greater than the half of the circle: And upon the 


ſquare ABCD erect a pyramid having the ſame vertex with the 
cone; this pyramid is greater than the half of the cone ; becauſe, 
as was before demonſtrated, if a ſquare be deſcribed about the 
circle, the ſquare ABCD is the 

half of it; and if, upon theſe ſquares 
there be erected ſolid parallelepi- 
peds of the ſame altitude with the 
cone, which are alſo priſms, the 
priſm upon the ſquare ABCD 
ſhall be the half of that which is up- 
on the ſquare deſcribed about the 
circle; for they are to one another BY —0 
as their baſes a; as are alſo the third di —ʃ 34 15. 
parts of them: Therefore the py- F 

ramid, the baſe of which is the 
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| | 
» ſolid ſquare ABCD, is half of the pyramid upon the ſquare de- | 
h ar BN :cibed about the circle: But this laſt pyramid is greater than | 
„Da, te cone which it contains; therefore the pyramid upon the | 
" ſquare ABCD, having the ſame vertex with the cone, is great- | 
* 1 r than the half of the cone. Biſect the circumferences AB, | 


BC, CD, DA in the points E, F, G, H, and join AE, EB, 
pr, FC, CG, GD, DH, HA: Therefore each of the triangles 


NG —— — — ————  — _ _ 


fron \EB, BFC, CGD, DHA is greater than half of the ſegment | 
"mo the circle in which it is: Upon each of theſe triangles erect | 
pyramids having the ſame vertex with the cone. Therefore each | i 


f theſe pyramids is greater than the half of the ſegment of 
he cone in which it is, as before was demonſtrated of the 
riſns and ſegments of the cylinder; and thus dividing each 
che circumferences into two equal parts, and joining the 


points 
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Book XII. p oints ofdiviſion and their extremities by ſtraight lines, and 


See N. 


which the baſe is the polygon 


upon the triangles erecting pyramids having their vertices the 
ſame with that of the cone, and ſo on, there muſt at length re. 
main ſome ſegments of the cone, which together ſhall be 1, 
than the exceſs of the cone, above the third part of the cyl. 
der. Let theſe be the ſegments upon AE, EB, BF, FC, CG, Gb 
DH, HA. Therefore the reſt of 
the cone, that is, the pyramid, of H 


AEBFCGDH, and of which the 
vertex 1s the ſame with that of the 
cone, is greater than the third part 
of the cylinder. But this pyramid 
is the third part of the priſm upon 
the ſame bale AEBFCGDH, and B 
of the ſame altitude with the cy lin- 
der. Therefore this priſm is great- F 

er than the cylinder of which the 

baſe is the circle ABC D. But it is alſo leſs, for it is contained 
within the cylinder; which is impoſſible. Therefore the qq. 
linder is not leſs than the triple of the cone. And it has been 
demonſtrated that neither is it greater than the triple. Therefore 
the cylinder is triple of the cone, or, the cone is the third par 
of the cylinder. Wherefore every cone, &c. Q, E. D. 


\ 
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PREP, AL. RE 


ONES and cylinders of the ſame altitude, are to 
one another as their baſes. 


Let the cones and cylinders, of which the baſes are the cit. 
cles ABCD, EFGH, and the axes KL, MN, and AC, EG the 
diameters of their baſes, be of the ſame altitude. As the circle 
ABCD to the circle EFGH, fo is the cone AL to the cone EN. 

If it be not fo, let the circle ABCD be to the circle EFGH, 
as the cone AL to ſome folid either leſs than the cone EN, or 
greater than it. Firſt, let it be to a ſolid leſs than EN, viz. to 
the ſolid X; and let Z be the ſolid which is equal to the ex. 
ceſs of the cone EN above the ſolid X ; therefore the cone EN 
is equal to the ſolids X, Z together. In the circle EFGH de. 
ſcribe the ſquare EFGH, therefore this ſquare is greater than 
the half of the circle: Upon the ſquare EFGH ere@ a pyra- 
mid of the ſame altitude with the cone; this pyramid is 
greater than half of the cone. For, if a ſquare be deſcribed 


about the circle, and a pyramid be erected upon it, ha. 


ving 
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in the cone is half of the pyramid circumſcribed about it, be- 
cauſe they are to one another as their baſes * : But the cone 


is leſs than the circumſcribed pyramid ; therefore the pyramid of 
which the baſe is the ſquare EFGH, and its vertex the ſame 


with that of the cone, is greater than half of the cone: Divide 
the circumferences EF, FG, GH, HE, each into two equal 


parts in the points O, P, R, 8, and join EO, OF, FP, PG, 


GR, RH, HS, SE : Therefore each of the triangles EOF, 
FPG, GRH, HSE is greater than half of the ſegment of the 


circle in which it is: Upon each of theſe triangles erect a pyra- 
mid having the ſame vertex with the cone; each of theſe py- 
ramids is greater than the half of the ſegment of the cone in 
which it is: And thus dividing each of theſe circumferences 
uo two equal parts, and from the points of diviſion drawing 
ſraight lines ro the extremities of the circumferences, and up- 
on each of the triangles thus made erecting pyramids having the 
lame vertex with the cone, and ſo on, there muſt at length 
remain ſome ſegments of the cone which are together le, b 


tan the ſolid Z: Let theſe be the ſegments upon EO, OF, FP, 
| 8 g 
* Vertex is put in place of altitude which is in the Greek, becauſe the pyra- 


nd, in what follows, is ſuppoſed to be circumſcribed about the cone and ſo muſt 
ic the ſame vertex, And the ſame change is made in ſome places following. 
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ring the ſame vertex with the cone *, the pyramid inſcribed Book XIT. 


a 6, 12. 


b Lemma, 
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Book XIT. PG, GR, RH, HS, SE : Therefore the remainder of the cone, hie 
viz. the pyramid of which the baſe is the polygon EOFPGRhyg EF( 

and its vertex the ſame with that of the cone, 1s greater thy cone 
the ſolid X: In the circle ABCD deſcribe the polypy the « 
ATBYCVDY9 ſimilar to the polygon EOFPGRNS, and up to ar 
it erect a pyramid having the fame vertex with the cone AL. be ti 

a 1. 12. And becaule as the ſquare of AC is to the ſquare of EG, ſg: than 
the polygon ATBYCVDQ to the polygon EOF PGRHS; and I, wl 
b 2. 12. as the ſquare of AC to the ſquare of EG, fo is ® the Circle as tf 
© 11. 5. ABCD to the circle EFGH ; therefore the circle ABCD is en the c 
the circle EFGH, as the polygon ATBYCVDQ to the poly. cone 
AL, | 

fore, 
EN t. 
impoſ] 
EFG] 

EN: 
ABCE 
than tl 
EFGH 

the co 

linders 
the cir 
on ther 
of the! 

| IMI 
oth 

hy TIO meters 

on EOFPGRHS : But as the circle ABCD to the circle EFG 

b is the cone AL to the ſolid X; and as the pogo Let t! 

4 6.12. ATBYCV to the polygon EOFPGRHS, fo is 4 the py ABCD, 
mid of which the baſe is the firſt of theſe polygons, and veſ KL, Mö 

tex L, to the pyramid of which the baſe is the other polygoſ cone of 

and its vertex N: Therefore, as the cone AL to the ſolid X, Wpoint L, 
is the pyramid of which the baſe is the polygon ATBY CV DUWnd vert; 

and vertex L, to the pyramid the baſe of which is the polygoMF For if 
E®PGRHS, and vertex N;: But the cone AL is greater thalMrilicate 

o 14.5, the pyramid contained in it; therefore the ſolid X is greater Hall have 


than the pyramid in the cone EN; But it is leſs, as was ſhow! 


While 
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which is abſurd : Therefore the circle ABCD is not to the circle Book XII. 


N EFG H, as the cone AL to any ſolid which is leſs than the 
= cone EN. In the ſame manner it may be demonſtrated that 
700 the circle EFGH is not to the circle ABCD, as the cone EN 

to any ſolid leſs than the cone AL. Nor can the circle ABCD 


be to the circle EFGH, as the cone AL to any folid greater 
than the cone EN: For, if it be poſſible, let it be ſo to the ſolid 
I, which is greater than the cone EN: Therefore, by inverſion 
as the circle EFGH to the circle ABCD, fo is the ſolid I to 
the cone AL: Bur as the ſolid I to the cone AL, fo is the 
cone EN to ſome ſolid, which muſt be leſs = than the cone a 14. 5. 
AL, becauſe the ſolid I is greater than the cone EN: There- 
fore, as the circle EFGH is to the circle ABCD, ſo is the cone 
EN to a ſolid leſs than the cone AL, which was ſhewn to be 
impoſſible : Therefore the circle ABCD is not to the circle 
EFGH, as the cone AL is to any ſolid greater than the cone 
EN: And it has been demonſtrated that neither is the circle 
ABCD to the circle EFGH, as the cone AL to any ſolid leſs 
than the cone EN : Therefore the circle ABCD is to the circle 
EFGH, as the cone AL to the cone EN : But as the cone is to 
the cone, ſo d is the cylinder to the cylinder, becauſe the cy- b 15. 5. 
linders are triple e of the cone each to each. Therefore, as c 10. 12. 
the circle ABCD to the circle EFGH, fo are the cylinders up- 
on them of the ſame altitude. Wherefore cones and cylinders 
of the ſame altitude are to one another as their baſes. Q E. D. 


PRO. M. 0. 


CIMILAR cones and cylinders have to one an- See N. 
other the triplicate ratio of that which the dia- 
meters of their baſes have. 


EFG 
pogo Let the cones and cylinders of which the baſes are the circles 
he prrABCD, EFGH, and the diameters of the baſes AC, EG, and 
and vet KL., MIN the axis of the cones or cylinders, be ſimilar : The 
poly gonWcone of which the baſe is the circle ABCD, and vertex the 
lid X, point L, has to the cone of which the baſe is the circle EFGH, 
CVD ad vertex N, the triplicate ratio of that which AC has to EG. 
polyga For if the cone ABCD has not to the cone EFGHN the 


riplicate ratio of that which AC has to EG, the cone ABCDL 


wall have the triplicate of that ratio to fome ſolid which is leſs 
| S 2 or 
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Book XII. or greater than the cone EFGHN. Firſt, let it have it to a] abou! 
l * the ſolid X Make the ſame conſtruction as in the — any! 
ceding propoſition. and it may be demonſtrated the very ſame a. 
way as in that propoſition, that the pyramid of which the baſe 01 x 
is the polygon EOF PGRHS, and vertex N, is greater than the MS. 
. ſolid X. Deſcribe alſo in the | circle ABCD the polygon 3 
ATBYCVDO ſimilar to the poly gon EQFPGRHS, upon which 3 
erect a pyramid having the fame vertex with the cone; and let ay 
* the fi 
LAO be one of the triangles containing the pyramid upon 0 is 
the polygon ATBYCVDQ the vertex of which is L; and let FMS 
NES be one of the triangles containing the pyramid upon the to AC 
N triang 
from 
OA, { 
SE: 4 
fore, a 
fore t. 
angles 
other 
angle 
of wh 
ſolid a 
by the 
which 
* ratio 
the py; 
ratio o 
ſtraigh 
to K,: 
ramids 
with t 
54 . the firt 
$ order, 
N | a ſide E! 
: | dent t. 
| : conſeq 
polygon EOFPGRHS of which the vertex is N; and join K0 mid El 
MS : Becauſe then the cone ABCD is ſimilar to the con bolygo 
a 24. def. EFGHN, AC is » to EG, as the axis KL to the axis MN of whic 
N 43 g and as AC to EG, ſo® is AK to EM; therefore as AK Where 
13+ 5* EM, ſo is KL to MN; and, alternately, AK to KL, as E to the 
to MN: And the right angles AKL, EMN are equal; chere dot, by 
fore the ſides about theſe equal angles being proportional e Ab 
© 6. 6, the triangle AKL is ſimilar © to the triangle EMN. Aga ratio © 


becauſe AK is to KQ, as EM to MS, and that theſe ſides * | 
a 


in K 
je cond 


MN 


AK 


as E 


| ther 
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at equal angles AKO, EMS, becauſe theſe angles are, Book XII, 
— of ods: = Fa: les of four right angles ks an 
tres K, M; therefore the triangle AK is ſinilar to the tri- a 6. 6. 
angle EMS : And becauſe it has been ſhown that as AK to KL, 
ſo is EM to MN, and that AK is equal to KQ; and EM to 
MS, as OK to KL, ſo is SM to MN; and therefore the ſides 
about the right angles QOKL, SMN being proportionals, the 
triangle LKQ is ſimilar to the triangle NMS : And becauſe of 
the ſimilarity of the triangles AKL, EMN, as LA is to AK, 
ſo is NE to EM; and by the ſimilarity of the triangles AKQ , 

EMS, as KA to AQ, fo ME to ES; ex zquali ®Þ, LA is b 22. f. 

to AQ, as NE to ES. Again, becauſe of the ſimilarity of the 

triangles LQK, NSM, as LQ to OK, ſo NS to SM; and 

from the ſimilarity of the triangles KAQ, MES, as KO to 

Q ſo MS to SE; ex zquah », LQ is to OA, as NS to 

SE: And it was proved that QA is to AL, as SE to EN ; there- 

fore, again, ex æquali, as Q to LA, ſo is SN to NE: Where- 

fore the triangles LOA, NSE, having the ſides about all their 

angles proportionals, are equiangular © and ſimilar to one an- © 5. 6. 
other : And therefore the pyramid of which the baſe is the tri- 

angle AKO,, and vertex L, is ſimilar to the pyramid the baſe 

of which 1s the triangle EMS, and vertex N, becauſe their 

ſolid angles are equal 4 to one another, and they are contained d B. 11. 
by the fame number of {imilar planes: But ftmilar pyramids 

which have triangular baſes have to one another the triplicate 

ratio of that which their homologous ſides have; therefore e8. 12, 
the pyramid — has to the pyramid EMSN the triplicate 

ratio of that which AK has to EM. In the ſame manner, if 
ſtraight lines be drawn from the points D, V, C, Y, B, T 

to K, and from the points H, R, G, P, F, O to M, and py- 

ramids be erected upon the triangles having the ſame vertices 
with the cones, it may be demonſtrated that each pyramid in 
the firſt cone has to each in the other, taking them in the ſame 
order, the triplicate ratio of that which the fide AK has to the 
ide EM; that is, which AC has to EG: But as one antece- 
dent to its conſequent, ſo are all the antecedents to all the 
conſequents f; therefore as the pyramid AKL to the pyra- 
nid EMSN, ſo is the whole pyramid the baſe of which is the 
polygon DOATBYCY, and vertex L, to the whole pyramid 
of which the baſe is the polygon HSEOFPGR, and vertex N. 
Wherefore alſo the firſt of theſe two laſt named pyramids has 
to the other the triplicate ratio of that which AC has to EG. 
But, by the hypotheſis, the cone of which the baſe is the cit- 
de ABCD, and vertex L, has to the ſolid X, the triplicate 
ratio of that which AC has to EG; therefore, as the cone of 
83 which 


4 . 
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Book XII. which the baſe is the circle ABCD, and vertex L, is to the 
S—v— ſolid X, ſo is the pyramid the baſe of which is the polygon 
DOA I BY CV, and vertex L, to the pyramid the baſe of which 

is the polygon HSEOFPGR and vertex N : But the ſaid cone 

is greater than the pyramid contained in it, therefore the ſolid 

a 14.5. X is greater * than the pyramid, the baſe of which is the poly. 
on HSEOFPGR, and vertex N; but it is alſo leſs; which iz 

impoſſible : Therefore the cone of which the baſe is the circle 


of the 
linder. 
fore f. 


* 58 plane 


planes 


EF in 
X 2 GH b 
| plane 
linder 
| lelogr: 
revolu 
ABCD, and vertex L, has not to any ſolid which is leſs than the line E 
cone of which the baſe is the circle EFG H and vertex N, the tri- and le 
plicate ratio of that which AC has to EG. In the ſame manner of the 
it may be demonſtrated that neither has the cone EFGHN to AEFC 
any ſolid which is leſs than the cone ABCDL, the triplicate planes 
ratio of that which EG has to AC. Nor can the cone ABCDL AEKC 
have to any ſolid which is greater than the cone EFGHN, ue ſection 
triplicate ratio of that which AC has to EG : For, if it be pol- fore A 
ſible, let it have it to a greater, viz. to the ſolid Z : Therefore, equal 
inverſely, the ſolid Z has to the cone ABCDL, the triplicats the ce 
ratio of that which EG has to AC : But as the ſolid Z is to inc x 


the 


n the 
ne tri 
anner 
IN to 
plicate 
3CDL 
N, the 
e pol- 
refore, 
plicate 
Z is to 
the 
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is greater than the cone EFGHN: Therefore the cone EFGHN 
has to a ſolid which is leſs than the cone ABCDL, the tripli- 
cate ratio of that which EG has to AC, which was demon- 
trated to be impoſſible : Therefore the cone ABC DL has not 
to any ſolid greater than the cone EFG HN, the triplicate ra- 
tio of that which AC has to EG; and it was demonſtrated that 
it could not have that ratio to any ſolid leſs than the cone 
EFGHN: Therefore the cone ABCD has to the cone EFGHN, 
the triplicate ratio of that which AC has to EG: But as the 
cone is to the cone, ſo ® the cylinder to the cylinder; for every 
cone is the third part of the cylinder upon the ſame baſe, and 
of the ſame altitude: Therefore alſo the cylinder has to the cy- 
inder, the triplicate ratio of that which AC has to EG: Where- 
fore ſimilar cones, &c. Q. E. D. 


PROP, XI. THE OA. 


F a cylinder be cut by a plane parallel to its op- 
poſite planes, or baſes ; it divides the cylinder into 
two cylinders, one of which 1s to the other as the axis 
of the firſt to the axis of the other. | 


Let the cylinder AD be cut by the 
plane GH parallel to the oppolite O "<= =. 
planes AB, CD, meeting the axis 

EF in the point K, and let the line | 
GH be the common ſection of the 

plane GH and the ſurface of the cy- 
linder AD : Let AEFC be the paral- 
lelogram, in any poſition of it, by the 
revolution of which about the ſtraight 
line EF the cylinder AD is deſcribed 
and let GK be the common ſection 
of the plane GH, and the plane 
AEFC: And becaufe the parallel 
planes AB, GH are cut by the plane 
AEKG, AE, KG, their common 
ſections with it, are parallel :; where- 
fore AK is a parallelogram, and GK 
equal to EA the ſtraight line from 
the centre of the circle AB : For the 


| — 
ame reaſon, each of the ſtraight lines 
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the cone ABCDL, fo is the cone KFGHN to ſome folid, Book XII. 
which muſt be leſs * than the cone ABCDL, becauſe the ſolid Z, Tir 
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See N. 


a 16. 11. 
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drawn from the point K to the line GH may be proved to he vis K 
equal to thoſe which are drawn from the centre of the circle 60. 
AB to its circumference, and are therefore all equal to one an. der G 
other. Therefore the line GH is the circumference of a circle: reate 
of which the centre is the point K: Therefore the plane Gy ind 
divides the cylinder AD into the cylinders AH, GD; for they the: 
are the ſame which would be deſcribed by the revolution of the der G 


arallelograms AK, GF about the ſtraight lines EK, KF; a, 
it is to be ſhown that the cylinder AH is to the cylinder HC, 2 
the axis EK to the axis KF. ; 

Produce the axis EF both ways; and take any number cf 
ſtraight lines EN, NL, each equal to EK ; and any number 
FX, XM, each equal to FK; and let 
planes parallel to AB, CD paſs through 


the points L, N, X, M : Therefore | 
the common ſections of theſe planes | Let 
with the cylinder produced are circles | As the 
the centres of which are the points | the ax1 
L, N, X, M, as was proved of the N> Proc 
plane GH; and theſe planes cut off | | to the 
the cylinders, PR, RB, DT, TO: f SIRE 41 
And becauſe the axes LN, NE, EK —— the ſan 
are all equal: therefore the cylinders A [ — 1 their b 
PR, RB, BG are d to one another as | equal, 
their baſes ; but their baſes are equal, * der FN 
and therefore the cylinders PR, RB, G K | CD p 
BG are equal: And becauſe the axes _ | planes, 
LN, NE, EK are equal to one an- C N the cy] 
other, as alſo the cylinders PR, RB, _ axis LN 
BG, and that there are as many axes T tle cyl 
as cylinders; therefore, whatever mul- the cyli 
tiple the axis KL is of the axis KE, V LN to 
the ſame multiple is the cylinder PG ſore AS 1 
of the cylinder GB: For the ſame reaſon, whatever multiple cylinder 
the axis MK is of the axis KF, the ſame multiple is the q. 6H to 
linder QG of the cylinder GD: And if the axis KL be equal to tne cylit 
the axis KM the cylinder PG is equal to the cylinder GO ; cone C 
and if the axis KL be greater than the axis KM the cylinder PGis Therefc 
greater than the cylinder GQ; and if leſs, leſs : Since there. 2 
heref 


fore there are four magnitudes, viz the axes EK, KF, and 
the cylinders BG, GD, and that of the axis EK and cylinder 
BG there has been taken any equimultiples whatever, VIZ. the 

ax 
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) be axis KL and cylinder PG ; and of the axis KF and cylinder Book XII. 
rel GD, any equimultiples whatever, viz. the axis KM and cvlin. V® 
* der GQ,; and it has been demonſtrated, if the axis KL be 
cle reater than the axis KM, the cylinder PG is prove than the 
GH cylinder GO; and if equal, equal ; and if leſs, leſs : Therefore 
they {the axis EK is to the axis KF, as the cylinder BG to the cylin- a 5. def. 5. 
* the ler GD. Wherefore, if a cylinder, &,. Q E. D 
And 
C, x 


PAP. XIV, THEO R. 


1 and cylinders upon equal baſes are to one 
another as their altitudes. 


Let the cylinders EB, FD be upon the equal baſes AB, CD: 
As the cylinder EB to the cylinder FD, ſo is the axis GH to 
the axis KL. 

Produce the axis KL to the point N, and make LN equal 
to the axis GH, and let CM be a cylinder of which the baſe is 
(D, and axis LN, and becauſe the cylinders EB, CM have 


their baſes are equal], therefore alſo the cylinders EB, CM are 
equal, And becauſe the cylin- 
der FM is cut by the plane 
CD parallel to its oppoſite 
planes, as the cylinder CM to 
the cylinder FD, fo is d the 
is LN to the axis KL. But 
the cylinder CM is equal to 
the cylinder EB, and the axis 
LN to the axis GH : There- 
fore as the cylinder EB to the 
ylinder FD, ſo is the axis 
GH to the axis KL: And as 


H 
D 
Y 


Q | 


Itiple 


the ſame altitude, they are to one another as their baſes : But a 11. r2. 


e . 5 1 

\ualto te cylinder EB to the cylinder FD, ſo is © the cone ABG to the e 15. 5. 
60 ; cone CDK, becauſe the cylinders are triple Jof the cones : d 10. 12. 
ps Therefore alſo the axis GH is to the axis KL, as the cone ABG 

there- to the cone CDK, and the cylinder EB to the cylinder FD. 

„ and Wherefore cones, &c. Q. E. D. 

linder 

;, the 


PROP. 


_— ——— —— — — — — . 


1 
* 
8 
N 
4 
- 
N 
i 
* 


See N. 
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is the cylinder EO to the ſame ES. But as the cylinder A! 
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PROP. XV. THEOR. 


* baſes and altitudes of equal cones and eylin. 
ders, are reciprocally proportional ; and if the 
baſes and altitudes be reciprocally proportional, the 


cones and cylinders are equal to one another. _ 
, 

Let the circles ABCD, EFGH, the diameters of which ae 44 0 
AC, EG be the baſes, and KL, MN the axis, as alſo the alj. Firſt 
tudes, of equal cones and cylinders ; and let ALC, ENG be the 1 
cones, and AX, EO the cylinders ; The baſes and altitudes of rude | 
the cylinders AX, EO are reciprocally proportional; that is, therefor 
as the baſe ABCD to the baſe EFGH, ſo is the altitude MN tg But | 
the altitude KL. be the | 

Either the altitude MN is equal to the altitude KL, or theſe b the al 
altitudes are not equal. Firſt, let them be equal; and the WM... » tha 
cylinders AX, EO being alſo equal, and cones and cylinder bre. be 
of the ſame altitude being to one another as their baſes *, there. wade lt 
fore the baſe ABCD is equal ® to the baſe EFGH; and as the. equal 
baſe ABCD is to the baſe EFGH, fo is the altitude MN tot. baſc 
the altitude KL. a the al 
But let the alti- EO to 
tudes KL, MN cylinder 
be unequal, and glinder 
MN the greater ſoning | 


of the two, and 
from MN take 
MP equal to KL, 
and, through the 
point P, cut the 
cylinder EO by 
the plane TYS 
parallel to the op- 

polite planes of the circles EFGH, RO; therefore the. con 
mon ſection of the plane IVS and the cylinder EO is a ci 
cle, and conſequently ES is a cylinder, the baſe of which is th 
circle EFGH, and altitude MP : And. becauſe the cylinder A 
is equal to the cylinder EO, as AX is to the cylinder Es, 


to the cylinder ES, ſo ais the baſe ABCD to the baſe EFGH 
for the cylinders AX, ES are of the ſame altitude ; and as tl 
cylinder EO to the cylinder ES, ſo * is the altitude MN. 
the altitude MP, becauſe the cylinder EO is cut by the py 
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ABCD to the baſe EFGH, fo is the altitude MIN to the altitude 
Mp: But MP is equal to the altitude KL; wherefore as the 


lin. daſe ABCD to the baſe EFG H, ſo is the altitude MN to the al- 
the dude KL 3 that is, the baſes and altitudes of the equal cylinders 
the M, EO are reciprocally proportional. 


But let the bales and altitudes of the cylinders AX, EO, be 
reciprocally proportional, viz. the baſe ABCD to the bale 
FFGH, as the altitude MN to the altitude KL.: The cylinder 
AX is equal to the cylinder EO. . 

Firſt, let the baſe ABCD be equal to the baſe EFGH ; then 
becauſe as the baſe ABCD is to the baſe EFGH, ſo is the al- 
ttude MN to the altitude KL; MN is equal ®to KL, and 
therefore the cylinder AX is equal a to the cylinder EO. 

But let the baſes ABCD, EFGH be unequal, and let ABCD 
be the greater; and becauſe, as ABCD is to the baſe EFGH, ſo 
the altitude MN to the altitude KL; therefore MN is preat- 


l the er than KL. Then, the ſame conſtruction being made as be- 
nders fore, becauſe as the baſe ABCD to the baſe EFGH, ſo is the al- 
= itude MN to the altitude KL; and becauſe the altitude KL 
as the 


js equal to the altitude MP; therefore the baſe ABCD is a to 
the baſe EFG H, as the cylinder AX to the cylinder ES; and 
the altitude MN to the altitude MP or KL, ſo is the cylinder 
EO to the cylinder ES: Therefore the cylinder AX is to the 
cylinder ES, as the cylinder EQ is to the ſame ES: Whence the 
glinder AX is equal to the cylinder EO: And the ſame rea- 
ſoning holds in cones. Q E. D. 


IN to 
0 


P R O P. XVI. PRO B. 


'&F deſcribe in the greater of two circles that have 
L the ſame centre, a polygon of an even number 
of equal ſides, that ſhall not meet the leſſer circle. 


EC. COM 

a CI 
is th Let ABCD, EFGH be two given circles having the ſame cen- 
ler AR” K: It is required to inſcribe in the greater circle ABCD 
ES, i polygon of an even number of equal ſides, that ſhall not meet 
Jer A the lefler circle. | | 
FSI Through the centre K draw the ſtraight line BD, and from 
1 Ude point G, where it meets the circumference of the leſſer 
MN. | circle, 
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Tys parallel to its oppoſite planes. Therefore as the baſe Book XII. 


b A. 5. 
a Il. 11. 
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Book XII. circle, draw GA at right angles to BD, and produce it to c 

x” vo th therefore AC touches a the circle EFGH ; Then, if the circyn, 
ference BAD be biſected, and the half of it be again biſegeq 

b Lemn«.. and ſo on, there muſt at length remain a circumference leſ,\ 
than AD: Let this be LD; and 
from the point L draw LM per- 
pendicular to BD, and produce 
it to N; and join LD, DN. 
Therefore LD is equal to DN; B 
and becauſe LN is parallel to AC * 
and that AC touches the circle 
EFGH ; cherefore LN does not 
meet the circle EFGH : And 
much leſs ſhall the ſtraight lines 
LD, DN meet the circle EFGH : 
So that if ſtraight lines equal to LD be applied in the circle 
ABCD from the point L around to N, there ſhall be deſcribed 
in the circle a polygon of an even number of equal ſides not 
meeting the leſſer circle. Which was to be done. 


LEMMA II. 


F two trapeziums ABCD, EFGH be inſcribed in 

the circles, the centres of which are the points K 
L; and if the ſides AB, DC be parallel, as alſo EF 
HG; and the other four ſides AD, BC, EH, FG bt 
all equal to one another ; but the fide AB greate 
than EF, and DC greater than HG. The ſtraigb 
line KA from the centre of the circle in which thi 
greater ſides are, is greater than the ſtraight line Ll 


drawn from the centre to the circumference of th 
other circle, | 


If it be poſſible, let KA be not greater than LE; then k 
muſt be either equal to it, or leſs. Firſt, let KA be equ 
to LE: Therefore, becauſe in two equal circles, AD, BC in th 
one are equal to EH, FG in the other, the circumference 

a 28. 3» AD, BC are equal * to the circumferences EH, FG; but be 
cauſe the ſtraight lines AB, DC are reſpectively greater tha 
EF, GH, the circumferences AB, DC are greater than LY 


HG: Therefore the whole circumference ABCD is greate 


than the whole EFGH ; but it is alſo equal to it, which 
| | impoſſible 


cauſe E. 
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impoſſible : Therefore the ſtraight line KA is not equal to Book XIE 
= let KA be leſs than LE, and make LM equal to KA, 

nd from the centre L, and diſtance LM deſcribe the circle 
MNOP, meeting the ſtraight lines LE, LF, LG, LH, in M, I 
N. O, P; and join MN, NO, OP, PM which are reſpective- 

jy parallel a to, and leſs than EF, FG, GH, HE: Then, be- 22.6. 
uſe EH is greater than MP, AD is greater than MP and 


circle 
Tibed 


'S NOT 


DD 1 PI — 6 — may . ²˙ ˙wÜ1 Dad. * 


ed! 
ts K 
EF 
G be 
reate 
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the circles ABCD, MNOP are equal ; therefore the circum- 
ference AD is greater than MP; for the ſame reaſon, the cir- 
cumference BC is greater than NO; and becauſe the ſtraight 
line AB is greater than EF which is greater than MN, much 
more is AB greater than MN : Therefore the circumference 


þ thin 4 is greater than MN; and, for the ſame reaſon, the circum- 
e LW rence DC is greater than PO: Therefore the whole circum- 
f moe Korg ABCD is greater than the whole MNOP ; but it is like- 


wiſe equal to it, which is impoſſible : Therefore KA is nor leſs 
than LE; nor is it equal to it; the ſtraight line KA muſt 
zen KY berefore be greater than LE. Q, E. D. 

equ Cor. And if there be an iſoſceles triangle the ſides of which 
in th e equal to AD, BC, but its baſe leſs than AB the greater of 
ſerenci bf two ſides AB, DC ; the ſtraight line KA may, in the ſame 
but be inner, be demonſtrated to be greater than the ſtraight line 


er than from the centre to the circumference of the circle de- 
1an E rived about the triangle. | 


great : 
which 


'oſſible 5 PROP. 


Sec N. 


a I. 3. 


b 16.12. 


e 1%; is; 
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PR OP. XVII. PRO B. * 


angles 

T0 deſcribe in the greater of two ſpheres whi, iſ *'*" 
* have the ſame centre, a ſolid polyhedran, t theref. 
ſuperficies of which ſhall not meet the leſſer ſphere, 


Let there be two ſpheres about the ſame centre A; iti; g. 
quired to deſcribe in the greater a ſolid polyhedron, the ſuper. 
ficies of which ſhall not meet the leſſer ſphere. 

Let the ſpheres be cut by a plane paſſing through the centre 
the common ſections of it with the ſpheres ſhall be circles. 
becanſe the ſphere is deſcribed by the revolution of a ſemicir. 
cle about the diameter remaining unmoveable ; ſo that in what. 
ever poſition the ſemicircle be conceived, the common ſechon 
of the plane in which it is with the ſuperficies of the ſphere is 
the circumference of a circle ; and this is a great circle of the 
ſnhere, becauſe the diameter of the ſphere, which is likewiſe 
the diameter of the circle, is greater * than any ſtraight ling 
in the circle or ſphere : Let then the circle made by the ſection 
of the plane with the greater ſphere be BCDE, and with the 
leſſor ſphere be FGH ; and draw the two diameters BD, CE, 
at right angles to one another ; and in BCDE, the greater of 
the two circles, deſcribe d a polygon of an even number of e. 
qual ſides not meeting the leſſer circle FGH ; and let its ſides, 
in BE. the fourth part of the circle, be BK, KL, LM, ME; 
join KA and produce it to N ; and from A draw AX at right 
angles to the plane of the circle BCDE meeting the ſuperficies 
of the ſphere in the point X; and let planes paſs through AX 
and each of the ſtraight lines BD, KN, which, from what 
has been ſaid, ſhall produce great circles on the ſuperficies of 
the ſphere, and let BXD, KXN be the ſemicircles thus made 
upon the diameters BD, KN : Therefore, becauſe XA is at right drcumf 
angles to the plane of the circle BCDE, every plane he cuban 
paſſes through XA is at right e angles to the plane of the circle... BY 
BCDE. ; wherefore the ſemicircles BXD, KXN are at righ Lat 
angles to that plane : And becauſe the ſemicircles BED, BXD, 0A . | 
KXN, upon the equal diameters BD, KN, are equal to ons V0 is 
another, their halves BE, BX, XX, are equal to one mem at 
other: Therefore, as many ſides of the polygon as are in BE, parallel 
ſo many there are in BX, XX equal to the ſides BR bir: 
KL, LM, VE : Let theſe polygons be deſcribed, and their ov i,; 
ſides be BO, OP, PR, RX; KS, ST, TY, XX, and 05 nd the 
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« PT, RY; and from the points O, S draw OV, SQ perpen- Book XII. 
* ro AB, AK : And becauſe the plane BOXD © at right "a 
angles to the plane BCDE, and in one of them BOXD, OV 
- drawn perpendicular to AB the common ſection of the planes, 
therefore OV is perpendicular * to the plane BC DE: For the a 4. def. 
ame reaſon SQ, is perpendicular to the ſame plane, becauſe 11. 
the plane KSXN is at right angles to the plane BCDE. Join 
VO ; and becauſe in the equal ſemicircles BXD, KX N the 
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arcumferences BO, KS are equal, and OV, SQ are perpen- 
dicular to their diameters, therefore 4 OV is equal to SQ, d 26.1, 


e circle 1 BY equal to KN: But the whole BA is equal to the whole 

[ 10 Na, therefore the remainder VA is equal to the remainder 
_ 0A: As therefore BV is to VA, fo is KN to QA, wheretore 
0 * 


VQ is parallel eto BK: And becauſe OV, SQ are each of 2. 6. 
them at right angles to the plane of the cixcle BCDE, OV is 
parallel f ro S) 3 and it has been proved that it is alſo equal f 6. 11. 
wit; therefor: QW, SQ are equal and parallel :: And becauſe g 33. 1. 
Weis parallel to 80, and alſo to KB; OS is parallel > to BK; h 9. 12. 
ud therefore BO, KS which join them are in the ſame plane 

in 
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Book XII. in which theſe parallels are, and the quadrilateral figure KRBqg 
is in one plane : And if PB, TK be joined, and perpendicular, 
be drawn from the points P, T to the ſtraight lines AB, Ax 
it may be demonſtrated that TP is parallel to KB in the very 
ſame way that SO was ſhown to be parallel to the ſame KB. 

a 9. 11. wherefore 2 TP is parallel to SO, and the quadrilatera] foure 
SOPT is in one plane: For the ſame reaſon, the quadrilaters 
b 2. 11, TPRY is in one plane: And the figure YRX is alſo in one planes, 


; Therefore, if from the points, O, 8, P, T, R, V there be drav 
ſtraight lines to the point A, there ſhall be formed a ſolid pox 
lyhedron between the circumferences BX, KX compoſed ol 
pyramids the baſes of which are the quadrilaterals KBOS 
SOPT, TPRY, and the triangle YRX, and of which the com 
mon vertex is the point A: And if the ſame conſtruction be 
made upon each of the ſides KL, LM, ME, as has been done 
upon BK, and the like be done alſo in the other three qua 
drants, and in the other hemiſphere ; there ſhall be for 


med a folid polyhedron deſcribed in the ſphere, — 4 
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ſech of pyramids, the baſes of which are the aforeſaid qua- Book XII. 
deilateral figures, and the triangle YRX, and thoſe formed in 
the like manner in the reſt of the ſphere, the common vertex 

of them all being the point A: And the ſuperficies of this ſo- 

Jid polyhedron does not meet the leſſer ſphere in which is the 

circle FGH : For, from the point A draw * AZ perpendicular a 11. 11. 
io the plane of the quadrilateral KBOS meeting it in Z, and 

join BZ, ZK : And becauſe AZ is perpendicular to the plane 

KBOS, it makes right angles with every ſtraight line meetin 

i in that plane; therefore AZ is perpendicular to BZ and ZK: 

and becauſe AB is equal to AK, and that the ſquares of AZ, 

7B, are equal to the ſquare of AB; and the ſquares of AZ, 

ZK to the ſquare of AK *®; therefore the ſquares of AZ, ZB b 47. 1. 
are equal to the ſquares of AZ, ZK: Take from theſe equals 

the ſquare of AZ, the remaining ſquare of BZ is equal to the 
remaining ſquare of ZK; and therefore the ſtraight line BZ 

js equal to ZK: In the like manner it may be demonſtrated, 

that the ſtraight lines drawn from the point Z to the poinrs O, 

S are equal to BZ or ZK: Therefore the circle deſcribed from 

the centre Z, and diſtance ZB ſhall paſs through the points K, O, 

ö, and KBOS ſhall be a quadrilateral figure in the circle: And 

becauſe KB is greater than QV, and QV equal to SO, there. 

fore KB is greater than SO : But KB is equal to each of the 

(raight lines BO, KS; wherefore each of the circumferences 

cut off by KB, BO, KS is greater than that cut off by OS; and 

theſe three circumferences, together with a fourth equal to one 

of them, are greater than the ſame three together with that cut 

eff by OS; that is, than the whole circumference of the cir- 

de; therefore the circumference ſubtended by KB is greater 

than the fourth part of the whole circumference of the circle 

KBOS, and conſequently the angle BZK at the centre is great- 

er than a right angle : And becauſe the angle BZK is obtuſe, 

the ſquare of BK is greater © than the ſquares of BZ, ZK; © 12: 2. 
that is, greater than twice the ſquare of BZ, Join KV, and 

draw becauſe in the triangles KBV, OBV, KB, BV are equal to OB, 

lid poll dv, and that they contain equal angles; the angle KVB is e- 

oſed o 012! © ro the angle OVB: And OVB is a right angle; there. d 4. 1. 
KOSS fore alſo KVB is a right angle: And becauſe BD is leſs than 

e com vice DV, the rectangle contained by DB, BV is leſs than 

tion VE ice the rectangle DVB; that is ©, the ſquare of KB is leſs 8. 6. 
n donc than twice the ſquare of KV: But the ſquare of KB is greater | | 
ee qual itn twice the ſquare of BZ; therefore the ſquare of KV is 
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Book XIT. greater than the ſquare of BZ: And becauſe BA is equal ty 


AK, and that the ſquares of BZ, ZA are equal together to the 
ſquare of BA, and the ſquares of KV, VA to the ſquare of 
AK; therefore the ſquares of BZ, ZA are equal to the ſquares 
of KV, VA; and of theſe the ſquare of KV is greater than the 
ſquare of BZ; therefore the ſquare of VA is leſs than the 
ſquare of ZA, and the ſtraight line AZ greater than Ya. 
Much more then is AZ greater than AG; becauſe, in the pre. 
ceding propolition, it was ſhown that KV falls without the 
circle FGH : And AZ. is perpendicular to the plane KBOS 
and is therefore the ſhorteſt of all the ſtraight lines that can be 
drawn from A, the centre of the ſphere to that plane. Ihete. 
fore the plane KBOS, does not meet the lefler ſphere. 

And that the other planes between the quadrants BX, KX 
fall without the leſſer ſphere, is thus demonſtrated : From the 
point A draw Al perpendicular to the plane of the quadrila. 
teral SOPT, and join IO ; and, as was demonſtrated of the 
plane KBOS and the point Z, in the ſame way it may be ſhown 
that the point I is the centre of a circle deſcribed about SOPT: 
and that OS is greater than PT; and PT was ſhown to be pa- 
ralle] to OS: "Therefore, becauſe the two trapezimns KBUS, 
SOPT inſcribed in circles have their ſides BK, OS parallel, a 
allo OS, PI; and their other ſides BO, KS, OP, ST all equal 
to one another, and that BK is greater than OS, and 08 
greater than P, therefore the ſtraight line ZB is greater: 
than IO, Join AO which will be equal to AB; and becauſe 
AIO, AZz are right angles, the ſquares of Al, IO are equal 
to the ſquare of AO or of AB; that is, to the ſquares of AZ, 
ZB; and the ſquare of ZB is greater than the tquare of 10, 
therefore the ſquare of AZ. is leſs than the ſquare of Al; and 
the ſtraight line AZ. leſs than the ſtraight line Al: And it was 
proved that AZ is greater than AG; much more then is Al 
greater than AG; 1herefore the plane SOPT falls wholly with- 
out the leſſer ſphere ; In the ſame manner it may be demon- 
{trated that the plane 1 PRY falls without the ſame ſphere, as 
alſo the triangle YRX, viz. by the Cor. of 24 Lemma. And 
after the ſame way it may be demonſtrated that all the planes 
which contain the ſolid polyhedron, fall without the lefler 
ſphere. Therefore in the greater of two ſpheres which have the 
fame centre, a folid polyhedron is deſcribed, the ſuperficies 0 
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than AG otherwiſe, and in a ſhorter manner, without the hel 

of Prop. 16 as follows. From the point G draw GU at right 
,agles ro AG and join AU, If then the circumference BE be 
bitected, and its half again biſected, and fo on, there will at 


winch is ſubtended by a ſtraight line equal to GU inſcribed in 
the circle BC DE: Let this be the circumference KB: Therefore 
the ſtraight line KB is leſs than GU : And becauſe the angle 
BZK is obtuſe, as was proved in the preceding, therefore BK 
is greater than BZ : But GU is greater than BK; much more 
then is GU preater than BZ, and the ſquare of GU than the 
ſquare of BZ; and AU is equal to AB; therefore the ſquare 
of AU, that is, the ſquares of AG, GU are equal to the ſquare 
of AB, that is, to the ſquares of AZ, ZB; but the ſquare of BZ 
is leſs than the ſquare of GU; therefore the {quare of AZ is 
greater than the ſquare of AG, and the ſtraight line AZ con- 
{equently greater than the ſtraight line AG 

Cor. And if in the lefler ſphere there be deſcribed a ſolid 
polyhedron by drawing ſtraight lines betwixt the points in 
which the ſtraight lines from the centre of the ſphere drawn 
to all the angles of the ſolid polyhedron in the greater ſphere 
meet the ſuperficies of the leſſer; in the ſame order in which 
are joined the points in which the ſame lines from the centre 
meet the ſuperficies of the greater ſphere ; the ſolid polyhe- 
dron in the ſphere BCDE has to this other ſolid polyhedron 
the triplicate ratio of that which the diameter of the ſphere 
BCDE has to the diameter of the other ſphere : For if theſe 
two ſolids be divided into the ſame number of pyramids, and 
it the Came order; the pvramids ſhall be ſimilar to one ano- 
ther, each ro each; Becauſe they have the ſolid angles at their 
common vertex, the centre of the ſphere, the ſame in each py- 
ramid, and their other ſolid angle at the baſes equal to one 
another, each to each ®, becauſe they are contained by three 
plane angles equal each to each; and the pyramids are contained 


to one another, each to each: But ſimilar pyramids have to 


Therefore the pyramid of which the baſe is the quadrilateral 
KBOS, and vertex A, has to the pyramid in the other ſphere 
of the ſame order, the triplicate ratio of their homologous 


# ſides ; 


length be left a circumference leſs than the circumference 
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But the ſtraight line AZ may be demonſtrated to be greater Book XII. 


a B. 11. 


by the fame number of ſimilar planes; and are there fore ſimilar d b 11. Def. 


11. 


one another the triplicate © ratio of their homologous ſides. c Cor. 12. 


202 


Book XIT. 
—— — 


4 17. 12. 


ſides ; that is, of that ratio which AB from the centre of the 
greater ſphere has to the ſtraight line from the ſame centre to 
the ſuperficies of the leſſer ſphere. And in like manner, each 
pyramid in the greater ſphere has to each of the ſame order in 
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the leſſer, the triplicate ratio of that which AB has to the ſe. 
midiameter of the leſſer ſphere. And as one antecedent is to in 
conſequent, ſo are all the antecedents to all the conſequent, 
W herefore the whole ſolid polyhedron in the greater ſphere has 
to the whole ſolid polyhedron in the other, the triplicate ratio 
of that which AB the ſemidiameter of the firſt has to the ſem). 
diameter of the other; that is, which the diameter BD of the 
greater has to the diameter of the other ſphere. 


PROP. XVIII. THE OR. 


GG. HERES have to one another the triplicate ratio of 
that which their diameters have. 


Let ABC, DEF be two ſpheres of which the diameters are 
BC, EF. The ſphere ABC has to the ſphere DEF the triplicate 
ratio of that which BC has to EF. 

For, if it has not, the ſphere ABC ſhall have to a ſphere ei. 
ther leſs or greater than DEF, the triplicate ratio of that 
which BC has to EF. Firſt, let it have that ratio to a leſs, viz, 
to the ſpbere GHK ; and let the ſphere DEF have the fame 
centre with GHK ; and in the greater ſphere DEF deſcribe 


I'2. 


EOS 


þ Cor 17. ſphere DEF, the triplicate ratio of that which BC has to EF. 


NS 


a ſolid polyhedron, the ſuperficies of which does not meet the 
Jefſer ſphere GHK; and in the ſphere ABC deſcribe another 
fimilar to that in the ſphere DEF: therefore the ſolid polyhe- 
dron in the ſphere ABC has to the ſolid polyhedron in the 


the triplicate ra- 


But the ſphere ABC has to the ſphere GHK, 10 
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dio of that which BC has to EF; therefore, as the ſphere ABC Book XII. 
to the ſphere G HK, ſo is the ſolid polyhedron in the ſphere ABG .= 
to the ſolid polyhedron in the ſphere DEF : But the ſphere 

ABC is greater than the ſolid polyhedron in it; therefore © al. c 14. 5. 
ſo the ſphere GHK is greater than the ſolid polyhedron in the 

ſphere DEF: But it is alſo leſs, becauſe it is contained within 

it, which is impoſſible : Therefore the ſphere ABC has not to 

any ſphere leſs than DEF, the triplicate ratio of that which 

BC has to EF, In the ſame manner, it may be demonſtrated, 

that the ſphere DEF has not to any ſphere leſs than ABC, the 
triplicate ratio of that which EF has to BC. Nor can the 
ſphere ABC have to any ſphere greater than DEF, the tripli- 

cate ratio of that which BC has to EF : For, if it can, let it 

have that ratio to a greater ſphere LMN : Therefore, by inver- 

ſion, the ſphere LMN has to the ſphere ABC, the triplicate 

ratio of that which the diameter EF has to the diameter BC. 

But, as the ſphere LMN to ABC, fo is the ſphere DEF to ſome 
ſphere, which muſt be leſse than the ſphere ABC, becauſe the 

ſphere LMN is greater than the ſphere DEF: Therefore the 

ſphere DEF has to a ſphere leſs than ABC the triplicate ratio 

of that which EF has to BC; which was ſhewn' to be impol- 

ſible: Therefore the ſphere ABC has not to any ſphere greater 

than DEF the triplicate ratio of that which BC has to EF : And 

it was demonſtrated, that neither has it that ratio to any ſphere 

leſs than DEF. Therefore the ſphere ABC has tothe ſphere 

DEF, the triplicate ratio of that which BC has to EF. Q. E. D. 


NI. 


Printe 


— W 1 
CRITICAL and GEOMETRICAL:; 


CONTAINING 


— 


An account of thoſe things in which this Edition dif- 
ters from the Greek text; and the Reaſons of the 
Alterations which have been made. As alſo Obſer- 
vations on ſome of the Propoſitions. 


By ROBERT SIMSON, M. D. 


Emeritus Profeſſor of Mathematics in the Univerſity of Glaſgow. 


E DIN BUR GH: 


Printed for C. Nouxsk, London; and J. BL rouR, Edinburgh. 


NM. DCC,LXXXVII. 


1 


14 
ha 
right 
all ari 
daries 
dary V 
which 
ſuperfi 
contall 
hound; 
fore in 
and ha 
either 
of the 
BM, o. 
each 0 
part of 
BM; b 
moved 
ſuperfic 
of the { 
ſame as 
part of 
moved | 
of the f 
fcies BC 
The | 
common 
which di 
If BC be 
aBCD, | 
and of 
boundar 


( 297 ) 
n. 


DEFINITION I. BOOK I. 


T is neceſſary to conſider a ſolid, that is, a magnitude which 
has length, breadth, and thickneſs, in order to underſtand 
right the definitions of a point, line, and ſuperficies ; for theſe 
ill ariſe from a ſolid, and exiſt in it: The boundary, or boun- 
dries which contain a ſolid are called ſuperficies, or the boun- 
gary which is common to two ſolids which are contiguous, or 
which divides one ſolid into two contiguous parts, is called a 
ſuperficies : Thus, if BCGF be one of the boundaries which 
contain the ſolid ABCDEFGH, or which is the common 
houndary of this ſolid, and the ſolid BELCFNMSG, and is there- 
fore in the one as well as the other ſolid, is called a ſuperficies, 
and has no thickneſs: For if it have any, this thickneſs muſt 


either be a part of the thickneſs 
of the ſolid AG, or the ſolid H G M 
BM, or a part of the thickneſs of FIN | 


each of them. It cannot be a "I ' 
part of the thickneſs of the ſolid er 
BM; becauſe, if this ſolid be re- [Joi 
moved from the fold AG, the D * L. 
ſuperficies BCGF, the boundary | 

of the ſolid AG, remains ſtill the A B K 


{me as it was. Nor can it be a 

part of the thickneſs of the ſolid AG; becauſe, if this be re- 
moved from the ſolid BM, the ſuperficies BCGF, the boundary 
of the ſolid BM, does nevertheleſs remain; therefore the ſuper- 
icies BCGF has no thickneſs, but only length and breadth. 

The boundary of a ſuperficies is called a line, or a line is the 
common boundary of two ſuperficies that are contiguous, or 
wich divides one ſuperficies into two contiguous parts: Thus, 
EC be one of the boundaries which contain the ſuperficies 
ACD, or which is the common boundary of this ſuperficies, 
nd of the ſuperficies KBCL which is contiguous ta it, this 
boundary BC is called a line, and has no breadth : For if it 
hre any, this muſt be part either of the breadth of the ſuper- 
iies ABCD, or of the ſuperficies KBCL, or part of each of 
nem. It is not part of the breadth of the ſuperficies KBCL.; 
lor, if this ſuperficies be removed from the ſuperficies ABCD, 

! . . 3 * . the 
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4 Book I. the line BC which is the boundary of the ſuperficies ABCD re. 


mains the ſame as it was: Nor can the breadth that BC is ſup. 
poſed to have, be a part of the breadth of the ſuperficies ABC D. 
becauſe, if this be removed from the ſuperficies KBCL, the line 
BC which is the boundary of the ſuperficies KBCL does. never. 
theleſs remain: Therefore the line BC has no breadth : And be. 
cauſe the line BC is in a ſuperficies, and that a ſuperficies has 
no thickneſs, as was ſhewn; therefore a line has neither breadth 
nor thickneſs, but only length: 

The boundary of a line is called a point, or a point is the 
common boundary or extremi 
of two lines that are Aer iran | H G M 
Thus. if B be the extremity of the | FIN 
line AB, or the common. extre- 
mity of the two lines AR, KB, | | 
this extremity is called a point, 
and has no length: For, if i have D 2 IL. 
any, this length muſt either be | 

art of the length of the line AB, 
8 of the line KB. It is not part A B K 
of the length of KB; for, if the line KB be removed from AB, 
the point B which is the extremity of the line AB remains the 
ſame as it was; Nor is it part of the length of the line AB; 
for, if AB be removed from the line KB, the point B, which is 
the extremity of the line KB, does nevertheleſs remain: There- 
fore the point B has no length : And becauſe a point is in a line, 
and a line has neither breadth nor thickneſs, therefore a point 
has no length, breadth, nor thickneſs. And in this manner the 
definitions of a point, line, and ſuperficies are to be underſtood- 


DEF. VII. B. . 


Inſtead of this definition as it is in the Greek copies, a more 


diſtinct one is given from a property of a plane ſuperficies, which 
is manifeſtly ſuppoſed in the elements, viz. that a ſtraight line 


drawn from any point in a plane to any other in it, is whollyin 
that plane. 


DEF. VI. BTL 


It ſeems that he who made this definition deſigned that it 
mould comprehend not only a plane angle contained by two 
itraight lines, but likewiſe the angle which ſome "conceive to 
be made by a ſtraight line and a curve, or by two curve lines, 
which meet one another in a plane: But, tho' the meaning of 

the 
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Jiretion, be plain, when two ſtraight 
raight line, it does not appear what ought to be underſtood 
by theſe words, when a ſtraight line and a curve, or two curve 
lines, are ſaid to be in the ſame direction; at leaſt it cannot be 
explained in this place; which makes it probable that this de fi- 
nition, and that of the angle of a ſegment; and what is faid of 
he angle of a ſemicircle, and the angles of ſegments, in the 
16, and 31. propoſitions of Book 3. are the additions of ſome 
pes {kilful editor: On which account, eſpecially fince they are 
quite uſeleſs, theſe definitions are diſtinguiſhed from the reſt by 
inverted double commas. , 


DEF. XVII. B. 1. 


The words, © which alſo divides the circle into two equal 
parts, are added at the end of this definition in all the copies, 
but are now left out as not belonging to the definition, being 
ly a corollary from it. Proclus demonſtrates it by conceiving 
one of the parts into which the diameter divides the circle, to 


the ſtraight lines from the centre to the circumference would 
ot be all equal: The ſame thing is eaſily deduced from the 
11, prop. of Book 3. and the 24. of the ſame; from the firſt 
df which it follows that ſemicireles are ſimilar ſegments of a 
etcle: And from the other, that they are equal to one another. 


DEF. XXXIII. B. I. 


This definition has one condition more than is neceſſary; 
becauſe every quadrilateral figure which has its oppolite ſides 
qual to one another, has likewiſe its oppolite angles equal; and 
u the contrary, 

Let ABCD be a quadrilateral figure of which , the. oppoſite 
des AB, CD are equal to one an- 


ab is equal to the bale CD; there- B C 
wwe by prop. 8. of Book 1. the angle | 

Oz is equal to the angle CBD ; and by prop. 4. B. 1. the an- 
Fe BAD is equal to the angle DCB, and ABD to BDC ; and 
«retcre alſo the angle ADC is equal to the angle ABC, 


the words 4 e eg, that is, in a wk, Th line, or in the ſame Book I. 
ines are ſaid to be in a 


be applied to the other; for it is plain they muſt coincide, elſe 


der; as alſo AD and BC; Join „ ee _— D | 
D; the two ſides AD, DB are E- x 
gab tothe two CB, BD, and the baſe | 


And 
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Book 1. And if the angle BAD be equal to the oppoſite angle Bcy 

: and the angle ABC to ADC; the oppoſite ſides are equa 
Becauſe, by prop. 32. B. 1. all the angles of the quadrilater 

figure ABCD are together equal to | 


four right angles, and the two angles * D A cor 
BAD, ADC are together equal to | Prop. 1. 
the two angles BUD, ABC: Where. 

fore BAD, ADC are the half of all B 3 
the four angles; that is, BAD and C 

ADC are equal to two right angles: And therefore AB, Ch proclt 

are parallels by prop. 28. B. 1. In the ſame manner AD, d chi 

are parallels: Therefore ABCD is a parallelogram, and its 1 2 d 

polite ſides are equal by 34. prop. B. 1. of it be 

the reaſe 

PROP. VII. B. I. 7 

onofit ne 

There are two caſes of this propoſition, one of which is ng wopoliti 

in the Greek text, but is as neceſſary as the other: And that th face to h 

caſe left out has been formerly in the text appears plainly fro n. 17. 

this, that the ſecond part of prop. 5. which is neceſſary to t that the 

demonſtration of this caſe, can be of no uſe at all in the ele toge 


udes it 
angles 
added, t 


ments, or any where elſe, but in this demonſtration ; becauſ 
the ſecond part of prop. 5. clearly follows from the firſt pa 
and prop. 13. B. 1. This part muſt therefore have been added i 


prop. 5. upon account of ſome propoſition betwixt the 5. es of 1 
13. but none of theſe ſtand in need of it except the 7. pre then th: 
poſition, on account of which it has been added: Beſides, ed i: 
tranſlation from the Arabic has this caſe explicitly demonſtrated 
And Proclus acknowledges that the fecond part of prop. 5 
was added upon account of prop. 7. but gives a ridiculous re 
ſon for it, ©* that it might afford an anſwer to objections mad 1 
5 againſt the 7.” as if the caſe of the 7. which is left out, wer tat the 
as he expreſsly makes it, an objection againſt the propolinog...... 
itſelf. Whoever is curious may read what Proclus ſays of thif mie 
in his commentary on the 5. and 7. propoſitions; for it is es D 
worth while to relate his trifles at full length. er than 1 
It was thought proper to change the enunciation of this ul, tho 
prop. ſo as to preſerve the very ſame meaning; the literal tram: eien 
lation from the Greek being extremely harſh, and difficult tv Mr the 
underſtood by beginners, entre P 
: Kult mee 
W; Reuſe ! 
| lat, for 


b, at t! 


NOTE Ss. 


PRUE. ALB. L 


4 corollary is added to this propoſition, which is neceſſaryto 
Prop, 1. B. 11+ and otherwile. | 


PROP. XX. and XXI. B. I. 


Ma) Proclus, in his commentary, relates, that the Epicureans de- 
) ed this propoſition, as being manifeſt even to aſſes, and need- 
1 op Ing no demonſtration ; and his anſwer is, that though the truth 


of it be manifeſt ro our ſenſes, yet it is ſcience which muſt give 
the rea lon why two ſides of a triangle are greater than the third: 
But the right anſwer to this objection againſt this and the 21ſt, 
and ſome other plain propoſitions, is, that the number of axioms 
cozht not to be increaſed without neceſſity, as it muſt be if theſe 
yopolitions be not demonſtrated. Monſ. Clairault, in the pre- 
ce to his elements of geometry, publiſhed in French at Paris, 


y fro n. 1741, fays, That Euclid has been at the pains to prove, 
to th t the two ſides of a triangle which is included within another 
he ele e together leſs than the two ſides of the triangle which in- 
ecauſſi des it; but he has forgot to add this condition, viz. that the 
ſt pa ranges muſt be upon the ſame baſe ; becauſe, unleſs this be 
Jded o:0Jed, the ſides of the included triangle may be greater than the 


files of the triangle which includes it, in any ratio which is leſs 
than that of two to one, as Pappus Alexandrinus has demon- 
trated in Prop. 3. B. 3. of his mathematical collections. 


PROP. XXII. B. I. 


Some authors blame Euclid becauſe he does not demonſtrate, 
lt the two circles made uſe of in the conſtruction of th 
problem muſt cut one another: Bur this is very plain from the 
ermination he has given, viz. that any two of the ſtraight 
ines DF, FG, GH mult be great- 
ran the third: For who is ſo 
vl, tho* only beginning to learn 
be elements, as not to perceive 
at the circle deſcribed from the 
enre F, at the diſtance FD, _ — — 
But meet FH betwixt F and H, DM F G H 
Kauſe FD is leſs than FH ; and 

ur, for the like reaſon, the circle deſcribed from the centre 
„n the diſtance GH or GM, muſt meet DG berwixe D 


and 


t is no | 


this 
al trant 
lt to 


RO! 
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FD and GH are together greater 

than FG? And this determina- 

tion is eaſter tobe underſtood than 

that which Mr Thomas Simpſon 

derives from it, and puts inſtead 

of Euclid's, in the 49th page of 
his elements of geometry, that he B M F 6 Wo 
may ſupply the omiſhon he blames | 

Euclid for ; which determination 1s, that any «of the thre 
ſtraight lines muſt be leſs than the ſum, but greater than 
difference of the other two: From this he ſhews the circles my 
meet one another, in one caſe; and ſays, that it may be pros 
after the ſame manner in any other caſe : But the ftraight | 
GM which he bids take from GF may he greater than it, aj 
the figure here annexed; in which caſe his demonſtration my 
be changed into another. 


| 


PROP. XXIV. B. I. 
To this is added, “ of the two ſides DE, DF, let DE | 


« that which is not greater than the other” that is, take th 
fide of the two DE, DF which is not greater than the other, 
order to make with it the angle EDG JI 

equal to BAC ; becauſe, without this 
reſtriction, there might be three differ- 
ent caſes of the propoſition, as Campa- 
nus and others make. 

Mr Thomas Simpſon, in p. 262. of 
the ſecond edition of his elements of 
geometry, printed anno 1760, obſerves 
in his notes, that it ought to have been 
ſhown, that the point F falls below the 
line EG; this probably Euclid omitted, 


E. | 
7 


as it is very ealy to perceive, that DG being equal to DF,t 
point G 1s in the circumference of a circle deſcribed from ti 
centre DI at the diſtance DF, and muſt be in that part 0 
which 1s above the ſtraight line EF, becauſe DG falls abo 
DF, che angle EDG being greater than the angle EDF. 


PR OP. MK. 


The propoſition which is uſually called the 5th poſtulate, 


21th axiom, by ſome the 12th, on which this 2gth depends, 
' 9 , 


Book I. and G; and that theſe circles muſt meet one another, bec,, AM ven 
Oo 
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Deca 
. lr ſeems, not to be properly placed among the Axioms, 


, indeed, it is not ſelf evident; but it may be demonſtrated 


hus : 

= DEFINITION I. 

The diſtance of a point from a ſtraight line, is the perpendi- 
lar drawn to it-from the point. 


DEF; z. 


One ſtraight line is ſaid to go nearer to, or further from, ano» 


' Uhr her {traight line, when the diſtances of the points of the firſt 
Nan t from the other ſtraight line become leſs or greater than they 
es my were ; and two ſtraight lines are ſaid to keep the fame diſtance 
uh from one another, when the diſtance of the points of one of them 
cht li 


from the other is always the ſame. 


Aa VM, 


A ſtraight line cannot firſt come nearer to one another ſtraight 
line, and then go further from A | 
it, before it cuts it ; and, in like 
manner, a ſtraight line cannot oo 
go further from another ſtraight 


ne, and then come nearer to F (> 
It; nor can a ſtraight line keep 

the ſame diſtance from another ſtraight line, and then come 
nearer to it, or go further from it; for a ſtraight line keeps al- 
ways the ſame direction. 


For example, the ſtraight line ABC cannot firſt come near- 


B 


er to the ſtraight line DE, as 

from the. point A to the point A 
b, and then, from the point B — 
o the point C, go further from 


RD — 
the ſame DE : And in like man- F CG H 
4 per, the ſtraight line FGH can- | 
% not go further from DE, as from F to G, and then, from G to 
DF,t 5 come nearer to the ſame DE: And ſo in the laſt cale, as in 
roM vi g. 2. 
1 p R O p. I. 
s abo ; 


If two equal ſtraight lines AC, BD, be each at right angles 
bo the ſame ftraight line AB; if the points C, D be joined by 
de ſtraight line CD, the ſtraight line EF drawn from any point 
7 a unto CD, at right angles to AB, ſhall be equal to AC, 
or BD, 

It EF be not equal to AC, one of them muſt be preater 
lan the other; let AC be the greater ; then, becauſe FE is 


leſs 


late, 
nds, 


gw 
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NOTE S. 


leſs than CA, the ſtraight line CFD is nearer to the Qtraight 
line AB at the point F than at the F 


point C, that is, CF comes nearer a righ 
to AB from the point C to F; But C 
becauſe DB is greater than FE, I 
the ſtraight line CFD is further F 
from AB at the point D thanat F, If 
that is, FD goes further, from AB there 
from F to D: Therefore the ſtraight re! 
line CFD firſt comes nearer to = A E B Neat 
ſtraight line AB, and then goes further from it, before it cus Let 
it; which is impoſſtble. If FE be ſaid to be greater than (4 one ar 
or DB, the ſtraight line CFD firſt goes further from the ftraigh may b 
line AB, and then comes nearer to it ; which is alſo impoſſible, perper 
Therefore FE is not unequal to AC, that is, it is equal to it, *n 
PROP. 2. 2 
Becau! 
If two equal ſtraight lines AC, BD be each at right angles to GE, F 
the fame ſtraight line AB; the ſtraight line CD which joins 1 
their extremities makes right angles with AC and BD. angle | 
Join AD, BC ; and becauſe, in the triangtes CAB, DBA, ee 
CA, AB are equal to DB, BA, and the angle CAB equal to 3 
the angle DBA ; the baſe BC is equal to the baſe AD : And 16 8 
in the triangles ACD, BDC, AC, CD are equal to BD, DC; | M 
and the baſe AD is equal to the baſe 32 
BC : Therefore the angle ACD is e- O E D 1 28 
qual d to the angle BDC : From any 2 0 
point E in AB draw EF unto CD, * * 
at right angles to AB; therefore, by rte 
Prop. i. EF is equal to AC, or BD; | 1 
hereſore, as has been juſt now A E I iT 
ſhown, the angle ACF is equal to FF : 
the angle EFC : In the ſame manner, the angle BDF is equi 1 1 
to the angle EFD; but the angles ACD, BDC are equal; A AO 
therefore the angles EFC and EFD are equal, and rig er tha. 
2 ©; wheretore allo the angles ACD, BDC are righ AP is e 
angles. 
Cor. Hence, if two ſtraight lines AB, CD be at right angles 1 
to the ſame ſtraight line AC, and if betwixt them a ftraight 
line BD be drawn at right angles to either of them, as to AB; 
then BD is equal to AC, and BDC is a right angle. "po 
If AC be not equal to BD, take BG equal to AC, anc OD 
join CG : Therefore, by this Propoſition, the angle ACG is * Al 


right angle; but ACD is alſo a right angle; wherefore the 0 
gle 


NOTE Ss. 


es ACD, ACG are equal to one another, which is impoſſible. 
Fo efars BD is equal to AC ; and by this propoſition BDC is 
z right angle. 


ght 


r 


If two ſtraight lines which contain an angle be produced, 
there may be found in either of them a point from which the 
perpendicular drawn to the other ſhall be greater than any given 
ſtraight line. 

15 AB, AC be two ſtraight lines which make an angle with 
one another, and let AD be the given ſtraight line; a point 
may be found either in AB or AC, as in AC. from which the 
perpendicular drawn to the other AB ſhall be greater than AD. 
In AC take any point E, and draw EF perpendicular to 
AB; produce AE to G, ſo that EG be equal to AE; and 
produce FE to H, and make EH equal to FE, and join HG. 
Becauſe, in the triangles AEF, GEH, AE, EF are equal to 
GE, EH, each to each, and contain equal angles, the angle 
GHE is therefore equal d to the angle AFE which is a right 
angle : Draw 71 perpendicular to AB; and becauſe the ſtraight 
ines FK, H 
are at right an- A 2 E B M 
ples to FH, and e 
KG at right an- 
gles to FR ; KG O 
s equal ro FH, D 
by Cor. Pr. 2. 
that is, to the 
double of FE. 
lu the ſame manner, if AG be produced to L, ſo that GL be 
equal to AG, and LM be drawn perpendicular to AB, then 
Lis double of GK, and fo on. In AD take AN equal to 
FE, and A0 equal to KG, that is, to the double of FE, or 
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s equal AN ; alſo. take AP equal to LM, that is, to the double of KG, 

equal AO; and let this be done till the ſtraight line taken be great- 

] right er than AD: Let this ſtraight line ſo taken be AP, and becauſe 

rige 4? is equal to LM, therefore LM is greater than AD. Which 

was to be done. 

angles 

ſtraigh R O P - 

o AB; 5 385 
If two ſtraight lines AB, CD make equal angles EAB, 

al 1 ECD with another ſtraight line EAC towards the ſame parts of 


* AB and CD are at right angles to ſome ſtraight line. 
DV 


Biſect 
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NOTES. 


Biſect AC in F, and draw FG perpendicular to AB; take 
CH in the ſtraight line CD equal to AG, and on the contrary 


fide of AC to that on which AG is, and join FH : Therefore 
in the triangles AFG, CFH, the fides FA, AG are equal to 
FC, CH, each to each, and the angle 

FAG, that * is, E.AB is equal to the F: 4 
angle FCH; wherefore d the angle 

AGF is equal to CHF, and AF Go G A B 
the angle CFH: To theſe laſt add the Fg ”— 
common angle AFH ; therefore the F 

two angles AFG, AFH are equal to 

the two angles CFH, HFA, which 8 
two laſt are equal together to two 11 1 
right angles ©, therefore alſo AFG, 

aF are equal to two right angles, and conſequently 4 G 
and FH are in one ſtraight line. And becauſe AGF is a right 


angle, CHF which is equal to it is alſo a right angle; Therefore 
the ſtraight lines AB, CD are at right angles to GH. 


R 


If two ſtraight lines AB, CD be cut by a third ACE fo a 
to make the interior angles BAC, ACD, on the ſame fide of 


it, together leſs than two right angles; AB and CD being pro. 


duced ſhall meet one another towards the parts on which are 
the two angles which are leſs than two right angles. 

At the point C in the ſtraight line CE make * the angle 
ECF equal to the angle EAB, and draw to AB the ſtraight 
line CG at right angles ro CF : Then, becauſe the angles ECF, 
EAB are equal to one an- 


other, and that the angles E 
ECF, FCA are together e- 
qual 4 to two right angles, M C E E 


the angles EAB, FCA are | 
equal to two right angles, 

But, by the hypotheſis, the N D 
angles EAB, ACD are to- L 
gether leſs than two right = 

angles; therefore the anple A C3 G B H 
FCA is greater than ACD | 

and CD falls between CF and AB: And becauſe CF and CD 
make an angle with one another, by Prop. 3. a point may be 


found iu either of them CD, from which the 


drawn to CF ſhall be greater than the ſtraight line CG 
this 


perpend:cular 


this p. 
AB it 
AC or 
angles 
perper 
which 
HK is 
conſeq 
ſtraigh 
contra. 


The 
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this point be H, and draw HK perpendicular to CF meeting Book L. 
AB in L: And becauſe AB, CF contain equal angles with 
AC on the ſame ſide of it, by Prop. 4. AB and CP are at right 
angles to the — line MNO which biſects AC in N and is 
perpendicular to CF: Therefore, by Cor. Prop. 2. CG and KL 
which are at right angles to CF are equal to one another : And 
HK is greater than CG, and therefore is greater than KL, and 
conſequently the point H is in KL produced. Wherefore the 
traight line CDH drawn betwixt the points C, H which are on 
contrary ſides of AL, muſt neceſſarily cut the ſtraight line AB. 


PROP. XXXV. B. I. 


The demonſtration of this Propoſition is changed, becauſe, if 
the method which is uſed in it was followed, there would be 
three caſes to be ſeparately demonſtrated, as is done in the 
raallation from the Arabic; for, in the Elements, no caſe of a 
Propolition that requires a different demonſtration, ought to 
be omitted, On this account, we have choſen the method 
which Monſ. Clairault has given, the firſt of any, as far as I 
know, in his Elements, page 21. and which afterwards Mr 
vmpſon gives in his page 32. But whereas Mr Simpſon makes 
ule of Prop. 26. B. 1. from which the equality of the two 
triangles does not immediately follow, becauſe, to prove that, 
the 4. of B. 1. muſt likewiſe be made uſe of, as may be ſeen 
in the very ſame caſe in the 34. Prop. B. 1. it was thought bet- 
ter to make ule only of the 4. of B. 1. 


PROP. XLV. B. I. 


The ſtraight line KM is proved to be parallel to FL from 
the 33. Prop.; whereas KH is parallel to FG by conſtruction, 
nd KHM, FGL have been demonſtrated to be ſtraight lines. 


A corollary is added from Commandine, as being often uſed. 


PROP. XIII. B. II. 


[ this Propoſition only acute angled triangles are mention- Book II. 
ed, whereas it holds true of every triangle : And the de- 
non{trations of the caſes omitted are added; Commandine and 

Cavius have likewiſe given their demonſtrations of theſe caſes. 


PROP. XIV. B. II. 


In the demonſtration of this, ſome Greek editor has ig- 


wrantly inſerted the words, “ but if not, one of the two BE, 
U 2 ; my ED 
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Book II. «« E is the greater; let BE be the greater, and produce it to whe 
« F, as if it was of any conſequence whether the greater or pare 
leſſer be produced: Therefore, inſtead of thele words, there 
ought to be read only, but if not, produce BE to F. 

| 
PRO. . Bi 138; 1 
| : both 

Book III . 147 authors, eſpecially among the modern mathe. ed in 

: maticians and logicians, inveigh too ſeverely againſt ind. this 
rect or Apagogic demonſtrations, and ſometimes 1gnorantly to b 
enough ; not being aware that there are ſome things that can. ſtraig 
not be demonſtrated any other way: Of this the preſent pro. On v 
poſition is a very clear inſtance, as no direct demonſtration to th 
can be given of it: Becauſe, beſides the definition of a circle whic 
there is no principle or property relating to a circle antecedent this 
to this problem, from which either a direct or indirect de. 
monſtration can be deduced : Wherefore it is neceſſary that the 
point found by the conſtruction of the problem be proved to In 
be the centre of the circle, by the help of this definition, and Jation 
ſome of the preceding propoſitions : And becauſe, in the de. the F 
monſtration, this propoſition muſt be brought in, viz, ſtraight or th 
lines from the centre of a circle to the circumference are equal, ceive 
and that the point found by the conſtruction cannot be afſu. is at 
med as the centre, for this is the thing to be demonſtrated; it gles I 

is manifeſt ſome other point muſt be aſſumed as the centre; mode 
and if from this aſſumption an abſurdity follows, as Eucld de. ſeque 
monſtrates there muſt, then it is not true that the point aſſumed in wh 
is the centre; and as any point whatever was aſſumed, it follows ner, 
that no point, except that found by the conſtruction, can be the ment! 
centre, from which the neceſſity of an indirect demonſtration in pallag 
this caſe is evident. tne 3 
PN. „ T1 
1 
As it is much eaſier to imagine that two circles may touch xt 
one another within in more points than one, upon the ſame Dr G 
fide, than upon oppolite ſides; the figure of that caſe ought to be 
not to have been omitted; but the conſtruction in the Greek line is 
text would not have. ſuited with this figure ſo well, becauſe the when 
centres of the circles maſt have been placed near to the cir· from 
cumferences: On which account another conſtruction and de- an an 
monſtration is given, which is the ſame with the ſecond part dent | 
of that which Campanus has tranſlated from the Arabic, line b 


where 


where without any reaſon the demonſtration is divided into two Book III. 
” — nt 


(0 parts. 


" Or 
ere 


P R OP. XV. B. III. 


The converſe of the ſecond part of this propoſition is want- 
ing, though in the preceding, the converſe is added, in a like caſe, 
both in the enunciation and demonſtration; and it is now add- 
ed in this. Beſides, in the demonſtration of the firſt part of 


wh this 1 5th, the diameter AD (ſee Commandine's figure) is proved 
dy to be greater than the ſtraight line BC by means of another 
* ſtraight line MN; whereas it may be better done without it: 
pro. On which accounts we have given a different demonſtration, like 
ation to that which Euclid gives in the preceding 14th, and to that 
ek which Theodoſius gives in prop. 6. B. 1. of his Spherics, in 
. this very affair. 
** PROP. XVI. B. III. 
ed to In this we have not followed the Greek nor the Latin tranſ. 
, and lation literally, but have given what is plainly the meaning of 
e de- the propoſition, without mentioning the angle of the ſemicircle, 
igt or that which ſome call the cornicular angle which they con- 
equal, ceive to be made by the circumference and the ſtraight line which 
aſſu- is at right angles to the diameter, at its extremity ; which an- 
d; it oles have furniſhed matter of great debate between ſome of the 


modern geometers, and given occaſſion of deducing ſtrange con- 


tre; ; a a 
1d de- ſequences from them, which are quite avoided by the manner 
ſumed in which we have expreſſed the propoſition. And in like man- 


ner, we have given the true meaning of prop. 31. B. 3. without 
mentioning the angles of the greater or leſſer ſegments: Theſe 
palſages, Vieta, with good reaſon, ſuſpects to be adulterated, in 
tae 386th page of his Oper. Math. 


PRO P. AX, Bo BH. 


The firſt words of the ſecond part of this demonſtratian, 
aue ο dn ra, are wrong tranſlated by Mr Briggs and 
Dr Gregory “ Rursus inclinetur;“ for the tranſlation ought 


ollows 
be the 
tion in 


touch 
e ſame 


ought to be © Rurſas infletatur,”” as Commandine has it: A ſtraight 
Greek line is ſaid to be inflected either to a ſtraight, or curve line, 
uſe the when a ſtraight line is drawn to this line from a point, and 
the cir- from the point in which it meets it, a ſtraight line making 


an angle with the former is drawn to another point, as is evi- 
dent from the goth prop. of Euclid's Data : For this the whole 


ine betwixt the firſt and laſt points, is inflected or broken at 
| U 3 | g the 


nd de- 
ad part 
Arabic, 

where 


370 


Book r. the point of inflection, where the two ſtraight lines meet. Ang 
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in the like ſenſe two ſtraight lines are ſaid to be inflected fron 


two points to a third point, when they make an angle at this As1 
point; as may be ſeen in the deſcription given by Pappus A. C this 
lexandrinus of Apollonius's Books de Locis planis, in the pre. can it 
face to his 7th book : We have made the expreſſion fuller fron eaſy; 
the goth Prop. of the Data. hom | 
the ce 

There are two caſes of this propolition, the ſecond of which, centre 
viz. when the angles are in a ſegment not greater than a ſemi. So th: 
circle, is wanting in the Greek: And of this a more ſimple long t 
demonſtration is given than that which is in Commandine, a; ſhould 
being derived only from the firſt caſe, without the help of tri. tice of 
angles. are ne 

PROP. XXIII. and XXIV. B. III. 

In propoſition 24. it is demonſtrated, that the ſegment AEB 6 wy 
muſt coincide with the ſegment CFD, (ſee Commandine's fl. Aditie 


gure), and that it cannot fall otherwiſe, as CGD, fo as to cut 
the other circle in a third point G, from this, that, if it did, 3 
circle could cut another in more points than two : But this 
ought to have been proved to be impoſſible in the 23d Prop. as 
well as that one of the ſegments cannot fall within the other ; 
This part then is left out in the 24th, and put in its proper place, 
the 23d Propoſition. 


W 


vpori, 
2 circl 
when 
it is 1g 


PROP. AXV. B. 3 


| are ne 
This propoſition is divided into three cafes, of which two fnitio1 
have the ſame conſtruction and demonſtratioa ; therefore it is of thi 
now divided only into two caſes. nition: 
inſteac 
P R O P. XXXIII. B. III. Book 
of 
This alſo in the Greek is divided into three caſes, of which * 
two, viz. one, in which the given angle is acute, and the other in 
which it is obtuſe, have exactly the ſame conſtruction and de- 
monſtration; on which account, the demonſtration of the laſt 
caſe is left out as quite ſuperfluous, and the addition of ſome * 
unſkilful editor; beſides the demonſtration of the caſe when the tis d 
angle given is a right angle, is done a round about way, and is line ; 
therefore changed to a more ſimple one, as was done by Clavius. j 14 


PROP 


N OT ES. 


As the 2 5th and 33d propoſitions are divided into more caſes, 
ſo this 35th is divided into fewer caſes than are neceſſary. Nor 
an it be ſuppoſed that Euclid omitted them becauſe they are 
eaſy; as he has given the caſe, which by far, is the eaſieſt of 
them all, viz. that in which both the ſtraight lines paſs through 
he centre: And in the following Propoſition he ſeparately de- 
nonſtrates the caſe in which the ſtraight line paſſes through the 
centre, and that in which it does not paſs through the centre: 
do that it ſeems Theon, or ſome other, has thought them too 
long to inſert ; But caſes that require different demonſtrations, 
ould not be left out in the Elements, as was before taken no. 
ice of: Theſe caſes are in the tranſlation from the Arabic, and 
are now put into the text. 


PROP. XXXVII. B. III. 


At the end of this, the words, in the ſame manner it may 


\E3 WW © be demonſtrated, if the centre be in AC,” are left out as the 
$ f. addition of ſome ignorant editor. 

) cut 

Ga DEFINITIONS of BOOK Iv. 

this 

Te \ HEN a point is in a ſtraight line, or any other line, this 
oh point is by the Greek geometers ſaid awrio9a:, to be 
lace, 


vpori, or in that line, and when a ſtraight line or circle meets 
a circle any way, the one is ſaid azric9zi to meet the other: But 
when a ſtraight line or circle meets a circle ſo as not to cut it, 
it is {aid s2@7TzoYas, to touch the circle; and theſe two terms 
are never promiſcuouſlly uſed by them: Therefore, in the 5th de- 
fnition of B. 4. the compound «parra7e: mult be read, inſtead 
of the ſimple @mTmras: And in the iſt, 2d, 3d, and 6th defi. 
nitions in Commandine's tranſlation, “ tangit,” muſt be read 
inſtead of “ contingit:” And in the 2d and 3d definitions of 
Book 3. the ſame change muſt be made: But in the Greek text 
of propoſitions 1 1th, 12th, 13th, 18th, 19th, Book 3. the com- 


which pound verb is to be put for the ſimple. 


her in 


d de- PROP. IV. B. IV. 


1e laſt 
4 In this, as alſo in the 8th and 13th propoſitions of this book, 
=> : tis demonſtrated indirectly, that the circle touches a ſtraight 


ne; whereas in the 17th, 33d, and 37th propoſitions of book 
3. the ſame thing is directly demonſtrated : And this way we 


U 4 have 


avius. 


O 


PROP. XXRV. B. III. Bock III. 


Book IV. 
— 


. LA - 


— 
3 


- 


PS TIT 
* 
— r 5 - a 
oy ” - = & » - 8 
4+ fot 4 os OA as _—_— w - 


312 


Book IV. have choſen to uſe in the propofitions of this book, as it is 


Book V. 


NOT EES. 


« it 


10 pu 
6 ge 


PR OP. V. 1. W. ty 


« tic 


morter. 


The demonſtration of this has been ſpoiled by ſome unſkitfy « fol 
hand: For he does not demonſtrate, as is neceſſary, that the tuo « do 
ſtraight lines which biſect the ſides of the triangle at right angles « thi 
muſt meet one another; and, without any reaſon, he divide, « lol 
the propoſition into three caſes ; whereas, one and the ſame con. « wh 
ſtruction and demonſtration ſerves for them all, as Campany; « anc 
has obſerved ; which uſeleſs repetitions are now left out: The # 
Greek text alſo in the corollary is manifeſtly vitiated, where « ful 
mention is made of a given angle, though there neither is, nor « [ca 
can be any thing in the propoſition relating to a given angle, «Kat 

* mo 
PROP. XV. and XVI. B. IV. 4. 
6 1 

In the corollary of the firſt of theſe, the words equilateral * 
and equiangular are wanting in the Greek: And in prop 16, I full 
inſtead of the circle ABCD, ought to be read the circumference added 


ABCD : Where mention is made of its containing fifteen equal 
parts. 


D E F. II. B. v. 1 


% por 

ANY of the modern mathematicians reject this definition: Eon 

The very learned Dr Barrow has explained it at large at Aft 

the end of his third lecture of the year 1666, in which allo he compo 

anſwers the objections made againſt it as well as the ſubjet and tr 

would allow: And at the end gives his opinion upon the whole, has m⸗ 

as follows : entirel 

„I ſhall only add, that the author had, perhaps, no other have p 

« deſign in making this definition, than (that he might more this b. 

« fully explain and embelliſh his ſubjeR) to give a general preſsly 

„ and ſummary idea of ratio to beginners, by premiling Barrov 

« this metaphyſical definition, to the more accurate definiti- they 0 
« ons of ratios that are the ſame to one another, or one of 
« which is greater, or leſs than the other: I call it a meta- 
«« phyſical, for it is not properly a mathematical definition, 

« ſince nothing in mathematics depends on it, or is deduced, This 

&« nor, as I judge, can be deduced from it: And the defint- plicatio 

« tion of analogy, which follows, viz, Analogy is the fimi- books; 


« litude 


on: 
ge at 
0 be 
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« litude of ratios, is of the ſame kind, and can ſerve for no Book V. 


« purpoſe in mathematics, but only to give beginners ſome 
« oeneral, tho? groſs and confuſed notion of analogy : But the 
« whole of the doctrine of ratios, and the whole of mathema- 
« tics, depend upon the accurate mathematical definitions which 
« follow this : To theſe we ought principally to attend, as the 
« doctrine of ratios Is more perfectly explained by them; this 
« third, and others like it, may be entirely ſpared without any 
« loſs to geometry; as we ſee in the 7th book of the elements, 
« where the proportion of numbers to one another is defined, 
« and treated of, yet without giving any definition of the ratio 
« of numbers ; tho? ſuch a definition was as neceſſary and uſe- 
« ful to be given in that book, as in this: But indeed there is 
« ſcarce any need of it in either of them: Though I think that 
« a thing of ſo general and abſtracted a nature, and thereby the 
« more difficult to be conceived and explained, cannot be more 
« comodiouſly defined than as the author has done: Upon 
« which account I thought fit to explain it at large, and defend 
« it againſt the captious objections of thoſe who attack it.” To 
this citation from Dr Barrow I have nothing to add, except that 
I fully believe the 3d and 8th definitions are not Euclid's, but 
added by ſome unſkilful editor. 


+ # $ Soy ., 

It was neceſſary to add the word“ continual” before“ pro- 
portionals“ in this definition; and thus it is cited in the 33d 
prop. of Book 11. | 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it ; duplicate 
and triplicate ratio being ſpecies of compound ratio. But Theon 
has made it the 5th def. of B. 6. where he gives an abſurd and 
entirely uſeleſs definition of compound ratio : For this realon we 
have placed another definition of it betwixt the 11th and 12th of 
this book, which, no doubt, Euclid gave ; for he cites it ex- 
preſsly in prop. 23. B. 6. and which Clavius, Herigon, and 
Barrow, have likewile given, but they retain alſo Theon's, which 
they ought to have left out of the elements. 


DEF. Ml. B. . 


This, and the reſt of the definitions following, contain the ex. 
plication of ſome terms which are uſed in the 5th and following 
dooks; which, except a few, are eaſily enough underſtood from 

the 


Book v. the propoſitions of this book where they are firſt mentioned 

—— They ſeem to have been added by Theon, or ſome other, How. 
ever it be, they are explained ſomething more diſtinctly for the 
ſake of learners, 


P-R &.P., Iv; . 


In the conſtruction preceding the demonſtration of this 
the words « «:vxs, any whatever, are twice wanting in the 
Greek, as alſo in the Latin tranſlations ; and are now added, a 
being wholly neceſſary. 

Ibid. in the demonſtration ; in the Greek, and in the Latin 
tranſlation of Commandine, and in that of Mr Henry Briggs, 
which was publiſhed at London in 1620, together with the 


this k 
magr 
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10 gri 
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book, 


Greek text of the firſt ſix books, which tranſlation in this place have 
is followed by Dr Gregory in his edition of Euclid, there is this anoth 
ſentence following, viz. ** and of A and C have been taken e. uſe ; 
« quimultiples K L; and of B and D, any equimultiples book. 
« whatever (a «vx:) M, N;“ which is not true, the words 
% any whatever,” ought to be left out: And it is ſtrange that 
neither Mr Briggs, who did right to leave out theſe words in 
one place of prop. 13. of this book, nor Dr Gregory, who chan. In 
ged them into the word“ ſome” in three places, and left them this p 
out in a fourth of that ſame prop. 13. did not alſo leave then tiple « 
out in this place of prop. 4. and in the ſecond of the two places into: 
where they occur in prop. 17. of this book, in neither of which CF: 
they can ſtand conſiſtent with truth : And in none of all theſe Euclii 
places, even in thoſe which they corrected in their Latin tranſ. lines, 
lation, have they cancelled the words & ervx: in the Greek text, parts, 
as they ought to have done. any tl 
The ſame words « «vx are found in four places of prop. 11. before 
of this book, in the firſt and laſt of which they are neceſſa- ſon, 
ry, but in the ſecond and third, though they are true, they are which 
quite ſuperfluous; as they likewiſe are in the ſecond of the two thing 
places in which they are found in the 12th prop. and in the like certai, 
places of Prop. 22. 23. of this book; but are wanting in the laſt in the 
place of prop. 23. as alſo in prop. 25. Book 11. nunci; 
tion a 
| nus, v 
COR--IV. P& OP... notice 
This corollary has been unſkilfully annexed to this propo- 1 
ſition, and has been made inſtead of the legitimate demon. A 155 


ſtration, which, without doubt, Theon, or ſome other editor, 


has taken away, not from this, but from its proper * 
this 
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this book : The author of it deſigned to demonſtrate, that if four Book V. 
magnitudes E, G, F, H be proportionals, they are alſo propor. "Ya 
nonals inverſely ; that is, G is to E, as Hto F; which is true; 

hat the demonſtration of it does not in the leaſt depend upon 

this 4th prop. or its demonſtration : For, when he ſays, „“ be- 

« cauſe it is demonſttated that if K be greater than M, L is 

« greater than N,“ &. This indeed is ſhewn in the demon- 

tration of the 4th prop. but not from this, that E, G, F, H are 
proportionals; for this laſt is the concluſion of the propoſition. 
Wherefore theſe words,“ becauſe it is demonſtrated,” &c. are 

wholly foreign to his deſign : And he ſhould have proved, that 

if K be greater than M, L is greater than N, from this, thac 

E, G, F, H are proportionals, and from the 5th def. of this 

book, which he has not ; but is done in propolition B, which we 

have given in its proper place, inſtead of this corollary z and 

another corollary is placed after the 4th prop. which is often of 

uſe ; and is neceſſary to the demonſtration of prop. 18. of this 

book. 


Por. V. F. 


In the conſtruction which precedes the demonſtration of 

this propoſition, it is required that EB may be the ſame mul - 

tiple of CG, that AE is of CF; that is, that EB be divided 

into as many Equal parts, as there are parts in AE equal to 

CF: From which it is evident, that this conſtruction is not 
Euclid's ; for he does not ſhow the way of dividing ſtraight 

lines, and far leſs other magnitudes, into any number of equal 

parts, until the gth propoſition of B. 6. ; and he never requires 

any thing to be done in the conſtruction, of which he had not 

before given the method of doing: For this rea- 4 

lon, we have changed the — * to one, | G | 
which, without doubt, is Euclid's, in which no- ,._ | | 
thing is required but to add a magnitude to itſelf a E. C4 
certain number of times; and this is to be found | 
lu the tranſlation from the Arabic, though the e- F- 
nunciation of the propoſition and the demonſtra- : 
tion are there very much ſpoiled. Jacobus Peleta- B Dl. 
nus, who was the firſt, as far as I know, who took 

notice of this error, gives allo the right conſtruction 

n his edition of Euclid, after he had given the other which he 
lames: He ſays, he would not leave it out, becauſe it was fine, 
ad might ſharpen one's genius to invent others like it; whereas 


there 
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except a ſingle word in the conſtruction, which very Probabj 
has been owing to an unſkilful Librarian, Clavius likewiſe gw 
both the ways ; but neither he nor Peletarius takes notice th 
reaſon why the one 1s preferable to the other. 


P'R OP; VI. „ . 


There are two caſes of this propoſition, of which only the ff 
and ſimpleſt is demonſtrated in the Greek: And it is probable 
Theon thought it was ſufficient to give this one, ſince he was to 
make uſe of neither of them in his mutilated edition of the 5th 
book; and he might as well have left out the other, as allo he 
5th propolition, for the ſame reaſon ; The demonſtration of the 
other caſe is now added, becauſe both of them, as alſo the 5th 
propoſition, are neceſſary to the demonſtration of the 18th pro. 


poſition of this Book. The tranſlation from the Arabic gives This 
both caſes briefly. ſore is 
n . a corol 
This propoſition is frequently uſed by geometers, and it is? 228 
neceſlary in the 25th prop. of this book, 3 1ſt of the 6th, and 
234th of the 11th, and 15th of the 12th book: It ſeems to have 
been taken out of the elements by Theon, becauſe it appeared 
evident enough to him, and others, who ſubſtitute the confuſed This 
and indiſtin idea the vulgar have of proportionals, in place to the 
of that accurate idea which is to be got from the Sth def. of his not 
this book. Nor can there be any doubt that Eudoxus or Eu- only in 
clid gave it a place in the elements, when we ſee the 7th and Book : 
th of the ſame book demonſtrated, tho? they are quite as eaſy definiti 
and evident as this. Alphonſus Borellus takes occaſion from proper 
this propoſition to cenſure the 5th definition of this book very Book: 
ſeverely, but meſt unjuſtly ; In P. 126. of his Euclid reſlored, that fo 
printed at Piſa in 1658 he ſays, “ Nor can even this leaſt de. 20th d 
„ pree of knowledge be obtained from the foreſaid property,” 5th de 
viz. that which is contained in 5th def. 5. Thar, if four Firl 
% magnitudes be proportionals, the third muſt neceſſarily be magni! 
cc ou than the fourth, when the firſt is greater than the lame x 
*« ſecond ; as Clavius acknowledges in the 16th prop. of the B. wh 
„ 5th book of the elements.” But though Clavius makes no are pi 
ſuch acknowledgment expreſsly, he has given Borellus a han- trated 
dle to ſay this of him; becauſe when Clavius, in the above ci- ect 
red place, cenſures Commandine, and that very juftly, for de- parts 
monſtrating this propoſition by help of the 16th of the 5th ; in this 
yet he himſelf gives no demonſtration of it, but thinks it plain EF to 


from 
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from the nature of proportionals, as he writes in the end of the Book V. 
14th and 16th prop. B. 5. of his edition, and is followed by He. 
rigon in Schol. 1. prop. 14th B. 5. as if there was any nature of 
proportionals antecedent to that which is to be derived and un- 
derſtood from the definition of them: And indeed, though it 
b very eaſy to give a right demonſtration of it, no body, as far 
az I know, has given one, except the learned Dr Barrow, who 
in anſwer to Borellus's objection, demonſtrates it indirectly, but 
very briefly and clearly, from the 5th definition, in the 322d 
page of his Lect. Mathem, from which definition it may alſo be 
ealily demonſtrated directly: On which account we have placed 
it next to the propoſitions concerning equimultiples. 


PROP. B, BOOK V. 


This alſo is eaſily deduced from the 5th def. B. 5. and there. 
ſore is placed next to the other for it was very ignorantly made 


a corollary from the 4th prop. of this Book. See the note on 
that corollary. 


PR O\P;:: e. B. V. 


This is frequently made uſe of by geometers, and is neceſſary 
to the 5th and 6th propoſitions of the roth book. Clavius, in 
his notes ſubjoined to the 8th def. of Book 5. demonſtrates it 
only in numbers, by help of ſome of the propoſitions of the 7th 
Book : in order to demonſtrate the property contained in the 5th 
definition of the 5th Book, when applied to numbers, from the 
property of proportionals contained in the 2oth def. of the 7th 
Book: And moſt of the commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 
20th def. of 7th Book, are alſo proportionals according to the 
5th def. of 5th Book, But this is eaſily made out, as follows. 
Firit, if A, B, C, D be four F 
mapnitudes, ſuch that A is the B 
ſane multiple, or the ſame part of H. 
B. which C is of D; A, B, C, D D 
are proportionals; This is demon- 
ſtrated in propoſition C. K | 
decondly, If AB contain the ſame 
parts of CID that EF does of GH; | | „ [- 


in this caſe likewiſe AB is to CD, as A C E G M 
EF to GH. 


/ 
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Book V- there is not the leaſt difference between the two demonſtraigh, 
except a ſingle word in the conſtruction, which very probably 
has been owing to an unſkilful Librarian. Clavius likewiſe pive 
both the ways ; but neither he nor Peletarius takes notice of the 
reaſon why the one 1s preferable to the other. 


F 

There are two caſes of this propoſition, of which only the firſ 
and ſimpleſt is demonſtrated in the Greek: And it is probable 
Theon thought it was ſufficient to give this one, ſince he was tg 
make uſe of neither of them in his mutilated edition of the 5th 
book ; and he might as well have left out the other, as alſo ihe 
5th propoſition, for the ſame reaſon ; The demonſtration of the 
other caſe is now added, becauſe both of them, as alſo the 5th 
propoſition, are neceſſary to the demonſtration of the 18th pro. 
poſition of this Book. The tranſlation from the Arabic gives 
both caſes briefly, 
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This propoſition is frequently uſed by geometers, and it is 


neceſſary in the 25th prop. of this book, 31ſt of the 6th, and 
24th of the 11th, and 15th of the 12th book: It ſeems to have 
been taken out of the elements by 'Theon, becauſe it appeared 
evident enough to him, and others, who ſubſtitute the confuſed 
and indiſtin& idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5th def. of 
this book. Nor can there be any doubt that Eudoxus or Eu. 
clid gave it a place in the elements, when we ſee the 7th and 
gth of the ſame book demonſtrated, tho? they are quite as eaſy 
and evident as this. Alphonſus Borellus takes occaſion from 
this propofition to cenſure the 5th definition of this book very 


ſeverely, but meſt unjuſtly ; In P. 126. of his Euclid reſlored, F 


printed at Piſa in 1658, he ſays, “ Nor can even this leaſt de. 
„ pree of knowledge be obtained from the foreſaid property,” 
viz. that which is contained in 5th def. 5. 


from 


«« That, if four 
« magnitudes be proportionals, the third muſt neceſſarily be 
e greater than the fourth, when the firſt is greater than the 
* e as Clavius acknowledges in the 16th prop. of the 
ce 5th book of the elements.” But though Clavius makes no 
ſuch acknowledgment expreſsly, he has given Borellus a han- 
dle to ſay this of him; becauſe when Clavius, in the above ci- 
ted place, cenſures Commandine, and that very juftly, for de- 
monſtrating this propoſition by help of the 16th of the 5th ; 
yet he himſelf gives no demonſtration of it, but thinks it plain 
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14th and 16th prop. B. 5. of his edition, and is followed by He- 
rigon in Schol. 1. prop. 14th B. 5. as if there was any nature of 
proportionals antecedent to that which is to be derived and un- 
gerſtood from the definition of them: And indeed, though it 
is very eaſy to give a right demonſtration of it, no body, as far 
as I know, has given one, except the learned Dr Barrow, who 
in anſwer to Borellus's objection, demonſtrates it indirectly, but 
very briefly and clearly, from the 5th definition, in the 322d 
page of his Lect. Mathem. from which definition it may alſo be 
exily demonſtrated directly: On which account we have placed 
it next to the propoſitions concerning equimultiples. 


PROP. B EOOKV. 


This alſo is eaſily deduced from the 5th def. B. 5. and there. 
ſore is placed next to the other; for it was very ignorantly made 


a corollary from the 4th prop. of this Book. See the note on 
that corollary. 


P-ROP;' C. B. V. 


This is frequently made uſe of by geometers, and is neceſſary 
to the 5th and 6th propoſitions of the roth book. Clavius, in 
his notes ſubjoined to the 8th def. of Book 5. demonſtrates it 
only in numbers, by help of ſome of the propoſitions of the 7th 
Book : in order to demonſtrate the property contained in the 5th 
definition of the 5th Book, when applied to numbers, from the 
property of proportionals contained in the 2oth def. of the 7th 
Book : And moſt of the commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 
20th def. of 7th Book, are alſo proportionals according to the 
5th def. of 5th Book. But this is eaſily made out, as follows. 
Firſt, if A, B, C, D be four F 
magnitudes, ſuch that A is the B 
ſane multiple, or the ſame part of H 
B. which C is of D; A, B, C,. D | D 
are proportionals ; This is demon- | | | 
trated in propoſition C. if: K ; 
Secondly, If AB contain the ſam 
parts of CD that EF does of GH ; | | | [ 


EF to GH. 


from the nature of proportionals, as he writes in the end of the Book V. 


n this caſe likewiſe AB is to CD, as A C E GM 
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NOTES. 


Book V. Let CK be a part of CD, and GL the ſame part of GH, 


and let AB be the ſame multiple of F 
CK, that EF is of GL: Therefore, B 
by prop. C. of th Book, AB is to | 
CK, as EF to GL: And CD, GH 
are equimultiples of CK, GL the 
ſecond and fourth ; wherefore, by L. 
Cor. prop. 4. Book 5. AB is to CD, 
as EF to GH, 

And if four magnitudes be pro- GM 
portionals according to the 5th def. 
of Book 5. they are alſo proportionals according to the 2oth 
def. of Book 7. 

Firſt, If A be to B, asCtoD; then if A be any multiple 
or part of B, C is the ſame multiple or part of D, by prop. D, 
of B. 5. A 

New If AB be to CD, as EF to GH; then if AB contains 
any parts of CD, EF contains the ſame parts of GH : For let 
CK be a part of CD, and GL the ſame part of GH, and let 
AB be a multiple of CK; EF is the ſame multiple of GL; 
Jake M the ſame multiple of GL that AB is of CK; there. 
fore by prop. C. of B. 5. AB is to CK, as M to GL; and CD, 
G1 arc equimultiples of CK, GL; wherefore by Cor. prop. 
4 B. 5. AB is to CD, as M to GH And, by the hypotheſis, 
AB is to CD, as EF to GH ; therefore M is equal EF by 
prop. 9. Book 5. and conſequently EF is the ſame multiple of 
GL that AB is of CK. 


PRO P. D. B. V. 


This is not unfrequently uſed in the demonſtration of other 
e e and is neceſſary in that of prop 9. B. 6. It ſeems 
heon has left it out for the reaſon mentioned in the notes at 


prop. A. 


H. 


4 


PRO P. VMI. 8B. V. 


In the demonſtration of this, as it is now in the Greek, 
there are two caſes, (ſee the demonſtration in Hervagius, or 
Dr Gregory's edition), of which the firſt is that in which AE 
is leſs than EB; and in this, it neceſſarily follows that #6 
the multiple of EB is greater than ZH the ſame multiple of 
AE, which laſt multiple, by the conſtruction, is greater than 
A: whence alſo he muſt be greater than A: But, in the ſecond 
caſe, viz. that in which EB is leſs than AE, tho? ZH be greater 
than 4, yet HO may be leſs than the ſame a ; ſo that there 


cannot be taken a multiple of a which is the firſt that is 
greater 


great 
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ater than K. or He, becauſe A itſelf is 
on this account, the author of this demonſtration found it ne- 
ceſſary to change one part of the conſtruction that was made 
ſe of in the firſt caſe ; But he has, without any neceſſity, 
changed alſo apother part of it, viz. when he orders to take 
N that multiple of a which f 

is the firſt that is greater than 7 4. 
2H; for he might have taken 1 


frſt that is greater than HO, H. 
or K, as was done in the firſt | 
caſe : He likewiſe brings in 

this K into the . E. H 
of both caſes, without any rea- | 
ſon ; for it ſerves to no pur- 
poſe but to lengthen the de- 
monſtration. There 1s alſo a 
third caſe, which is not mentioned in this demonſtration, viz. 
that in which AE in the firſt, or EB in the ſecond of the two 
other caſes, is greater than D; and in this any equimultiples, 
2s the doubles, of AE, KB are to be taken, as is done in this 
edition, where all the caſes are at once demonſtrated : And from 


this it is plain that Theon, or ſome other unſkilful editor, has vi- 
tated this propoſition. 


FA OP. . . V. 


Of this there is given a more explicit demonſtration than that 
which is now in the elements. 


that multiple of a which is the 
ov ,\ A 


RN. 


It was neceſſary to give another demonſtration of this pro- 
polition, becauſe that which is in the Greek and Latin, or o- 
ther editions, is not legitimate: For the words greater, the ſame 
or equal, Mer, have a quite different meaning when applied 
to magnitudes and ratios, as is plain from the 5th and 7th de- 


demonſtration of the 1oth prop. which proceeds thus: Let A 
have to C a greater ratio, than B to C: I ſay that A is greater 
„chan B. For if it is not greater, it is either equal, or leſs, 
But A cannot be equal to B, becauſe then each of them 
would have the ſame ratio to C; but they have not. There- 
fore A is not equal to B.“ The force of which reaſoning is 


tis, if A had to C, the ſame ratio that B has to C, then if 
ny equimultiples Whatever of A and B be taken, and any 


multiple 


foitions of Book 5. By the help of theſe let us examine the 
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Book V. multiple whatever of C; if the multiple of A be greater th no do 
| the multiple of C, then, by the 5th def. of Book 5. the müht een 
of B is alſo greater than that of C; but, from the bypotheſt ratio, 
that A has a greater ratio to C, than B has to C, there 3 Th 
by the 7th def. of Book 5. be certain equimultiples of A and B "= 
and ſome multiple of C ſuch, that the multiple of A is greater Ax 
than the multiple of C, but the multiple of B is not greater A 
than the ſame multiple of C: And this propoſition direq Ad 
contradicts the preceding; wherefore A is not equal to k wou 
The demonſtration of the 10th prop. goes on thus: © But nei. + pe 
« ther is Aleſs than B; becauſe then A would have a leſs ra 58. 
* tio to C, than B has to it: But it has not a leſs ratio, there. to 1 
« fore A is not leſs than B, &, Here it is ſaid, that A Ae 
„would have a leſs ratio to G, than B has to C,“ or, which 25 
is the ſame thing, that B would have a greater ratio to ( B N 
than A to C; that is, by 7th def. Book 5. there muſt be ſome 8 
equimultiples of B and A, and ſome multiple of C ſuch, that 44 
the h ultiple of B is greater than the multiple of C, but the *. 2 
multiple of A is not greater than it: And it ought to hae heref 
been proved that this can never happen if the ratio of A tg Hoke 
C be greater than the ratio of B to C; that is, it ſhould have 
been proved, that, in this caſe, the multiple of A is always great. 
er than the multiple of C, whenever the multiple of B is 
greater than the multiple of C; for, when this is demonſtrated In 
it will be evident that B cannot have a greater ratio to C, than beginn 
A has to C, or, which is the ſame thing, that A cannot hare 3 ple. 
leſs ratio to C, than B has to C: But this is not at all proved ple 
in the 1oth propolition ; but if the 1oth were once demonſtrated, words 
it would immediately follow from it, but cannot without it eriden 
be eaſily demonſtrated, as he that tries to do it will find. Where.  * © 
fore the 10th propoſition is not ſufficiently demonſtrated, Aud not 
it ſeems that he who has given the demonſtration of the 1oti ceſtore 
propoſition as we now have it, inſtead of that which Eudoxus une's 
or Euclid had given, has been deceived in applying what 1s Pons, ; 
manifeſt, when underſtood of magnitudes, unto ratios, viz. that kep An 
a magnitude cannot be both greater and leſs than another. The 
That thoſe things which are equal to the ſame are equal te the 20 
one another, is a moſt evident axiom when underſtood of propoſ 
magnitudes; yet Euclid does not make uſe of it to infer that 
thoſe ratios which are the ſame to the ſame ratio, are the fame 
to one another; but explicitly demonſtrates this in prop. 11 
of Book 5. The demonſtration we have given of the 1oth prop The 
no ed; th 


NOT RES. 


mediately and directly derived from the definition of a greater 
atio, viz. the 7. of the 5. | 

The above mentioned propoſition, viz, If A have to C a 
-eater ratio than B to C; and if of A and 

B there be taken certain equimultiples, and | 
ſome multiple of C; then if the multiple 
of B be greater than the multiple of C, the 


aly multiple of A is alſo greater than the ſame, | | 

B. thus demonſtrated. X OB C 
bei. Let D, E be equimultiples of A, B, and 

a. F 4 multiple of C, ſuch, that E the multiple 7 E F 
ere. of B is greater than F; D the multiple of 

A vis alſo greater than F. 

hich Becauſe A has a greater ratio to C, than | 


C, B to C, A is greater than B, by the 1oth 
ome prop. B. 5. therefore D the multiple of | | 
that A is greater than E the fame multiple of | 
the B: And E is greater than F ; much more | 
＋ therefore D is greater than F. | 

to 
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PROP. XIII. B. v. 


In Commandine's, Briggs's, and Gregory's tranſlations, at the 
beginning of this demonſtration, it is ſaid, And the multi- 
ple of C is greater than the multiple of D; but the multi- 
* ple of E is not greater than the multiple of F;“ which 
words are a literal tranſlation from the Greek: But the ſenſe 
evidently requires that it be read, “ ſo that the multiple of C 
be greater than the multiple of D; but the multiple of E be 
not greater than the multiple of F,” And thus this place was 
reltored to the true reading in the firſt editions of Comman- 
cine's Euclid, printed in 8vo at Oxford; but in the later edi- 


d . 

* e leaſt in that of 1747, the error of the Greek text was 
. | t a In. s — 

ww there is a corollary added to prop. 13. as it is neceſſary to 


the 20th and 21ſt Prop. of this book, and is as uſeful as the 
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propoſition. 


od of 
er that 
e ſame 


Pp. I l. 
drop. 13 


no 


FR OP. MY, NV. 


The two caſes of this, which are not in the Greek, are add- 


ed; the demonſtration of them not being exactly the ſame with 
that of the firſt caſe, | 
X N. 


no doubt the ſame with that of Eudoxus or Euclid, as it is im- Beek V- 
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PROP. XVIL B. v. 


The order of the words in a clauſe of this is changed to one 
more natural : As was alſo done in prop. 1. 


p R O Pp. XVIII. B. v. 


The demonſtration of this is none of Euclid's, nor is it lesi. 
ti mate; for it depends upon this hypotheſis, that to any three 
magnitudes, two of which, at leaſt, are of the ſame kind, 
there may be a fourth proportional; which, if not proved, the 
demonſtration now in the text is of no force: But this is af. 
ſumed without any proof; nor can it, as far as I am able to 
diſcern, be demonſtrated by the propoſitions preceding this; 
ſo far is it from deſerving to be reckened an axiom, as Cl. 
vius, after other commentators, would have it, at the end of 
the definitions of the 5th book. Euclid does not demonſtrate 
it, nor does he ſhew how to find the fourth proportional, be. 
fore the 12th prop. of the 6th book : And he never aſſumes any 
thing in the demonſtration of a propoſition, which he had not 
before demonſtrated ; at leaſt, he aſſumes nothing the exiſtence 
of which is not evidently poſſible; for a certain concluſion can 
never be deduced by the means of an uncertain propoſition : 
Upon this account, we have given a legitimate demonſtration 
of this propoſition inſtead of that in the Greek and other e. 
ditions, which very probably Theon, at leaſt ſome other, has 
put in the place of Euclid's, becauſe he thought it too prolix : 
And as the 17th prop. of which this 18th is the converſe, is de. 
monſtrated by help of the iſt and 2d propoſitions of this book; 
ſo, in the demonſtration now given of the 18rh, the 5th prop. 
and both caſes of the 6th are neceſſary, and theſe two propo- 
ſitions are the converſes of the iſt and 2d. Now the 5th and 
6th do not enter into the demonſtration of any propoſition in 
this book as we now have it: Nor can they be of uſe in any 
propoſition of the Elements, except in this 18th, and this Is 2 
manifeſt proof, that Euclid made uſe of them in his demon- 
ſtration of it, and that the demonſtration now given, which 1s 
exactly the converſe of that of the 17th, as it ought to be, di. 
fers nothing from that of Eudoxus or Euclid : For the 5th and 
6th have undoubtedly been put into the 5th book for the ſake 
of ſome propoſitions in it, as all the other propoſitions about 
equimultiples have been. 

Hieronymus Saccherius, in his book named Euclides ab om- 


ni nævo vindicatus, printed at Milan ann. 1733, in 410, ae. 
knowledges 


F 
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have of it legitimate, he endeavours to demonſtrate the follow. 
ing propoſition, which is in page 115. of his book, viz, 

Let A, B, C, D be four magnitudes, of which the two 
« firlt are of the one kind, and alſo the two others either of the 
« ſame kind with the two firſt, or of ſome other the ſame 
« kind with one another. I ſay the ratio of the third C to the 
« fourth D, is either equal to, or greater, or leſs than the ratio 
« of the firſt A to the ſecond B.“ 


And after two propoſitions premiſed as Lemmas, he proceeds 
thus, 


« Either among all the poſſible equimultiples of the firſt 
« A, and of the third C, and, at the ſame time, among all 
« the poſſible equimultiples of the ſecond B, and of the 
« fourth D, there can be found ſome one multiple EF of the 
« firſt A, and one IK of the ſecond B, that are equal to one 
« another 3 and alſo (in the ſame caſe) ſome one multiple 


* GH of the third C equal to LM the multiple of the fourth 


If the firſt 


D, or ſuch equality is no where to be found. 
% caſe happen, PM 
„ i. e. loch A E Ty © 
equality 1s to 
" befoundJitis B 1 K 
manifeſt from 
what is be- 8 * G H 
fore demon- x 
« ſtrated, that D- — L- M 
A is to B, as 1 
C to D; but if ſuch ſimultaneous equality be not to be 
found upon both ſides, it will be found either upon one 
** (ide, as upon the ſide of A [and B ;] or it will be found 
upon neither fide ; if the firſt happen; therefore (from 
** Euclid's definition of greater and leſſer ratio foregoing) 
„A has to B, a greater or leſs ratio than C to D; accord- 
ing as GH the multiple of the third C is leſs, or greater 
than LM the multiple of the fourth D: But if the ſecond 
caſe happen; therefore upon the one ſide, as upon the fide 
Hof A the firſt and B the ſecond, it may happen that the 
* multiple EF, [viz. of the firſt} may be leſs than IK the 
multiple of the ſecond, while, on the contrary, upon the o- 
ther ſide, C viz. of C and D] the multiple GH [of the third 
C) is greater than the other multiple LM [of the fourth 
D] And then (from the ſame definition of Euclid) the ra- 
| X 2 « tio 


knowledges this blemiſh in the demonſtration of the 18th, and Book V. 
that he may remove it, and render the demonſtration we now © | 
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Book V. ee tio of the firſt A to the ſecond B, is leſs than the nt of the 


© third C to the fourth D; or on the contrary. 

cc Therefore the axiom [1. e. the propoſition before ſet down] 
ce remains demonſtrated,” &c. 

Not in the leaſt ; but it remains {till undemonſtrated : For 
what he ſays may happen, may, in innumerable caſes, never 
happen; and therefore his demonſtration does not hold: For 
example, if A be the (ide, and B the diameter of a ſquare ; 
and C the ſide, and D the diameter of another ſquare ; there 


can in no caſe be any multiple of A equal to any of B; nor 


any one of C equal to one of D, as is well known; and 
yet it can never happen that when any multiple of A is preater 
than a multiple of B, the multiple of C can be leſs than the mul. 
tiple of D, nor when the multiple of A is leſs than that of B, 
the multiple of C can be greater than that of D, viz. takin 
equimultiples of A and C, and equimultiples of B and D: For 
A,B, C, D are proportionals ; and ſo if the multiple of A be 
greater, &c. than that of B, ſo muſt that of C be greater, &c. 
than that of D; by 5th Def. b. 5. 

The ſame objection holds good againſt the demonſtration 
which ſome give of the iſt prop. of the 6th book, which we 
have made againſt this of the 18th prop. becauſe it depends 
upon the ſame inſufficient foundation with the other, 


PR OP. . ,B. V. 


A corollary is added to this, which is as frequently uſed as 
the propoſition itſelf. The corollary which is ſubjoined to it 
in the Greek, plainly ſthews that the 5th book has been vitiated 
by editors who were not geometers : For the . converſion of 
ratios does not depend upon this 19th, and the demonſtration 
which ſeveral of the commentators on Euclid give of conver- 
ſion. is not legitimate, as Clavias has rightly obſerved, who 
has given a good demonſtration of it which we have put in pro- 
poſition E; but he makes it a corollary from the 19th, and be- 
gins it with the words, © Hence it eaſily follows,“ though it 

oes not at all follow from it. 


P R O p. XX. XXL XXII. XXIII. XXIV. B. v. 


The demonſtrations of the 2oth and 21ſt propoſitions, are 
ſhorter than thoſe Euclid gives of eaſier propoſitions, either 
in the preceding, or following books: Wherefore it was pro- 
per to make them more explicit, and the 22d and 23d propo. 
ſitions are, as they ought to be, extended to any number of 

> magnitudes : 


them 
are t 
monſ 
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magnitudes : And, in like manner, may the 24th be, as is taken Book V. 


notice of in a corollary ; and another corollary is added, as uſe- 
ful as the propoſition, and the words, “ any whatever” are ſup- 
plied near the end of prop. 23. which are wanting in the Greek 
text, and the tranſlations from it. | 

In a paper writ by Philippus Naudæus, and publiſhed after 
his death, in the hiſtory of the Royal Academy of Sciences of 
Berlin, anno 1745, page 50, the 23d prop. of the 5th book, is 
cenſured as being obſcurely.enunciated, and, becauſe of this, 

rolixly demonſtrated : Ihe enunciation there given is not Eu- 
clid's but Tacquet's, as he acknowledges, which, though not ſo 
well expreſſed, is, upon the matter, the ſame with that which is 
now in the Elements. Nor is there any thing obſcure in it 
though the author of the paper has ſet down the proportionals 
in a diſadvantageous order, by which it appears to be obſcure: 
But, no doubt, Euclid enunciated this 23d, as well as the 22d, 
ſo as to extend it to any number of magnitudes, which, taken 
two and two, are proportionals, and not of fix only; and to this 

eneral caſe the enunciation which Naudæus gives, cannot be 
well applied. 

The demonſtration which is given of this 23d, in that paper, 
is quite wrong; becauſe, if the proportional magnitudes be 
plane or ſolid figures, there can no rectangle (which he impro. 
perly calls a product) be conceived to be made by any two of 
them: And if it ſhould be ſaid, that in this caſe ſtraight lines 
are to be taken which are proportional to the figures, the de. 
monſtration would this way become much longer than Euclid's: 
But, even though his demonſtration had been right, who does 
not ſee that it could not be made uſe of in the 5th book? 


PROP. T. 0 NR. . 


Theſe propoſitions are annexed to the 5th book, becauſe they 
are frequently made uſe of by both antient and modern geome- 
ters: And in many caſes compound ratios cannot be brought 
into demonſtration, without making uſe of them. 

Whoever deſires to ſee the doctrine of ratios delivered in this 
5th book ſolidly defended, and the arguments brought againſt 
it by And. Tacquet, Alph. Borellus, and others, fully refuted, 
may read Dr Barrow's mathematical lectures, viz. the 7th and 
8th of the year 1666. WAA 

The 5th book being thus corrected, I moſt readily agree to 
what the learned Dr Barrow ſays , That there is nothing 

X 3 «in 
Page 336. 


* 
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Book V. ce in the whole body of the elements of a more ſubtile invention, 


* nothing more ſolidly eſtabliſhed, and more accurately handled 
% than the doctrine of proportionals.” And there is ſome 
ie to hope, that geometers will think that this could not 

ave been ſaid with as good reaſon, ſince Theon's time till the 
preſent, 


DEF. II. and V. of B. VI. 


þ 


HE. 2d definition does not ſeem to be Euclid's, but ſome 

unſkilful editor's : For there is no mention made by Eu. 
clid, nor, as far as I know, by any other geometer, of recipro. 
cal figures: It is obſcurely expreſſed, which made it proper to 
render it more diſtin& ; It would be better to put the follow. 
ing definition in place of it, viz. DS 


DEL F, . 


Two magnitudes are ſaid to be reciprocally proportional to 
two others, when one of the firſt is to one of the other magni. 
tudes, as the remaining one of the Jaſt two is to the remaining 
one of the firſt. . 

But the 5th definition, which, ſince Theon's time, has been 
kept in the elements, to the great detriment of learners, is now 
juſtly thrown out of them, for the reaſon given in the noteson 
the 23d prop. of this book. 


p R O p. I. and II. B. VI. 


To the firſt of theſe a corollary is added, which is often uſed; 


And the enunciation of-the ſecond is made more general. 
PROF. M. . I. 


A ſecond caſe of this, as uſeful as the firſt, is given in prop. 
A; viz. the caſe in which the exterior angle of a triangle is bi- 
ſected by a ſtraight line: The demonſtration of it is very like to 
that of the firſt caſe, and upon this account may, probably, have 
been left out, as alſo the enunciation, by ſome unlkilful editor: 
At leaſt, it is certain, that Pappus makes uſe of this caſe, as an 
elementary propoſition, without a demonſtration of it, in prop. 
39 of his 7th book of Mathematical Collections, 

PROP 
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Book VT. 
FNr. VIE" BF ; | 


To this a caſe is added which occurs not unfrequently in 
demonſtrations. 


r. 8-2, 


It ſeems plain that ſome editor has changed the demonſtra- 
tion that Euclid gave of this propoſition : For, after he has de- 
monſtrated, that the triangles are equiangular to one another, 
he particularly ſhews that their ſides about the equal angles are 
proportionals, as if this had not been done in the demonſtration of 
the 4th prop. of this book : This ſuperfluous part is not found 
in the tranſlation from the Arabic, and is now left out. 


FAUTF. IS... 1 Vi. 


This is demonſtrated in a particular caſe, viz. that in which 
the third part of a ſtraight line is required to be cut off; which 


” is not at all like Euclid's manner: Beſides, the author of the 
af demonſtration, from four magnitudes being proportionals, con- 
ws cludes that the third of them is the ſame multiple of the fourth, 

which the firſt is of the ſecond ; now, this is no where demon- 
n {trated in the 5th book, as we now have it: But the editor aſ- 
wh ſames it from the confuſed notion which rhe vulgar have of pro- 
922 portionals : On this account, it was neceſſary to give a general 
and legitimate demonſtration of this propoſition, 
Nor, AY. . Yi 
ed; The demonſtration of this ſeems to be viriated : For the pro- 
poſition is demonſtrated only in the caſe of quadrilateral fi- 
zures, without mentioning how it may be extended to figures 
of tive or more ſides : Beſides, from two trianlges being equi- 
angular, it is inferred, that a (ide of the one is to the homolo- 
op. gous ſide of the other, as another ſide of the firſt is to the 
7A ide homologous to it of the other, without permutation of the 
e to proportionals z which is contrary to Euclid's manner, as is 
ave clear from the next propoſition : And the ſame fault occurs 
6h again in the concluſion, where the ſides about the equal angles 
_ are not ſhewn to be proportionals, by reaſon of again neglect- 
op. ing permutation, On theſe accounts, a demonſtration is given 


in Euclid's manner, like to that he makes uſe of in the 
| AX 4 20th, 
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Book VI. 20th Prop. of this book; and it is extended to five-ſided f 
S-— by which it may be ſeen how to extend it to figures of any 


r 


Jures, 
num. 


ber of ſides. 


PR OP. XXIII. B. VI. 


Nothing is uſually reckoned more difficult in the elements 
of geometry by learners, than the doctrine of compound ra. 
tio, which Theon has rendered abſurd and ungeometrical, by 
ſubſtituting the 5th definition of the 6th book in place of the 
right definition, which without doubt Euduxus or Euclid pave, 
in its proper place, after the definition of triplicate ratio 
&c. in the 5th book. Theon's definition is this; a ratio 
is ſaid to be compounded of ratios oTav ws Twy ACYWY FT MxoTtHTi; 
£0 EXUTAUG NOANGTAGTIUCIET th Wow; TWH W hich Commandine 
thus tranſlates: “ quando rationum quantitates inter ſe multi. 
© plicatae aliquam efficiunt rationem z?* that is, when the 
quantities of the ratios being multiphed by one another make x 
certain ratio. Dr Wallis trauſlates the word Tnmorary © fa. 
© tionum exponentes,” the exponents of the ratios : And Dr 
Gregory renders the laſt words of the definition by ““ illius fa. 
& cit quantitatem,” makes the quantity of that ratio: But in 
whatever ſenſe the “ quantities,“ or ** exponents of the ra. 
« tios,”” and their “ multiplication” be taken, the definition 
will be ungeometrical and uſeleſs : For their can be no multi. 


plication but by a number: Now the quantity or exponent of 


a ratio (according as Eutocius in his Comment. on prop. 4. 
book 2. of Arch. de Sph. et Cyl. and the moderns explain that 
term) is the number which muluplied into the conſequent teru 


of a ratio produces the antecedent, or, which 1s the ſame thing, } 


the number which ariles by dividing the antecedent by the con- 
ſequent ; but there are many ratios ſuch, that no number can 
ariſe from the diviſion of the antecedent by the conſequent : 
ex. gr. the ratio of which the diameter of a ſquare has to the {ide 
of it; and the ratio which the circumference of a circle has 
to its diameter, and ſuch like. Beſides, that there is not the 
leaſt mention made. of this de fimtien in the writings of En- 
clid, Archimedes, Apollonius, or other antients, tho? they fre. 
quem) make uſe of compound ratio: And in this 23d prop. ct 
the 6th book, where compound ratio is firſt mentioned, there 
js not one word which can relate to this definition, though 
here, if in any place, it was neceſſary to be brought in; but the 
right definition is expreſsly cited in theſe words: * But the 
ratio of K to M is compounded of the ratio of K 0 - 
an 
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„ and of the ratio of L to M.“ This definition therefore of Book vt. 


Theon is quite uſeleſs and abſurd: For that Theon brought it 
into the elements can ſcarce be doubted; as it is to be found 
in his commentary upon Ptolomy's Meyz>n Evrrati;, page 62. 
where he alſo gives a childiſh explication of it, as agrecing 
only to ſuch ratios as can be expreſſed by numbers ; and from 
this place the definition and explication have been exactly co- 
pied and prefixed to the definitions of the 6th book, as ap- 
bears from Hervagius's edition: But Zambertus and Comman- 
line, in their Latin tranſlations, ſubjoin the fame to theſe de- 
anitions. Neither Campanus, nor, as it ſeems, the Arabic 
manuſcripts, from which he made his tranſlation, have this 
definition. Clavius, in his obſervations upon it, rightly judges 
that the definition of compound ratio might have been made 
after the ſame manner in which the definitions of duplicate 
and triplicate ratio are given, viz. © That as in ſeveral mapni- 
« tudes that are continual proportionals, Euclid named the 
« ratio of the firſt to the third, the duplicate ratio of the 
« firſt to the ſecond ; and the ratio of the firſt to the fourth, 
« the triplicate ratio of the firſt to the ſecond, that is, the 
« ratio compounded of two or three intermediate ratios that 
are equal to one another, and ſo on; ſo, in like manner, if 
there be ſeveral magnitudes of the {ame kind, following one 
* another, which are not continual proportionals, the firſt is 
« (aid to have to the laſt the ratio compounded of all the in- 
« termediate ratios, only for this reaſon, that theſe inter- 
mediate ratios are interpoled betwixt the two extremes, viz. 
the firſt and laſt magnitudes; even as, in the 1oth definition 
« of the 5th book, the ratio of the firſt to the third was called 
the duplicate ratio, merely upon account of two ratios be. 


another : So that there is no difference betwixt this com- 
pounding of ratios, and the duplication or triplication of 
them which are defined in the 5th book, but that in the du- 
plication, triplication, &c. of ratios, all the interpoſed ratios 
are £qual to one another; whereas, in the compounding of 
ratios, it is not neceſſary that the intermediate ratios ſhould 
be equal to one another.” Allo Mr Edmund Scarburgh, 
1 his Engliſh tranſlation of the firſt fix books, page 238. 
206. expreſsly affirms, that the 5th definition of the 6th book, is 
juppoſititious, and that the true definition of compound ratio 


18 


ing interpoſed betwixt the extremes, that are equal to one 
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Book VI. is contained in the 1oth definition of the gth book, viz; h. 
definition of duplicate ratio, or to be underſtood from it, , 
wit, in the ſame manner as Clavius has explained it in the * 
ceding citation. Yet theſe, and the reſt of the moderns, 4, 
notwithſtanding retain this gth def. of the 6th book, and illy. 
ſtrate and explain it by long commentaries, when they ouphe 
rather to have taken it quite away from the elements. 

For, by comparing def. 5. book 6. with prop. 5. book g. 
it will clearly appear that this definition has been put into the 
elements in place of the right one which has been taken oy; 
of them: becauſe, in prop. 5. book 8 it is demonſtrated that 
the plane number of which- the ſides are C, D has to the plane 
number of which the ſides are E, Z, (ſee Hergavius's er 
Gregory's edition), the ratio which is compounded of the n. 
tios of their ſides ; that is, of the ratios of C to E, and D 90 
Z: And by def. 5. book 6. and the explication given of it by 
all the commentators, the ratio which is compounded of the rz. 
tios of C to E, and D to Z, is the ratio of the product made 
by the multiplication of the antecedents C, D to the product 

of the conſequents E, Z, that is, the ratio of the plane number 
of which the ſides are C, D to the plane number of which 
the ſides are E, Z. Wherefore the propoſition which is the 5th 
def. of book 6. is the very ſame with the 5th prop. of book 8, 
and therefore it ought neceſſarily to be cancelled in one of theſe 
places; becauſe it is abſurd that the ſame. propoſition {hould 
ſtand as a definition in one place of the elements, and be de. 
monſtrated in another place of them. Now, there is no doubt 
that prop. 5. book 8. ſhould have a place in the elements, as 
the ſame thing is demonſtrated in it concerning plane num- 
bers, which is demonſtrated in prop. 23d, book 6. of equiangu- 
lar parallelograms ; wherefore def. 5. book 6. ought not to be 
in the elements. And from this it is evident that this definition 
is not Euclid's, but Theon's, or ſome other uaſkilful geometer's, 

But nobody, as far as I know, has hitherto ſhown the true 
uſe of compound ratio, or for what purpoſe it has been in. 

troduced into geometry: for every propoſition in which 
compound ratio is made uſe of, inay without it be both enun- 

ciated and demonſtrated. Now the uſe of compound ratio 
conſiſts wholly in this, that by means of it, circumlocutions 

may be avoided, and thereby propoſitions may be more brief. 

ly either enunciated or demonſtrated, or both may be done, 

| for inſtance, if this 23d propoſition of the ſixth book were to 

i be enunciated, without mentioning compound ratio, it might 
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done as follows, If two parallelograms be equiangular, and Book VI. 
* * a ſide of the firſt to a fide of the ſecond, fo any aſſumed 
pre. ſtraight line be made to a ſecond ſtraight line; and as the o- 
, & ther (ſide of the firſt to the other (ide of the ſecond, ſo the ſe- 
uy. :ond (traight line be made to a third. The firſt parallelogram 
phe i; to the ſecond, as the firſt ſtraight line to the third. And the 


demonſtration would be exactly the ſame as we now have it. 


k 8, But the antient geometers, when they obſerved this enuncia- 
the tion could be made ſhorter, by giving a name to the ratio 
Out which the firſt ſtraight line has to the laſt, by which name the 
that intermediate ratios might likewiſe be ſignified, of the firſt to 


the ſecond, and of the ſecond to the third, and ſo on, if there 
were more of them, they called this ratio of the firſt ro the 
aſt, the ratio compounded of the ratios of the firſt to the ſe- 
cond, and of the ſecond to the third ſtraight line; that is, in 
the preſent example, of the ratios which are the ſame with 
the ratios of the ſides, and by this they expreſſed the propoſi- 
tion more briefly thus : If there be two equiangular paralle- 
lograms, they have to one another the ratio which is the 
fame with that which is compounded of ratios that are the 


hich fame with the ratios of the fides. Which is ſhorter than the 
> 5th preceding enunciation, but has preciſely the ſame meaning. 
kk 8, Or yet ſhorter thus: Equiangular parallelograms have to one 
theſe another the ratio which is the ſame with that which is com- 
01d pounded of the ratios of their ſides. And theſe two enuncia- 
e de. ons, the firſt eſpecially, agree to the demonſtration which is 
loudt now in the Greek. The propoſition may be more briefly de- 
85 2 monſtrated, as Candalla does, thus: Let ABCD, CEFG be 
num. two equiangular parallelograms, and complete the parallelo- 
a gram CDH G; then, becauſe there are three parallelograms 
to 


AC, CH, CF, the firſt AC (by the definition of compound 
ratio) has to the third CF, the ratio D 
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ter's, which is compognded of the ratio of * — H 
true the firſt AC to the ſecond CH, and of | 
n in. ue ratio of CH, to the third CF; but G 
vhich e parallelogram AC is to the pa- B C | 
| 


allelogram CH, as the ſtraight line 
to CG; and the parallelogram E— 
His to CF, as the ſtraight line 

(Dis to CE; therefore the parallelogram AC has to CF the 
e which is compounded of ratios that are the ſame with the 
datos of the ſides. And to this demonſtration agrees the enun. 
dauon which is at preſent in the text, viz. Equiangular paralle- 


vprams have to one another the ratio which is compounded = 
e 


U 
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Book VI. the ratios of the ſides : For the vulgar reading,“ which is com 


NO TE Ss. 


book 6. 
c duplic 
dine an! 
ſometim 
of the 1 


” « 
pounded of their ſides,” is abſurd, But, in this edit 
have kept the demonſtration which is in the Greek * * 
not ſo ſhort as Candalla's ; becauſe the way of finding the rat 
which is compounded of the ratios of the ſides, that is, of "a, 


ing the ratio of the parallelograms, is ſhewn in . bird 
Candalla's demonſtration; * beginners — Forms * ju this [ 
caſes, how to find the ratio which is compounded of ny do like v 
more given ratios. oy « ratio 
F rom what has been ſaid, it may be obſerved, that in 3 K to 
magnitudes whatever of the ſame kind A, B, C, D, &c ry exprefl1 
ratio compounded of the ratios of the firſt to the ſecond f . 
the ſecond to the third, and ſo on to the laſt; is only a * pompout 
or expreſſion by which the ratio which the firſt A has to the Nw 
laſt D is ſignified, and by which at the ſame time the ratios of * 
all the magnitudes A to B, B to C, C to D from the firſt to 3 
the laſt, to one another, whether they be the ſame, or be not OE 
the ſame, are indicated; as in magnitudes which are continual 
proportionals A, B, C, D, Sc. the duplicate ratio of the firlt 
to the ſecond is only a name, or expreſſion by which the ratio 
of the firſt A to the third C is ſignified, and by which, at the Mſg. x, 
ſame time, is ſhown that there are two ratios of the ma . — 
tudes from the firſt to the laſt, viz. of the firſt A to the fe [© mack 
cond B, and of the ſecond B to the third or laſt C, which are 8 
the ſame with one another; and the triplicate ratio of the * 
firſt to the ſecond is a name or expreſſion by which the ratio angle cc 
of the firſt A to the fourth D is ſignified, and by which, at the might h 
ſame time, is ſhown that there are three ratios of the magni- equal at 
tudes from the firſt to the laſt, viz. of the firſt A to the ſe. hd 
cond B, and of B to the third C, and of C to the fourth or Pu 
laſt D, which are all the ſame with one another; and ſo in * 
the caſe of any other multiplicate ratios. And that this is doo 5 
the right explication of the meaning of theſe ratios is plain vw 
from the definitions of duplicate and triplicate ratio in which erflu M 
Euclid makes uſe of the word Aatysras, is ſaid to be, or is called; uu 5 | 
which word, he, no doubt, made uſe of allo in the definition in the 
of compound ratio, which Theon, or ſome other, has expun- E 
ged from the elements ; for the very ſame word is Hill retained and doe 
in the wrong definition of compound ratio, which 1s now the er 
5th of the 6th book: But in the citation of theſe definitions it 
is ſometimes retained, as in the demonſtration of prop 19- 
book 
It is 
ren 0 
band: | 


recti! 


dock 6.“ the firſt is ſaid to have, Ii M, to the third the Book V. 
duplicate ratio, &c. which is wrong tranſlated by Comman- * 


we ane and others,“ has” inſtead of “ is ſaid to have :”” and 
ih WW metimes it is left out, as in the demonſtration of prop. 33. 
atio of the 11th Book, in which we find “ the firſt has, ĩxu, to the 
nd. « third the triplicate ratio ;?? but without doubt zun, has, 
t in u this place ſignifies the fame as iu aryeras, is ſaid to have: 
like do likewiſe in prop. 23. B 6. we find this citation, - but the 
or « ratio of K to M is compounded, ovyxuras, of the ratio of 


WK to L, and the ratio of L to M, which is a ſhorter way of 


any expreſſing the {ame thing, which, according to the definition, 

the WW ought to have been expreſſed by cu , is ſaid to be 

n of compounded. 

ame From theſe remarks, together with the propoſitions ſubjoined 

the to the 5th book, all that is found concerning compound ratio, 

$ of either in the antient or modern geometers, may be underſtood | a 


and explained. 


70 PROP. XXIV. B. VI. .= 
* It ſeems that ſome unſkilful editor has made up this demon- ; 
2 


tration as we now have it, out of two others; one of which may 
be made from the 2d prop. and the other from the 4th of this 
book: For after he has, from the 2d of this book, and compo. 
{tion and permutation, demonſtrated that the ſides about the 
angle common to the two parallelograms are proportionals, he 
night have immediately concluded that the ſides about the other 
equal angles were proportionals, viz. from prop. 34. B. 1. and 
prop. 7. Book 5. This he does not, but proceeds to ſhow that 
the triangles and parallelograms are equiangular ; and in a te- 
lious way, by help of prop. 4. of this book, and the 22d of 
Book 5. deduces the ſame concluſion : From which it 1s plain 
that this ill compoſed demonſtration is not Euclid's : Theſe ſu. 
perfluous things are now left out, and a more ſimple demonſtra- 
ton is given from the 4th prop. of this book, the ſame which 
in the tranſlation from the Arabic, by help of the 2d prop. 
and compoſition ; but in this the author negle&s permutation, 
ind does not ſhow the parallelograms to be equiangular, as is 
proper to do for the ſake of beginners. 


lled ; 
tion 
pun. 
ained 
y the 
ns it 
p 19. PROP. XV. EVI.” 
book | | 
It is very evident that the demonſtration which Euclid had 
zven of this propoſition has been vitiated by ſome  unſkilful 
band: For, after this editor had demonſtrated that“ as the 
* reQilineal figure ABC is to the rectilineal KGH, ſo is the 

8 « parallelogram 
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Book VE. «© parallelogram BE to the parallelogram EF zu yothin mote 


NOT E S. 


ly left 
markec 
ſcheme 


ſhould have been added but this, “ and the rectilineaſ g 

ABC is equal to the parallelogram BE ; therefore the red 
** lineal KGH is equal to the parallelogram EF,” viz, fr 
prop. 14. book 5. But betwixt theſe two ſentences he has in 
ſerted this; “ wherefore, by permutation, as the reQiline;] . 
«« gure ABC to the parallelogram BE, fo is the rectilineal Kc 


eto the parallelogram EF;“ by which, it is plain, he thous) The 
yt | gt 
it was not ſo evident to conclude that the ſecond of four pre neceſſa 
portionals is equal to the fourth from the equality of the fe and ar: 
and third, which is a thing demonſtrated in the 14th prop. (f in the 
B. 5. as to conclude that the third is equal to the fourth, from rantly 
the equality of the firſt and ſecond, which is no where demon, elemen 
ſtrated in the elements as we now have them: But though this caſes of 
propoſition, viz. the third of four proportionals is equal to thei angle 
fourth, if the firſt be equal to the ſecond, had been given inf line, ei 
the elements by Euclid, as very probably it was, yet he vonder rea 
not have made uſe of it in this place; becauſe, as was ſaid, the ftraight 
concluſion could have been immediately deduced without thi made u 
ſuperfluous ſtep by permutation : This we have ſhown at the proper. 
greater length, both becauſe it affords a certain proof of the a5 $0110 
vitiation of the text of Euclid ; for the very ſame blunder i 1. L 
found twice in the Greek text of prop. 23. book 11. and twice to a gin 
in prop. 2. B. 12. and in the 5. 11. 12. and 18th of that Bock; ſquare 1 
in which places of book 12. except the laſt of them, it is right Ine. 
left out in the Oxford edition of Commandine's tranſlation Let. 
And alſo that geometers may beware of making uſe of permu tie giv 
tation in the like caſes ; for the moderns not unfrequently com applied 
mit this miſtake, and among others Commandine himſelf in hi not gre 
commentary on prop. 5. book 3. p. 6. b. of Pappus Alexandri Biſec 
nus, and in other places: Ihe vulgar notion of proportional the ſqu 
has, it ſeems, preoccupied many ſo much, that they do not ſu equal t 
ficiently underſtand the true nature of them. greater 
Beſides, though the rectilineal figure ABC. to which anothe tothe de 
is to be made ſimilar, may be of any kind whatever; yet in HE at 1 
demonſtration the Greek text has“ triangle” inſtead of recill and ma 
e neal figure,” which error is corrected in the abovye-nan produce 
Oxford edition. LF be « 
| and fro 
| the diſt; 
P R O P. XXVII. B. VI. rele x 
and upo 
The ſecond caſe of this has s, otherwiſe, prefixed | rectanpl 
it, as if it was a different demonſtration, which probably b u D, t 
been done by ſome unſkilful Librarian. Dr Gregory has gu equal 


y left it out: The ſcheme of this ſecond caſe ought to be Book VL 
marked with the ſame letters of the alphabet which are in the | 
ſcheme of the firſt, as is now done. | 


more 
igure 
rech. 
from 
IS in. 
dal fi. 
KOH 


PROP. XXVIII. and XXIX. B. VI. 


Theſe two problems, to the firſt of which the 27th prop. is 


. geceſſary, are the moſt general and uſeful of all in the elements, 
> fl and are molt frequently made uſe of by the antient geometers 
p. f in the ſolution of other problems; and therefore are very igno- 


rantly left out by Tacquet and Dechales in their editions of the 
elements, who pretend that they are ſcarce of any uſe; The 
cales of theſe problems, wherein it is required to apply a rect- 
angle which ſhall be equal to a given ſquare, to a given ſtraight 
line, either deficient or exceeding by a ſquare; as alſo to apply 
a retangle which ſhall be equal to another given, to a given 
ſtraight line, deficient or exceeding by a ſquare, are very often 
made uſe of by geometers: And, on this account, it is thought 
proper, for the ſake of beginners, to give their conſtructions, 


from 
mon. 
\ this 
0 the 
'en in 
would 
d, the 
It this 
t the 


of the a3 follows. 

der! 1. To apply a rectangle which ſhall be equal to a given ſquare, 
twice to given ſtraight line, deficient by a ſquare : But the given 
zock; ſquare muſt not be greater than that upon the half of the given 
ighth Ine, 


Let AB be the given ſtraight line, and let the ſquare upon 
the given ſtraight line C be that to which the rectangle to be 
applied muſt be equal, and this ſquare, by the determination, is 


ation 
ermu 
com 


in hi not greater than that upon half of the ſtraight line AB. 

andri Bilect AB in D, and if the ſquare upon AD be equal to 
tional the {ſquare upon C, the thing required is done: But if it be not 
ot ſu equal to it, AD muſt be 


HK 


greater than C, according L 


nothe o the de termination: Draw 5 
in th DE at right angles to AB, 
rectil and make it equal to C; * D 7 B 
nam produce ED to F, ſo that 

be equal to AD or DB, C 

and from the centre E, at 

the diſtance EF, deſcribe a E 

arcle meeting AB in G, 

and upon GB deſcribe the ſquare GBKH, and complete the 
xed 1 rectangle AG HL; alſo join EG: And becauſe AB is biſected 
ly * þk D, the rectangle AG, GB together with the ſquare of DG 
112" - £942! * to (the ſquare of DB, that is, of EF or EG, that is, * + 2 


to) 
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Book VI. to) the ſquares of ED, DG : Take away the ſquare of DG 


a 6. 2. 


N OT ES. 


from each of theſe equals; therefore the remaining reQang! D. 
AG, GB is equal to the ſquare of ED, that is, of C: But 0 and 1 
rectangle AG, GB is the rectangle AH, becauſe GH is e by in G 
to GB; therefore the rectangle AH is equal to the given { — drele 
upon the ſtraight line C. Wherefore the rectangle AH ; * to it, 
to the given ſquare upon C, has been applied to che N Be 
ſtraight line AB, deficient by the ſquare GR. Which - angle 
be done. , parall 
2 To apply a rectangle which ſhall be equal to a given EA, 
ſquare, to a given ſtraight line, exceeding by a ſquare. rectan 
Let AB be the given ſtraight line, and let the ſquare upon and A 
the given ſtraight line C be that to which the rectangle 10 b alſo U 
applied muſt be equal. 7 
Biſect AB in D, and draw BE at right angles to it, ſo that of A 
BE be equal to C; and having joined DE, — the 4 5 the ſq 
at the diſtance DE deſcribe à circle meeting AB produced in of KE 
G; upon BG deſcribe the ſquare ſquare: 
BGHK, and complete the rect- a E than t! 
angle AGH L. And becauſe AB N conſeq 
is biſected in D, and produced ; K\H AK ot 
to G, the rectangle AG, GB | 4 * than C 
together with the ſquare of DB {[_ equal t 
is equal a to (the ſquare of DG, F A D B G douche. 
or DE, that is, to) the ſquares | fore th 
of EB, BD. From each of theſe C l ee 
equals take the ſquare of DB; A. th 
therefore the remaining rectangle AG, GB is equal to the aple ( 
ſquare of BE, that is, to the ſquare upon C. But the recan 3 
gle AG, GB is the rectangle AH, becauſe GH is equal to WM ©: © 
Therefore the rectangle AH is equal to the ſquare upon C b 
Wherefore the rectangle AH, equal to the given ſquare upal bereſo 
C, has been applied to the given ſtraight line AB, exceedin Aide p 
by the ſquare GK. Which was to be done. Re 
3. To apply a rectangle to a given ſtraight line which ſhal 7 p 
be equal to a given rectangle, and be deficient by a ſqn . * 
But the given rectangle muſt not be greater than the {qua lang 
upon the half of the given ſtraight line. 9 ang! 
Let AB be the given ſtraight line, and let the given red . bee 
gle be that which is contained by the ſtraight lines C, D whie Sb 
is not greater than the ſquare upon the half of AB; it is f ne Rlve 


quired to apply to AB a rectangle equal to the rectangle C, L we AB 
deficient by a ſquare. | a 
Dra 


. 


DG Draw AE, BF at right angles to AB, upon the ſame ſide of it, Book VT. 
ig and make AE equal to C. and BF to D: Join EF and biſect it 
the in G; and from the centre G, ar the diſtance GE, deſcribe a 
kar circle meeting AE apain in H ; join HF and draw GK parallel 


to it, and GL. parallel to AE meeting AB in L. 

Becauſe the angle EHF in a ſemicircle is equal to the right 
angle EAB, AB and HPF are parallels, and AH and BF are 
rarallels; wherefore AH is equal to BF, and the rectangle 
EA, All equal to the OR EA, BF, that is to the 


Qual 


1 
1ven 
8 to 


ven retangle C, D: And becauſe EG, GP are equal to one another, 
and AE, LG, BF parallels : therefore AL and LB are equal ; ; 
* alſo EK is equal to KH®, and the reQangle C, D from the 23. 4. 


determination, is not greater than the ſquare of AL the half 

of AB; wherefore the rectangle EA, AH is not greater than 

the ſquare of AL, that is of KG: Add to each the ſquare 

of KE; therefore the ſquare ® of AK is not greater than the b 6. 2. 
ſquares of EK, KG, that is, 
than the ſquare of EG ; and 
conſequently the ſtraight line 
AK or GL is not greater 7 
than GE. Now, if GE be 
equal to GL, the circle EHF 
touches AB in L, and there- 
fore the ſquare of AL is e e- e 36. 3. 
qual to the rectangle EA, ⁊·ͤ 


AH, that is to the given rect. | | 
angle C, D; and that which A E _ x R 
Was required is done: But if . 2 


ö that 
tre D 
ed n 


to the 


rectan . 
| EG, GL be unequal, EG — 

4 * mut be the greater: and 2 P O 

Po A 4 therefore the circle EHF cuts the ſtraight line AB; let it cut it 
*. u the points M, N, and upon NB deſcribe the ſquare NBOP, and 


complete the rectangle AN PN: Becauſe ML is equal to 4 LN, d 3. 3, 

and it has been proved that AL is equal to LB; therefore 

AV is equal to NB, and the rectangle AN, NB equal to the 

rectangle NA, AM, that is, to the reQtangle © EA, AH or the © 2 36. 

tecttangſe C, D: But the rectangle AN, NB is the rectangle 

ab, becauſe PN is equal to NB: Therefore the rectangle AP 

s equal to the rectangle C, D; and the rectangle AP equal to 

de given rectangle C, D has been applied to the given ſtraight 

ne AB, deficient by the * BP. Which was to be done. 
2 4. To 


ch {hal 
{quart 
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Book VI. 4. To apply a rectangle to a given ſtraight line that ſhall be 


AE; let the circle meet AB 


equal to a given rectangle, exceeding by a ſquare, 

Let AB be the given ſtraight line, and the reQangle C, D 
the given rectangle, it is required to apply a reQangle to AR 
equal to C, D, exceeding by a ſquare. 

Draw AE, BF at right angles to AB, on the contrary 
ſides of it, and make AE equal to C, and BF equal to D; 
Join EF, and biſect it in G; and from the centre G, at the 
diſtance GE, deſcribe a circle meeting AE again in H; jon 
HF, and draw GL parallel to 


produced in M, N, and upon 
BN deſcribe the ſquare 
NB P. and complete the 
rectangle ANN be cauſe the 
angle EHF in a ſemicircle is 
equal to the right angle EAB. 
AB and HF are parallels, and 
therefore AH and BF are e- 
qual, and the rectangle EA, 
AH equal to the rectangle 
KA, BF, that is, to the rectangle C, D: And becauſe ML is 
equal to LN, and AL to LB, therefore MA is equal to BN, and 
the rectangle AN, NB to MA, AN, that is, ® to the rectanęle 
EA, AH, or the rectangle C, D: Therefore the rectangle AN, 
NB, that is, AP, is equal to the rectangle C, D; and to the gi- 
ven ſtraight line AB the rectangle AP has been applied equal to 
the given rectangle C, D, exceeding by the ſquare BP. Which 
was to be done. 
Willebrordus Snellius was the firſt, as far as I know, who 
ave theſe. conſtructions of the zd and 4th problems in his Ap- 
pollonius Batavus: And afterwards the learned Dr Halley gave 
them in the Scholium of the 18th prop. of the 8th Book of A. 
pollomus's conics reſtored by him. 


The zd problem is otherwiſe enunciated thus: To cut a} 


given ſtraight line AB in the point N, fo as to make the red- 

angle AN, NB equal to a given ſpace : Or, which i the 

fame thing, having given AB the ſum of the ſides of a rec 

aye, and the magnitude of it being likewiſe given, to find its 
es. 


And the 4th problem is the ſame with this, To find a ” 
in 
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rectangle AN, NB equal to a given ſpace : Or, which is the 
ſame thing, having given AB the difference of the ſides of a 
rectangle, and the magnitude of it, to find the ſides. 


PROP. XXXI. B. VI. 


In the demonſtration of this, the inverſion of proportionals is 
twice neglected, and is now added, that the concluſion may be 
legitimately made by help of the 24th prop. of B F. as Clavius 
bad done. 


ER©-P.: XXX. B. VI. 


The enunciation of the preceding 26th prop. is not general e- 
rough 3 becauſe not only two ſimilar parallelograms that have 
an angle common to both, are about the ſame diameter; but 
kewile two ſimilar parallelograms that have vertically oppoſite 
angles, have their diameters in the ſame ſtraight line: But there 
{-ems to have been another, and that a direct demonſtration of 
theſe caſes, to which this 32d propoſition was needfal : And the 
124 may be otherwiſe and ſomething more briefly demonſtrated 
23 follows. 


PROP. Gl. B VL 


If two triangles which have two ſides of the one, &c. 
Let GAF, HFC be two triangles which have two fides AG, 
GF, proportional to the ſides two FH, HC, viz AG to GF, as 
two HC; and let AG be paral- G 
k to FH, and GF to HC; AF A D 
ind FC are in a ſtraight line. | 
raw CK parallel a ro FH, and 
le: it meet GF produced in K: E 
becauſe AG, KC are each of them 
parallel to FH, they are parallel“ 
one another, and therefore the _ | 
iteroate angles AGF, FKC are e- K C 
gal; And AG is to Gt. as (FH to HC, that is e) CK to KF; 
werefore the triangles AGF. CKF are equiangular 4, and the 
age AFG equal to the angle CFK: But GFK is a ſtraight hne, 
vercfore AF and FC are in a ſtraight line e. 
The 26th prop. is demonſtraed from the 32d, as follows. 
Ii two vilar and ſimilarly placed parallelograms have an an- 
e common to both, or vertically oppoſite angles; their diame- 
kt are in the lame ſtraight line. 


1 Firſt, 
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Vin the given ſtraight line AB produced, ſo as to make the Book VI. 


a 31. 1. 


d 30. f. 


e 34. 1. 
d 6 6. 


e 14. 1. 


. -- 4 e. 
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Book VI. 


2 Cor. 19. 


b 32. 6 


N 0; T. 85 


Firſt, Let the parallelograms ABCD, AEFG have the arple 
BAD common to both, and be ſimilar, and ſimilarly placed; 
ABCD, AEF G are about the ſame diameter. f 

Produce EF, GF, to H, K, and join FA, FC: Then he. 
cauſe the parallelograms ABCD, AEFG are ſimilar, DA 


T 


is to AB, as GA to AE: where- 
fore the remainder DG is * to the A, G _ 
remainder EB, as GA to AE : But Gl 
DG is equal to FH, EB to HC, E. . n 
and AE to GF: Therefore as FH H e 
to HC, ſo is AG to GF; and upon 
FH, HC are parallel to AG, GF 3 milar 
and the triangles AGF, FHC are — 0 
joined at one angle, in the point K C plane 
F; wherefore AF, FC are in the ſame ſtraight line b. milar 
Next, Let the parallelograms KFHC, GFEA, which are ini. ſame | 
lar and ſimilarly placed, have their angles KFH, GFE vertically be de 
oppoſite ; their diameters AF, FC are in the fame ſtraight line, this at 
Becauſe AG, GF are parallel to FH, HC; and that AG ar ſo 
is to GF, as FH to HC; therefore AF, FC are in the ſane befor 
ſtraight line b. ently 
ſeilful 
PR O P. n. . 

The words © becauſe they are at the centre,“ are left out, as 
the addition of ſome unſkilful hand. : Gin 
In the Greek, as alſo in the Latin tranſlation, the words eſtabli: 
& «rvxs, © any whatever,” are left out in the demonſtration of theref, 
both parts of the propoſition, and are now added as quite neceſ. Book, 
ſary ; and, in the demonſtration of the ſecond part, where the be der 
triangle BGC is proved to be equal to CGK, the illative par- ther 1 
ticle a in the Greek text ought to be omitted. to be « 
The ſecond part of the propoſition is an addition of Theon's, ſimilar, 
as he tells us in his commentary on Ptolomy's Miy«an Eurrahs, toures 
p. 50. the ax 
| « to 0 
PROP. B. C. D. B. M. prop. c 
equalit. 
Theſe three propoſitions are added, becauſe they are frequent. + 

e uſe of by geometers. qua 

OE | he DE F. alle © 
Which 1 
lines fr 
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DEF. IX. and XI. B. XI. 22 


HE ſimilitude of plane figures is defined from the e- 

quality of their angles, and the proportionality of the 

ſides about the equal angles; for from the proportionality of 

the ſides only, or only from the equality of the angles, the 

ſimilitude of the figures does not follow, except in the caſe 

when the figures are triangles : The ſimilar poſition of the ſides 

which contain the figures, to one another, depending partly 

upon each of theſe ; And, for the ſame reaſon, thoſe are ſi- 

milar ſolid figures which have all their ſolid angles equal, each 

to each, and are contained by the ſame number of ſimilar 

plane figures: For there are ſome ſolid figures contained by ſi- 

milar plane figures, of the ſame number, and even of the 

{ame magnitude, that are neither fimilar nor equal, as ſhall 

be demonſtrated after the notes on the 1loth definition: Upon 

this account it was neceſſary to amend the definition of ſimi- 1 
ar ſolid figures, and to place the definition of a ſolid angle { 
before it: And from this and the 10th definition, it is ſuffici- a 
ently plain how much the elements have been ſpoiled by un- 

{kilful editors. 


DEF: 8. XN, 


It, as 

Since the meaning of the word © equal” is known and 
vords eſtabliſned before it comes to be uſed in this definition; 
on of therefore the propoſition which is the 16th definition of this 


book, is a theorem, the truth or falſehood of which ought to 
be demonſtrated, not aſſumed ; ſo that Theon, or ſome o- 
ther Editor, has ignorantly turned a theorem which ought 
to be demonſtrated into this roth definition: That figures are 
lmilar, ought to be proved from the definition of ſimilar 
tpures ; that they are equal wught to be demonſtrated from 
the axiom, © Magnitudes that wholly coincide, are equal 
to one another ;?? or from prop A. of Book $5. or the gth 
prop. or the rgth of the ſame Book, from one of which the 
equality of all kind of figures muſt ultimately be deduced. 
ln the preceding Books, Euclid has given no definition of e- 
qual figures, and it is certain he did not give this; For what is 
alled the 1ſt def. of the 3d Book, is really a theorem in 
which theſe circles are ſaid to be equal, that have the ftraight 
ines from their centres to the circumferences equal, which is 
Pain, from the definition of a circle; and therefore has by 
73 ſome 
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| Book XI. ſome editor heen improperly placed among the definitions, Th, 


wil _— equality of figures ought not be defined, but demonſtrated; 5 
if Therefore, though it were true, that ſolid figures containedby trian 
4 the ſame number of ſimilar and equal plane figures are equal ti of w' 
MN one another, yet he would juſtly deſerve to be blamed who BC 
4 ſhould make a definition of this propoſition which ought to be 7 0 
demonſtrated. But if this propoſition be not true, muſt it not BC, 
4 be confeſſed, that geometers have, for theſe thirteen hundred angle 
Ml years, been miſtaken in this elementary matter? And this ſhould OS 
" teach us modeſty, and to acknowledge how little, through the verte 
4] weakneſs of our minds, we are able to prevent miſtakes even in AB, 
| | the principles of {ciences which are juſtly reckoned amongſt the are Cc 
1 molt certam; for that the propofition is not univerſally true, ECA 
. can be thewn by many examples: The following is ſufficient, three 
0 Let there be any plane rectilineal figure, as the triangle there 
* ABC, and from a point D within it draw the ſtraight line equal 
"Ml 2 12 fl. DE at right angles to the plane ABC; in DE take DE, DF felt, | 
= equal to one another, upon the oppoſite ſides of the plane, fore 
| and ler G be any point in EF: join DA, DB, DC: EA contai 
un EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the ſtraight Co 
1 line EDF is at right angles to the plane ABC, it makes right be cot 
? angles with DA, DB, DC which it meets in that plane; and For 
. in the triavgles EDB, FDB, ED and DB are equal to FD and angles 
| DB, each to each, and they contain right angles; therefore at the 
d 4 1, the baſe EB is equal FBA, 
to the baſe FB; in the G And e 
ſame manner EA is e- equal 
qual to FA, and EC to has be 
FC: Ard in the triangles avples 
ERA. FBA, EB, BA 75 taine d 
are equal to FB, BA, tach: 
and the bale EA is e- are no 
qual to the bale FA; Ane 
| wherefore the angle to one 
e 8. 2. EBA is equal © ro the D plane ; 
angie FBA, and the tri three 
angle EBA equal Þ to B 
the triangle PA, and 
the other angles equal to 
the other angles; there. £ 
4. 6. fore thele triangles are | ; * 
af ae ſimilar 4: In the ſame manner the triangle EBC is ſimilar ta 1 
the 
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there are two ſolid figures each of which is contained by ſix 
triangles, one of them by three triangles, the common vertex 
a which is the point G, and their baſes the ſtraight lines AB, 
BC, CA and by three other triangles the common vertex 
of which is the point E and their baſis the ſame lines AB, 


not BC, CA; [he other ſolid is contained by the fame three tri- 
red anoles the common vertex of which is G, and their baſes AB, 
wald BC. CA; and by three other triangles of which the common 
the vertex is the point F, and their baſes the ſame ſtraight lines 
nin AB, BC, CA: Now the three triangles GAB, GBC, GCA 
the are common to both ſolids, and the three others EAB, EBC, 
rue, ECA of the firſt ſolid hive been ſhown equal and ſimilar to the 
nt. three others FAB, FBC, FCA of the other ſolid, each to each; 
vole therefore theſe two ſolids are contained by the ſame number of 
line equal and ſimilar planes: But that they are not equal is mani- 
„De felt, becauſe the firſt of them is contained in the other: There- 
lane, fore it is not univerſally true that ſolids are equal which are 
FA contained by the ſame number of equal and ſimilar planes. 
aipht Cor. From this it appears that two unequal folid angles may 
right be contained by the ſame number of equal plane angles. 

and 


For the ſolid angle at B, which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the ſolid angle 
at the ſame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC; for this laſt contains the other: 
And each of them is contained by four plane angles, which are 
equal to one another, each to each, or are the ſelf ſame ; as 
has been proved: And indeed there may be innumerable ſolid 
avples all unequal to one another, which are each of them con- 
tained by plane angles that are equal to one another, each to 
each : It is likewile manifeſt that the before-mentioned ſolids 
are not ſimilar, fince their ſolid angles are not all equal. 

And that there may be innumerable folid angles all unequal 
to one another, which are each of them contained by the fame 
plane angles diſpoſed in the ſame order, will be plain from the 
three following propoſitions. 


PROP. I. PROBLEM. 


Three magnitudes, A, B, C being given, to find a fourth 
ſoch, that every three ſhall be greater than the remaining one. 


Let D be the fourth: therefore D muſt be leſs than A, B, 
14 C 


milar tk 
we 
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the triangle FBC, and the triangle EAC to FAC; therefore Book XI. 
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| Book XI. C together: Of the three A, B, C, let A be that which ; 
J — & 7; 1 85 either of the two B and C: And firſt, let 5 7590 

together be not leſs than A: therefore B, C, P together are 
greater than A; and becauſe A is not leſs than B; A, C D 
together are greater than B; In the like manner A, B, P' t. 
gether are greater than C: Wherefore in the caſe in which B 
and C together are not leſs than A, any magnitude D which i; 
leſs than A, B, C together will anſwer the problem. 

But if B and C together be leſs than A; then, becauſe it i; 
required that B, C, 5 together be greater than A, from each 
of theſe taking away B. C, the remaining one D muſt be 
greater than the exceſs of A above B and C: Take therefore 
any magnitude D which is leſs than A, B, C together, but 
greater than the excefs of A above B and G: Then B, C, 5 
together are greater than A; and becauſe A is greater than ei. 
ther B or C, much more will A and D, together with either of 
the two B. C be greater than the other: And, by the con. ther at 
ſtruction, A, B, GC are together greater than D. E are 

Cor. If beſides it be required, that A and B together ſhall 
not be leſs than C and D together z, the excels of A and B to- 
gether above C muſt not be Jeſs than P, that is, D mult not be 
greater than that exceſs. | 
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Four magnitudes A, B. C, D being given, of which A and 
B together are not leſs than C and D together, and ſuch that 
any three of them whatever are greater than the fourth; it i; 
required to find a fifth magnitude E inch, that any two of the erer o 
three A, B, E ſhall be greater than the third, and alſo that any * 
two of the three C, D, E ſhall be greater than the third. Let * 5 
Abe not leſs than B: And C not leſs than D. 

Firſt, Let the exceſs of C above D be not lefs than the excel; 
of A above B: It is plain that a magnitude E can be taken 
which is lefs than the ſum of C and D, but greater than ths 
exceſs of C above D; let it he taken; then E is greater like- 
wiſe than the exceſs of A above B; wherefore E and B together 
are greater than A; and Ais not leſs than B: therefore A and 
E together are greater than B: And, by the hypotheſis, A aud 
B together are not leſs than C and D together, and C and D 
together are greater than E; therefore likewiſe A and B are 
greater than E. 
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C above D: And becauſe, by the hypotheſis, the three B. C, 
D are together greater than the fourth A; C and D together 
ae greater than the exceſs of A above B: Therefore a magni- 
de may be taken which is leſs than C and D together, but 
greater than the excels of A above B. Let this magnitude be 
E; and becauſe E is greater than the exceſs of A above B,. B 
together with E is greater than A: And, as in the preceding 
caſe, it may be ſhown that A together with E is greater than B, 
and that A together with B is greater than E: Therefore, in 
each of the caſes, it has been ſhown that any two of the three 
A, B, E are greater than the third. 

And becaule in each of the caſes E is greater than the exceſs 
of C above D, E together with D is greater than C and, by 
the hypotheſis, C is not leſs than D; therefore E together with 
C is greater than D; and, by the conſtruction, C and D toge- 
ther are greater than E: | hereſore any two of the three, C, D, 
E are greater than the third, 


P RO P. III. THEOREM. 


There may be innumerable ſolid angles all unequal to one an- 
other, each of which is contained by the fame four plane an- 
gles, placed in the ſame order. 

Take three plane angles, A, B, C, of which A is not leſs 
than either of the other two, and ſuch, that A and B toge- 
ther are leſs than two right angles: and by problem 1. and 
us corollary, find a fourth angle D ſuch, that any three what- 
erer of the angles A, B, C, D be greater than the remainin 
angle, and ſuch, that A and B together be not leſs than & 
and D together : And by problem 2. find a fifth angle E ſuch 
tat any two of the angles A, B, E be greater than the third, 


A E FE 


"No 


N 


K 
H 


G 


nd alſo that any two of the angles C, D, E be greater _ 
2 


But let the exceſs of A above B be greater than the exceſs of Book XI. 
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Book XI. the third: And becauſe A and B together are leſs than ty And, 
right angles, the double of A and B together is leſs than fo the th 
right angles: But A and B together are greater than the angj. than f 
E ; wherefore the double of A, B together is greater = that tl 
the three angles A, B, E. together, which three are conſe. leſs tl 
quently leſs than four right angles; and every two of the Make 
fame angles A B. E are greater than the third; therefore at N 
by prop. 23. 11. a ſolid angle may be made contained by three plane 
plane angles equal to the angles A, B,. E, each to each. Let 0NQ 
this be the angle F contained by the three plane angles GFR B, M 
HFK, GFK which are equal to the angles A, B, E. each to prop 


each: And hecauſe the angles C, D together are not greater point 

than the angles A, B together, therefore the angles C, D, E plane 

are not greater than the angles A B, E: But theſe laſt three are the ot 

leſs than four right angles, as has been demonſtrated: where. the ar 

fore alſo the angles C, D. E are together leſs than four right js a ſo 

angles, and every two of them are greater than the third ; there. R 

fore a ſolid angle may be made which ſhall be contained by three to eac 

3 23, 11. Plane angles equal to the angles C, D, E, each to each: And 2% c 
es, 2 

F Ty \ 


that 15 
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NQ , 


are un 
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can be 


H pur po 
by prop. 26. 11 at the point F in the ſtraight line FG a ſolid _ 
angle may be made equal to that which is contained by the ck 
three plane angles that are equal to the angles C, D, E: Let 1 
this be made, and let the angle GFK, which is equal to E, be miltak 
one of the three: and let KFL, GFL be the other two which na, 
are equal to the angles, C, D, each to each, Thus there is 2 ps 
ſolid angle conſtituted at the point F contained by the four plane bo 
angles GFH, HFK, KFL, GFL which are equal to the angles the et 
A, B. C, D, each to each. 

Again, Find another angle M ſuch, that every two of the 
three angles A, B, M be greater than. the third, and alſo 
every two of the three C, D, M be greater than the third : 


three 
each, 
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d, as in the preceding part, it may be demonſtrated that Book XT. 


N 


the three A, B, M are leſs 
than fur right angles, as alſo, 
chat the three C. D, M are 
fs than four right angles. 
Make therefore ® a ſolid angle 
at N contained by the three Q& 
plane angles ONP, PN 
ON, which are equal to A, P 

B,. M, each to each: And by 

prop 26. 11. make at the 
point N in the ſtraight line ON a ſolid angle contained by three 
plane angles of which one is the angle ONQ equal to M, and 
the other two are the angles ONR, ONR which are equal to 
the angles C, D, each to each. Thus, at the point N, there 
js a ſolid angle contained by the four plane angles NP, PNQ,, 
NR, ONR which are equal to the angles A, B C, D each 
to each. And that the two ſolid angles at the points F, N, 
each of which is contained by the above named four plane an- 
ples, are not equal to one another, or that they cannot coin- 
ade, will be plane by conſidering that the angles GFK, ON; 
that is, the angles E, M, are unequal by the conſtruction: and 
therefore the ſtraight lines GF, FK cannot coincide with GN, 
, nor conſequently can the ſolid angles, which therefore 
ae unequal, | 

And becauſe from the four plane angles A. B, C, D, there 
can be found innumerable other angles that will ferve the fame 
purpoſe with the angles E and M; it is plain that innumerable 
other ſolid angles may be conſtituted which are each contained 
dy the ſame four plane angles, and all of them unequal to one 
mother, Q. E. D. 

And from this it appears that Clavius and other authors are 
miltaken, who aſſert that thoſe ſolid angles are equal which are 
contained by the ſame number of plane angles that are equal to 
one another, each to each. Alſo it is plain that the 26th prop. 
of! book 11. is by no means ſufficiently demonſtrated, becauſe 
toe equality of two ſolid angles, whereof each is contained by 
taree plane angles which are equal to one another, each to 
tach, is only aſſumed, and not demonſtrated. 


a 23. 11. 
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one ano 

The words at the end of this, “ for a ſtraight line cangot done, tl 


« meet a ſtraight line in more than one point,” are left out, as an now pu 
addition by ſome unſkilful hand; for this is to be demonſtrate 
not aſſumed. | | h 
Mr Thomas Simpſon, in his notes at the end of the 2d edition ba : 
of his elements of geometry, p. 262. after repeating the words je ie , 
of this note, adds,“ Now, can it poſſibly ſhow any want of Ard 
© ſkill in an editor (he means Euclid or Theon) to refer to a 2 5 
«© axiom which Euclid himſelf hath laid down, Book 1. No 14.” from > 
he means Barrow's Euclid, for it is the i oth in the Greek, « ang 5 oh 
«© not to have demonſtrated, what no man can demonſtrate 2 ye a 
But all that in this caſe can follow from that axiom is, that, if nor h : 
two ſtraight lines could meet each other in two points, the _ 
of them betwixt theſe points muſt coincide, and ſo they would 
have a ſegment betwixt theſe points common to both. Now, as 
it has not been ſhown in Euclid, that they cannot have a com- The 
mon ſegment, this does not prove that they cannot meet in two are om 
points from which their not having a common ſegment, is de. B. 1. h 
duced in the Greek edition: But, on the contrary, becauſe they deedlel 
cannot have a common ſegment, as is ſhown in Cor. of 11th 
prop. Book 1. of qto edition, it follows plainly that they cannot 
meet in two points, which the remarker ſays no man can de- * 
monſtrate. Greek 
Mr Simpſon, in the ſame notes, p. 265. juſtly obſerves, that Oxford 
in the corollary of prop. 11. Book 1. qto edit. the ſtraight lines 
AB, BD, BC, are ſuppoſed to be all in the ſame plane, which 
cannot be aſſumed in 1ſt prop. book 11. This, ſoon after the Thi: 
4to edition was publiſhed, I obſerved and corrected as it is now Klkul! 
in this edition: He is miſtaken in thinking the 1oth axiom he 
mentions here t6 be Euclid's; it is none of Euclid's but is the 
1oth in Dr Barrow's edition, who had it from Herigonꝰs Curſus, ip 
vol. 1. and in place of it the corollary of rtoth prop. Book 1: lppoſ 
was added. heſe 1 


PROP n.. p. B. 

not in 

This propoſition ſeems to have been changed and vitiated by "hich, 
ſome editor; for all the figures defined in the 1ſt book of the h pi 
elements, and among them triangles, are, by the hypotheſis, de ve 
plane figures ; that is, ſuch as are deſcribed in a plane; where: 8 twie 
fore the ſecond part of the enunciation needs no demonſtration. point t 


Beſides, a convex ſuperficies may be terminated by three * 8 aſſur 
ines 


xe dra 
preced 


N O T E S. 


gemonſtrated is, that two, or three ſtraight lines, that meet 
ane another, are in one plane. And as this is not ſufficiently 
Joge, the enunciation and demonſtration are changed into thoſe 


Pro, 1M A. 


jn this propoſition the following words near to the end of it 
ve left out, viz. © therefore DEB, DFB are not ſtraight lines, 
« in the like manner it may be demonſtrated that there can be 


Not 
IS an 
ted, 


tion 
ords 


p of « no other ſtraight line between the points D, B:“ Becauſe 
oh from this, that two lines include a ſpace, it only follows that 
* one of them is not a ſtraight line: And the force of the argu- 


ment lies in this, viz. if the common ſection of the planes be 
not a ſtraight line, then two ſtraight lines could include a ſpace, 


te? 


* which is abſurd; therefore the common ſection is a ſtraight line. 
* PROP. N. B. XL, 
com. 


The words “e and the triangle AED to the triangle BEC“ 
e ommited, becauſe the whole concluſion of the 4th prop. 
B. 1. has been ſo often repeated in the preceding Books, it was 
needleſs to repeat it here. 


PADOP. V. AJ. 


In this, near to the end, ix:7i%w, ought to be left out in the 
Greek text: And the word © plane“ is rightly left out in the 
Oxford edition of Commandine's tranſlation, 


PROP. VII. B. XI. 


This propoſition has been put into this book by ſome un- 
ſkilful editor, as is evident from this, that ſtraight lines which 
we drawn from one point to another in a plane, are, in the 
preceding books, ſuppoſed to be in that plane : And if they 
were not, ſome demonſtrations in which one ſtraight line is 
ſuppoſed to meet another would not be concluſive, becauſe 
theſe lines would not meet one another : For inſtance, in prop. 
50. B. 1. the ſtraight line GK would not meet EF, if GK were 
tot in the plane in which are the parallels AB, CD, and in 
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ted by which, by hypotheſis, the ſtraight line EF is: Beſides, this 
of the 1th propoſition is demonſtrated by the preceding 3. in which 
theſis, de very thing which is propoſed to be demonſtrated in the 7th, 
;here- twice aſſumed, viz. that the ftraight line drawn from one 
ation. int to another in a plane, is in that plane; and the fame thin 

raight Wl * aſſumed in the preceding th prop. in which the ſtraight line 


lines 


which 


knes meeting one another: The thing that ſhould have been Book XI. 
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ook NT: which joins the points B, D that are in the plane to which AB 
and CD are at right angles, is ſuppoſed to be in that plane; 
And the 7th, of which another demonſtration is given, is kept 
in the book merely to preſerve the number of the propoſitions . 
for it is evident from the 7th and 35th definitions of the 18 
book, though it had not been in the elements. 
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„either 
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In the Greek, and in Commandine's and Dr Gregory's tra. 
lations, near to the end of this propoſition, are the followin 
words: But DC is in the plane through BA, AD,” inſtead of 
which, in the Oxford edition of Commandine's tranſlation, is 
rightly put “ but DC is in the plane through BD, DA :” But 
all the editions have the following words, viz. * becauſe AB, 
BD are in the plane thro' BD, DA, and DC is in the plane 


And 1 
« jf not 
(« angle 
words n 
ple at B 
therefor 


in which are AB, BD,” which are manifeſtly corrupted, or « f be 
have been added to the text; for there was not the leaſt neceſſi. « of thi 
ty to go ſo far about to ſhow that DC is in the ſame plane in vet If 
which are BD, DA becauſe it immediately follows from prop, 
7. preceding, that BD, DA, are in the plane in which are the! 
parallels AB, CD : Therefore, inſtead of theſe words, there h 
ought only to be © becauſe all three are in the plane in which REL 
are the parallels AB, CD.” 1 
. panus h 
After the words,“ and becauſe BA is parallel to GH,” the Y ” 
following are added, “ for each of them is parallel to DE, and * 
* are not both in the fame plane with it,“ as being manifeltly 
foregotten to be put into the text, 
ROF. WI. The 
dolition 
In this, near to the end, inſtead of the words, “ but ſtraight be dem. 
lines which meet neither way” ought to be read, © but ſtraigbe den. 0 
6e lines in the ſame plane which produced meet neither ways 
Becauſe, though in citing this definition in prop. 27. book 1. Oxford 
it was not neceſſary to mention the words, © in the ſame plane, (0 to 
all the ſtraight lines in the books preceding this being in W "5 pr 
ſame plane; yet here it was quite neceſſary. OP. 2 
P'R-Q P.. XX. 5. 
In this near the beginning, are the words,“ But if not lu th 
4 let BAC be the greater :” But the angle BAC may happen id n BY 
0 be e 


be equal to one of the other two : W heretore this place — 
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NOTE S. 


be read thus,“ But if not, let the angle BAC be not leſs than 
« either of the other two, but greater than DAB.” 

At the end of this propoſition it is ſaid. . in the ſame man- 
« yer it may be demonſtrated,” though there is no need of any 
gemonſtration; becauſe the angle BAC being not leſs than ei- 
ther of the other two, it is evident that BAC together with one 
of them is greater than the other. 


PROP. XXII. B XI. 


And likewiſe in this, near the beginning, it is ſaid, © But 
« if not, let the angles at B, E, H be un«qual, and let the 
« angle at B be greater than either of thoſe at E, H: Which 
words manifeſtly ſhow this place to be vitiated, becauſe the an- 
ge at B may be cqual to one of the other two. i hey ought 
therefore to be read thus, But if not, let the angles at B. E, 
H be un«qual, and let the angle at B be not leſs than either 
« of the other two at E, H: Therefore the ſtraight line AC is 
« not Jeſs than either of the two DF, GK.” 


PROP, XXIII. B. XI. 


The demonſtration of this is made ſomething ſhorter, by not 
repeating in the third caſe the things which were demonſtrated 
n the firſt ; and by making uſe of the conſtruction which Cam- 
panus has given ; but he does not demonſtrate the ſecond and 
third caſes: The conſtruction and demonſtration of the third 
ale are made a little more ſimple than in the Greek text. 


PROP. XXIV. B. XI. 


The word * ſimilar” is added to the enunciation of this pro- 
jol1tion, becauſe the planes containing the ſolids which, are to 
te demonſtrated to be equal to one another, in the 25th propo- 
tion, ought to be ſimilar and equal, that the equality of the 
(oils may be inferred from prop. C, of this book: And, in the 
Uxford edition of Commandine's tranſlation, a corollary is ad- 
led to prop 24+ to ſhow that the parallelograms mentioned in 
is propoſition are ſimilar, that the equality of the ſolids in 
op. 25. may be deduced from the 1oth def. of Book 11. 


PR OP. XXV. and XVI. B. XI. 


lu the 25th prop. ſolid figures which are contained by the 
ane number of ſimilar and equal plane figures, are ſuppoſed 
obe equal to one another. And it ſeems that Theon, or ſome 

other 


35! 


Book XI. 
— p_—_—_— 


352 | NOTE Ss. 


Book XI. other editor, that he might ſave himſelf the trouble of demo 
ſtrating the ſolid figures mentioned in this propoſition to be 
equal to one another, has inſerted the roth def. of this ogy 
to ſerve inſtead of a demonſtration ; which was very ignorantl 
done. 

Likewiſe in the 26th prop. two ſolid angles are ſuppoſed t, 
be equal: If each of them he contained by three plane angles 
which are equal to one another, each to each. And it is ſtrange 
enough, that none of the commentators on Euclid have, as fe 
as I know, perceived that ſomething is wanting in the demon. 


ſtrations of theſe two propoſitions. Clavius, indeed, in a note In t 
upon the 11th def. of this book, affirms, that it is evident that that th 
thoſe ſolid angles are equal which are contained by the ſame defect. 
number of plane angles, equal to one another, each to each, 
becauſe they will coincide, if they be conceived to be placed 
Y within one another; but this is ſaid without any proof, nor is it The 
| always true, except when the ſolid angles are contained by three WW e tw 
þ plane angles only, which are equal to one another, each to mon tc 
i each: And in this caſe the propoſition is the ſame with this, paratec 
| that two ſpherical triangles that are equilateral to one atiother, WW of the 
{7 are alſo equiangular to one another, and can coincide ; which Wi (r:tior 
"N F ought not to be granted without a demonſtration. Euclid does frſt cal 
. not aſſume this in the caſe of rectilineal triangles, but demon- which 
'Y ſtrates in prop. 8. Book 1, that triangles which are equilateral for it i 
| to one another are alſo equiangular to one another; and from s we | 
. this their total equality appears by prop. 4. book 1. Aud Me. been p 
1 nelaus, in the qth prop. of his iſt book of ſpheries, explicitly but (on 
. demonſtrates that ſpherical triangles which are mutually equi- and ha: 
1 lateral, are alſo equiangular to one another; from which it is which 
9 eaſy to ſhow that they muſt coincide, providing they have their 
2 ſides diſpoſed in the ſame order and ſituation. 
it To ſupply theſe defects, it was neceſſary to add the three pro- 
0 poſitions marked A, B, C to this Book. For the 25th, 26th, and In tk 
'* 28th propoſitions of it, and confequently eight others, viz. the CP, in 
Fa 27th, ziſt, 32d, 33d 34th, 36th, 37th and goth, of the ſame, comma 
'l which depend upon them, have hitherto ſtood upon an inf prop 
1 foundation; as alſo, the 8th, 12th, Cor. of 17th and 18th of 
iq 12th book, which depend upon the gth definition. For it has 
iN been ſhown in the notes on def. 10. of this book, that ſolid 
11 figures which are contained by the ſame number of ſimilar and The) 
K equal plane figures, as alfo ſolid angles that are contained by , 

i qual p res, the inſi 
i the ſame number of equal plane angles, are not always equal to uber, 
[> one another, * Us 
. paralle] 
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Mon. 
to be 
book, 


ſolid angles to be ſuch, as being put within one another do 
« concide:“ But this is an axiom, not a definition ; for it is 
tue of all magnitudes whatever, He made this uſeleſs defini. 


antly tion, that by it he might demonſtrate the 36th prop. of this 
book, without the help of the 35th of the ſame : Concerning 

ed ro hich demonſtration, ſee the note upon prop. 36. 

noles 


range 
18 far 
mon. 
| Note 
that 
ſame 


PROP. XXVIII. B. XI. 


In this it ought to have been demonſtrated, not aſſumed, 
that the diagonals are in one plane. Clavius has ſupplied this 
defect. 


PROP. XXIX. B. XI. 


each, 
laced 
IT is it There are three caſes of this propaſition ; the firſt is, when 
three WW the two parallelograms oppoſite to the baſe AB have a ſide com- 


ch to 
| this, 
ther, 
which 


mon to both ; the ſecond is, when theſe parallelograms are ſe- 
parated from one another; and the third, when herd is a part 
of them common to both ; and to this laſt only, the demon- 
ration that has hitherto been in the elements does agree. The 


| does WM firlt caſe is immediately deduced from the preceding 28th prop. 
mon- which ſeems for this purpoſe to have been premiſed to this 2gth, 
ateral for it is neceſſary to none but to it, and to the goth of this book, 
from 25 we now have it, to which laſt it would, without doubt, have 
| Me been premiſed, if Euclid had not made uſe of it in the 29th ; 
licitly but ſome unſkilful editor has taken it away from the elements, 
equi- and has mutilated Euclid's demonſtration of the other two caſes, 
1 it is which is now reſtored, and ferves for both at once. 
their 
FAUP. AXX -B. AU 

e pro. 
1, and ln the demonſtration of this, the oppoſite planes of the ſolid 
z. the CP, in the figure in this edition, that is, of the ſolid CO in 
ſame, commandine's figure, are not proved to be parallel; which it 
_ b proper to do for the ſake of learners. 

0 N 0 
it has 
- ſolid PROP. ANAL . 
Fon There are two caſes of this propoſition ; the firſt is, when 
* „be inſiſting ſtraight lines are at right angles to the baſes; the 
| ther, when they are not: The firſt cafe is divided again into 


two others, one of which is, when the baſes are equiangular 
pra!eloprams ; the other, when they are not op : 
| 2 e 


It 
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It is to be obſerved that Tacquet, in his Euclid, defines equa] Book XI. 


354 N O T E s. 


Book xl. The Greek editor makes no mention of the firſt of theſe tw, « the 
"YT liſt caſes, but has inſerted the demonſtration of it as a part of « the 


— — — — - 
- 


— ES AT 


— 
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that of the other: And therefore ſhould have taken notice of 
it in a corollary ; but we thought it better to give theſe two caſes 
ſeparately : The demonſtration alſo is made ſomething ſhorter 
by following the way Euclid has made ute of in prop. 14. book 
6. Beſides, in the demonſtration of the caſe in. which the in. 
fiſting ſtraight lines are not at right angles to the baſes, the edi. 
tor does not prove that the ſolids deſcribed in the conſtruction 
are parallelepipeds, which it is not to be thought that Euclid ne. 
glefted : Allo the words, “ of which the inſiſting ſtraight lines 
«© are not in the ſame ſtraight lines,“ have been added by ſome 
unſkilful hand; for they may be in the ſame ſtraight lines, 


PROP. ARMANI. BE 

The editor has forgot to order the parallelogram FH to be 
applied in the angle FGH equal to the angle LCG, which is 
neceſlary, Clavius has ſupplied this. 

Alſo, in the conſtruction, it is required to complete the 
ſolid of which the baſe is FH, and altitude the fame with that 
of the ſolid CD : But this does not determine the ſolid to be 
completed, ſince there may be innumerable ſolids upon the 
ſame baſe, and of the ſame altitude: It ought therefore to be 
faid “ complete the ſolid of which the baſe is FH, and one of 
„its inſiſting ſtraight lines is FD ;” The ſame correction muſt 
be made in the following propoſition 33. 
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It is very probable that Euclid gave this propoſition a place in 
the elements, ſince he gave the like propoſition concerning equi. 
angular parallelograms in the 23d B. 6. 


PRO P. RV. Boas 


In this the words, Ii & $O:0TO TH) Se een irs r aura tfcur, 
© of which the inſiſting ſtraight lines are not in the ſame 
<« ſtraight lines,” are thrice repeated; but theſe words ough 
either to be left out, as they are by Clavius, or, in place of them 
ought to be put, © whether the inſiſting ſtraight lines be, or U 
*« not, in the ſame ſtraight lines: For the other caſe Is with 


out any reaſon excluded; allo the words, @ v vn, of 197 
PATE "i « tht 
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NOTE 8. 
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* « the inſiſting ſtraight lines; which is a plain miſtake: For the 
» of Altitude is always at right angles to the bale. | 

* PROP. XXXV. B. XI. 

ook The angles ABH, DEM are demonſtrated to be right angles 
Lo 1 2 ſhorter way than in the Greek; and in the ſame way ACH 
edi. DFM may be demonſtrated to be right angles: Alſo the repe- 
Uon tion of the ſame demonſtration, which begins with © in the 

| ne. « {ame manner,“ is left out, as it was probably added to the 
* text by ſome editor; for the words, in like manner we may 
ome 


gdemonſtrate,“ are not inſerted except when the demonſtration 
is not given, or when it is ſomething different from the other 
if it be given, as in prop. 26. of this book. Companus has not 
this repetition. 

We have given another demonſtration of the corollary, be- 
to be {des the one in the original, by help of which the following 
ich is z6ih prop. may be demonſtrated without the 35th. 


: the PROP, XXXVI. B. XI, 

Sev Tacquet in his Euclid demonſtrates this propoſition without 

a the the help of the 35th; but it is plain, that the ſolids mentioned 
to be in the Greek text in the enunciation of the propoſition as equi- 

ne of #0golar, are ſuch that their ſolid angles are contained by three 

\ maſt plane angles equal to one another, each to each; as is evident 


from the conſtruction. Now Tacquet does not demonſtrate, - 


bu: aſſumes theſe ſolid angles to be equal to one another; for 
he ſuphoſes the ſolids to be already made, and does not give the 
cnftraction by which they are made: But, by the ſecond de. 
monitration of the preceding corollary, his demonſtration is 


1 rendered legitimate likewite in the caſe where the ſolids are con- 
g equi. ſructed as in the text. 


ace in 


PROF. AXXVIL. . XI. 


In this it is aſſumed that the ratios which are triplicate of thoſe 


es which are the ſame with one another, are likewiſe the 
e ſame ane with one anather ; and that thoſe ratios are the ſame with 
s ough ve another, of which the triplicate ratios are the ſame with one 
f them nother ; but this ought not to be granted without a demonſtra- 
e, 0 l; nor did Euclid aſſume the firſt and eaſieſt of theſe two 
Is 10 ropoſitions, but demonſtrated it in the caſe of duplicate ratios, 
f 1 a ithe 22d prop. book 6. On this account, another demonſtra- 


2 2 PROP. 


wn is given of this propoſition like to that which Euclid gives 
„prop. 22. book 6. as Clavius has done. 
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« the altitudes,” are twice put for 5 d iν,çt © of which Book XI. 
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a 17. 12. in 
other edi- 
tions 


Book XII. 


one plane which is at right angles to another plane, unto this 
laſt plane, it is done by drawing a perpendicular from the point 
to the common ſection of the planes; for this perpendicular 
will be perpendicular to the plane, by Def. 4. of this bock: 
And it would be fooliſh in this caſe to do it by the x 1th prop. of 


NOTE S. 


PROP. XXVII. B. XI. 


When it is required to draw a perpendicular from a point in 


the ſame : But Euclid *, Apollonius, and other geometers, 


when they have occaſſion for this problem, direct a perpendicu. lineal 
lar to be drawn from the point to the plane, and conclude that whicl 
it will fall upon the common ſection of the planes, becauſe this prop 
is the very ſamie thing as if they had made uſe of the conſtruc. their 
tion above mentioned, and then concluded that the ftruight line this | 
mult be perpendicular to the plane; but is expreſſed in fewer in thi 
words: Some editor, not perceiving this, thought it was ne. be un 
ceſſary to add this propolition, which can never be of any vſe tg bable 
the 11th book, and its being near to the end among propoſi. editor 
tions with which it has no connection, 1s a mark of its having this x 
been added to the text. 
PROP. XXIX. B. XI. 
In 
In this it is ſuppoſed, that the ſtraight lines which biſect the  bec 
ſides of the oppoſite planes, are in one plane, which ought to 4 oth 
have been demonſtrated ; as is now done. to be 
been 
de ſim 
B. XII. the tri 
. ; ray b 
HE learned Mr Moor, profeſſer of Greek in the Univer- * 
ſity of Glaſgow, obſerved to me, that it plainly appears 
from Archimedes's epiſtle ro Doſitheus, prefixed to his books d 
the Sphere and Cylinder, which epiſtle he has reſtored from As 
antient manuſcripts, that Eudoxus was the author of the chief Greck 
propoſitions in this 12th book. 
P'R OP. H. a 
3 I 
At the beginning of this it is ſaid, “ if it be not ſo, the {quart I A 


« of BD ſhall be to the ſquare of FH, as the circle ABCD 

te to ſome ſpace either leſs than the circle EF GH, or great 
« than it:” And the like is to be found near to the end of thi 
propoſition, as alſo in prop. 5. 11. 12. 18. of this book chow 


NOTES 


of theorems, it is ſufficient, in this and the like caſes, that a 
thing made uſe of in the reaſoning can poſſibly exiſt, provi- 
ding this be evident, though it cannot be exhibited or found by 
z geometrical conſtruction: So, in this place, it is aſſumed, that 
there may be a fourth proportional to theſe three magnitudes, 
viz, the ſquares of BD, FH, and the circle ABCD; becauſe 
it is evident that there is ſome ſquare equal to the circle ABCD 
though it cannot be found geometrically ; and to the three recti- 
lineal figures, viz. the ſquares of BD, FH, and the ſquare 
which is equal to the circle ABCD, there is a fourth ſquare 
proportional; becauſe to the three ſtraight lines which are 
their lides, there is a fourth ſtraight line proportional a, and 
this fourth ſquare, or a ſpace equal to it, is the ſpace which 
in this propoſition is denoted by the letter S : And the like is to 
be underſtood in the other places above cited : And it is pro- 


ſe to bable that this has been ſhewn by Euclid, but left out by ſome 
poſi- editor; for the lemma which ſome unſkilful hand has added to 
aving this propoſition explains nothing of it. 


PROP. III. B. XII. 


In the Greek text and the tranſlations, it is ſaid, “ and 
© becauſe the two ſtraight lines BA, AC which meet one an- 
© other,” &c. here the angles BAC, KHL are demonſtrated 
to be equal to one another by 1oth prop. B. 11. which had 
been done before : Becauſe the triangle EAG was proved to 
de ſimilar to the triangle KHL: This repetition is left out, and 
the triangles BAC, KHL are proved to be ſimilar in a ſhorter 
way by prop. 21. B. 6. 


PROP. IV. B. XII. 


A few things in this are more fully explained than in the 
Greek text. 


PROP. V. B. XII. 
In this, near to the end, are the words, ö, reien Pun, 


25 was before ſhown,” and the ſame are found again in the 


o, except it be the uſeleſs lemma annexed to the 2d prop. is no 
vere in theſe elements, and has been perhaps left out by fome 
titor who has forgot to cancel thoſe words alſo. 

2 3 PROP. 


4 


end of prop. 18. of this book; but the demonſtration referred 
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:erning which, it is to be obſerved, that, in the demonſtration Book XII. 


2 12. 6. 


NOTE 8. 


— PROP. VI. B. XII. Tj 

(G: l 5 

A ſhorter demonſtration is given of this; and that which ha 

is in the Greek text may be made ſhorter by a ſtep than it is *. 

For the author of it makes uſe of the 22d prop. of B. 5. twice: ſher, 

Whereas once would have ſerved his purpoſe ; becauſe that pro- br i 

poſition extends to any number of magnitudes which are pro. milar 

portionals taken two and two, as well as to three which are pro. 8 0 

portional to other three. * 

be ſh 

COR. PROP: VIII. B. XII. 173 

1 

The demonſtration of this is imperfect, becauſe it is not rol 

ſhown. that the triangular pyramids into which thoſe upon mul. EBC! 

tangular baſes art divided, are ſimilar to one another, as ought hk 

neceſſarily to have been done. and is done in the like caſe in the pz 

prop-12. of this Book : The full demonſtration of the corollary LGH] 

is as follows : 525 

Upon the polygonal baſes ABC DE, FGHKL, ler there bei. os 

milar and ſimilarly ſituated pyramids which have the points M, antere 

N for their vertices: The pyramid ABCDEM has to the pyra- FAB! 

mid FGHKLN the triplicate ratio of that which the fide AB ABCT 

| has to the homologous fide FG. | wid K 

* Let the polygons be divided into the triangles ABE, EBC, that w 

; a 20 6. ECD; FGL. LGH, LHK, which are ſimilar - each to each; ihe wr 

BY b 11. def. And becauſe the pyramids are ſimilar, therefore“ the triangle the he 
04 EAM is ſimilar to the triangle LFN, and the triangle ABM 
'*h e 4.6. to FGN ; Wherefore < ME. is to EA, as NL to LF; and as AE 

l M The 

i theſe . 

1 N NOW re 

i de den 

1 1. 3 

' oat, a1 

On ul .. 

bf \ og 

$3 the ha 

ej N be a ci 

| A B F G from * 

to EB, ſo is FL to LG, becauſe the triangles EAB, LFG ref 

ſimilar ; therefore, ex æquali, as ME to EB, ſo is NL to * vod g 


a 
G are 
G; 
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fn like manner it may be ſhewn that EB is to BM, as LG to Book XII. 
GN ; therefore, again, ex egquali, as EM to MB, ſo is LN to 

NG: Wherefore the triangles EMB, LNG having their ſides 
roportionals are 4 equiangular,. and fimilar to one another: 45. 6. 
Therefore the pyramids which have the triangles EAB, LFO 

tor their baſes, and the points M, N for their vertices, are ſi- 

milar > to one another, for their ſolid angles are © equal, and For def. 
the ſolids themſelves are contained by the ſame number of ſi- b. 11. 
milar planes : In the fame manner the pyramid EBCM may 

de ſhewn to be ſimilar to the pyramid LGHN, and the pyra- 

mid ECDM to LHKN : And becauſe the pyramids EABM, 

LFGN are ſimilar, and have triangular baſes, the pyramid EABM 

has f ro LFGN the triplicate ratio of that which EB has to the f 8. 12. 
homologous fide LG: And, in the fame manner, the pyramid 

EBCM has to the pyramid LGHN the triplicate ratio of that 

which EB has 10 LG : Lherefore, as the pyramid EABM is to 

the pyramid LFGN, fo is the pyramid EBCM to the pyramid 
LGHN : In like manner, as the pyramid EBCM is to LGHN, 

ſo is the pyramid ECDM to the pyramid LHKN : And a+ one 

of the antecedents is to one of the conſequents, ſo are all the 
antecedents to all the conſequents : 1herefore as the pyramid 

FBM to the pyramid LFGN, fo is the whole pyramid 
ABCDEM to the whole pyramid FGHKLN : And the pyra- 

mil EABM has to the pyramid LFGN the triplicate ratio of 

tat which AB has to FG; therefore the whole pyramid has to 

the whole pyramid the triplicate ratio of that which AB has to 

the homologous fide FG. Q. E. D. 


PROP. XI. and XII. B. XII. 


The order of the letters of the alphabet is not obſerved in 
tele two propoſitions, according to Euclid's manner, and is 
now reſtored : By which means, the firſt part of prop. 12. may 
be demonſtrated in the fame words with the firſt part of prop. 
It.; on this account the demonſtration of that firſt part is left 
bat, and aſſumed from prop. 11. 


PROP. XII. B. Xii. 


la this propoſition the common ſection of a plane parallel to 
ne baſes of a cylinder, with the cylinder itſelf, is ſuppoſed to 
be a circle, and it was thought proper briefly to demonſtrate it ; 
rom whence it is ſufficiently manifeſt, that this plane divides 
te cylinder into two others: And the ſame thing is under- 
4009 to be ſupplied in prop. 14. 

Z 4 ROE. 


T NOTE S. 


— PROP. xv. B. XIII, * 
Dn 
And complete the cylinders AX, EO,” both the enunci. d ma 
tion and expoſition of the propoſition repreſent the cylinders 2; which 
well as the cones, as already defcribed : Wherefore the read. dine . 
ing ought rather to be, “and let the cones be ALC, ENG. marks 
„ and the cylinders AX, EO.” ; before 
The firſt caſe in the ſecond part of the demonſtration is want. tary h 
ing; and ſomething alſo in the ſecond cafe of that part, before kation 
the repetition of the conſtruction is mentioned; which are now takes | 
added, the co 
perpe! 
PROP. XVII. B. XII. ys 
IK. 
In the enunciation of this propoſition, the Greek words «. SOP1 
Tyy AC oPaigxy crete @2Avideor Yes., n than 755 ſphere 
N ονοοοο e t , are thus tranſlated by Com- far a8 
mandine and others, ** in majori folidum polyhedrum deſcri. ma, w 
e bere quod minoris ſphzrae ſoperficiem non tangat ; that is, Med ane 
« to deſcribe in the greater ſphere a ſolid polyhedron which : In | 
4 ſhall not meet the ſuperficies of the lefler ſphere :” Whereby ſolid p 
they refer the words ra Ty iTiÞarcay to theſe next to them which 
TY; tAacrores s: But they ought by no means to be thus by wh 
tranſlated, for the ſolid polyhedron doth not only meet the ſu- * 
perficies of the leſſer ſphere, but pervades the whole of that ar to 
ſphere : Therefore the foreſaid words are to be referred to the 
To cr, Toavedger, and ought thus to be tranſlated, viz. to de. 
ſcribe in the greater ſphere a ſolid polyhedron whoſe ſuperficies Fro 
thall not meet the leſſer ſphere ; as the meaning of the propo- much 
ſition neceſſarily requires. meter, 
The demonſtration of the propoſition is ſpoiled and mutila. The 01 
ted: For ſome eaſy things are very explicitly demonſtrated, ertain 
while others not ſo obvious are not ſufficiently explained; for Wl ter li 
example, when it is affirmed, that the ſquare of KB is greater Hdd. h 
than the double of the ſquare of BZ, in the firſt demonſtra- attenth 
tion; and that the angle BZK is obtuſe, in the ſecond : Both Nera! e 
which ought to have been demonſtrated : Beſides, in the firt ¶ ¶ notice 
demonſtration, it is ſaid, © draw Ka from the point K perpen- Wl which. 
«« dicular to BD ;” whereas it ought to have been faid, * join ure 1 
« KV,” and it thould have been demonſtrated that KV i deats 


perpendicular to BD : For it is evident from the figure in Her- 


vagius's and Gregory's editions, and from the words of the 


NOTE s. ths 


gemonſtration, that the Greek Editor did not perceive that Book XII. 
the perpendicular drawn from the point K to the ſtraight line 
BD muſt neceſſarily fall upon the point V, for in the figure it 
:: made to fall upon the point g a different point from V, 
which is likewiſe ſuppoſed in the demonſtration. Comman- 
dine ſeems to have been aware of this; for in this figure he 
marks one and the ſame point with the two letters V, a; and 
before Commandine, the learned John Dee, in the commen- 
tary he annexes to this propoſition in Henry Billinſley's tranſ- 
ation of the Elements printed at London, ann. 1570, expreſsly 
takes notice of this error, and gives a demonſtration ſuited to 
the conſtruction in the Greek text, by which he ſhews that the 
perpendicular drawn from the point K to BD, muſt neceſſarily 
all upon the point V. 

Likewiſe it is not demonſtrated that the quadrilateral figures 
SOPT, TPRY, and the triangle YRX do not meet the lefler 
ſphere, as was neceſlary to have been done : Only Clavins, as 
far as I know, has obſerved this, and demonſtrated it by a lem- 
ma, which is now premiſed to this propoſition, ſomething alter. 
ed and more briefly demonſtrated. 

In the corollary of this propoſition, it is ſuppoſed that a 
ſolid polyhedron is deſcribed in the other ſphere ſimilar to that 
which is deſcribed in the ſphere BCDE; bur, as the conſtruction 
by which this may be done 1s not piven, it was thought proper 
to give it, and to demonſtrate, that the pyramids in it are ſimi- 


lar to thoſe of the ſame order in the ſolid polyhedron deſcribed 
in the ſphere BCDE. | 


From the preceding notes, it is ſufficiemly evident how 
much the Elements of Euclid, who was a moſt accurate geo- 
meter, have been vitiated and mutilated by ignorant editors. 
The opinion which the greateſt part of learned men have en- 
tertained concerning the preſent Greek edition, viz. that it is 
rery little or nothing different from the genuine work of Eu- 
did, has without doubt deceived them, and made them leſs 
atentive and accurate in examining that edition; whereby ſe- 
reral errors, ſome of them groſs enough, have eſcaped their 
notice from the age in which Theon lived to this time. Upon 
vhich account there is ſome ground to hope that the pains we 
ure taken in correcting thoſe errors, and freeing the Ele- 
nents as far as we could from blemiſhes, will not be unac- 

| ceptable 


Book XI. ceptable to good judges who can diſcern when demonſtrations 

are legitimate, and when they are nor. * g 
The objections which, ſince the firſt edition, have been 
made againſt ſome things in the votes, eſpecially apainſt the 
4 doctrine of Proportionals, have either been fully anſwered in 
1 ; Dr Barrow's Lect. Mathemat. and in theſe notes; or are ſuch, 
| except one which has been taken notice of in the note on 
Prop. 1. Book. 11. as ſhew that the perſon who made them 
has not ſufficiently conſidered the things againſt which they 
are brought; ſo that it is not neceſſary to make any further 
anſwer to theſe objections and others like them againſt Euclid's 
definition of Proportionals ; of which definition Dr Barrow 
juſtly ſays in page 297. of the above named Book, that Ni. 
« ſi machinis impulſa validioribus æternum perſiſtet incog- 
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UCLID's DATA is the firſt in order of the 

books written by the antient geometers to 
facilitate and promote the method of refolution 
or analyſis. In the general, a thing is ſaid to be 
ziven which is either actually exhibited, or can 
de found out, that is, which is either known by 
hypotheſis, or that can be demonſtrated to be 
known; and the propoſitions in the book of 
Fuclid's Data ſhew what things can be found 
out or known from thoſe that by hypotheſis are 
already known; ſo that in the analyſis or in- 
reſtigation of a problem, from the things that 
are laid down to be known or given, by the help 
of theſe propoſitions other things are demonſtra- 
ted to be given, and from theſe, other things are 
again ſhewn to be given, and ſo on, until that 
which was propoſed to be found out in the 
problem is demonſtrated to be given, and when 
this is done, the problem is ſolved, and its com- 
pofition is made and derived from the compoſi- 
tions of the Data which were made uſe of in the 
analyſis. And thus the Data of Euclid are of 
the moſt general and neceſſary uſe in the ſolu- 
tion of problems of every kind. 

Euclid is reckoned to be the author of the 
Book of the Data, both by the ancient and mo- 
corn geometers ; and there ſeems to be no doubt 
of his having written a book on this ſubject, but 
vhich, in the courſe of ſo many ages, has been 
much vitiated by. unſkilful editors in ſeveral 
places, both in the order of the propoſitions, and 

In 


To correct the errors which are now found in it, 


p R N A 


in the definitions and demonſtrations themſelvez 


and bring it nearer to the accuracy with which 
it was, no doubt, at firſt written by Euclid, is the 
deſign of this edition, that ſo it may be render. 
ed more uſeful to geometers, at leaſt to begin- 
ners who deſire to learn the inveſtigatory method 
of the antients. And for their ſakes, the com- 
poſitions of moſt of the Data are ſubjoined to 
their demonſtrations, that the compoſitions of 
problems ſolved by help of the Data may be the 


PAC 
9 ud 
A ratio 
to a 


foun 
more eaſily made. 

Marinus the philoſopher's preface, which, in Vea 
the Greek edition, is prefixed to the Data, is here 2 
left out, as being of no uſe to underſtand them. WM bunte, 
At the end of it, he ſays, that Euclid has not u- ve 
ſed the ſynthetical, but the analytical method ini ©" 
delivering them; in which he is quite miſtaken; In ang 

for, in the analyſis of a theorem, the thing to be rai; 
demonſtrated is aſſumed in the analyſis; but in mu 
the demonſtrations of the Data, the thing to be fn 
demonſtrated, which 1s, that ſomething or other 
is given, is never once aſſumed in the demonſtra- * ©* 
tion, from which it is manifeſt, that every one I - 
of them is demonſtrated ſynthetically; though 
indeed, if a propoſition of the Data be turned WM *zme 
into a problem, for example the 84th or 85th in the 
the former editions, which here are the 85th and Frome 
36th, the demonſtration of the propoſition be- ue 
comes the analyſis of the problem. the) 

Wherein this edition differs from the Greek, WM ; ... 
and the reaſons of the alterations from it, will be WM rity 
{hewn in the notes at the end of the Data. rem 
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DEFINITIONS. 


$ 4 


PACES, lines, and angles, are ſaid to be given in magni- 
rode, when equals to them can be found. 


A ratio is ſaid to be given, when a ratio of a given magnitude 
to a given magnitude which is the ſame ratio with it can be 
found. 

| III. 

Rectilineal figures are ſaid to be given in ſpecies, which have 

each of their angles given, and the ratios of their ſides given. 
| | IV 

Points, lines, and ſpaces, are ſaid to be given in poſition, which 
have always the ſame ſituation, and which are either actually 
exhibited, or can be found. 

| A. 

An angle is ſaid to be given in poſition, which is contained by 
ſtraight lines given in poſition. 

. 8 

A circle is ſaid to be given in magnitude, when a ſtraight line 
from its centre to the circumference is given in magnitude. 

VI. 

A circle is ſaid to be given in poſition and magnitude, the 
centre of which is given in poſition, and a ſtraight line from 
it to the circumference is given in magnitude. 

VII. 

Segments of circles are ſaid to be given in magnitude, when 

the angles in them, and their baſes, are given in magnitude. 
VIII. 

degments of circles are ſaid to be given in poſition and magni- 
tude, when the angles in them are given in magnitude, and 
their baſes are given both in poſition and magnitude. 

IX- | 

a magnitude is ſaid to be greater than another by a given mag- 
nitude, when this given magnitude being taken from it, the 
remainder is equal to the other magnitude. 

- | x X. 


[ 
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Book XII. X. 

A magnitude is ſaid to be leſs than another by a given magni. D. 
rude, when this given magnitude being added to it, the whole & 7 
is equal to the other magnitude. 0 = 

* 1. PROPOSITION. I. _ 
bee N. HE ratios of given magnitudes to one another * 


is given. 


Let A, B be two given magnitudes, the ratio of A to B i; 
given. 
Becauſe A is a given magnitude, there may 
3 f. def. a be found one equal to it; let this be C: And 


dat. becauſe B is given, one equal to it may be 
found; let it be D; and ſince A is equal to C, Let 
b 7. 5. and B to D; therefore d A is to B, as C to ſum A 
D; and conſequently the ratio of A to B is | * 
iven, becauſe the ratio of the given magni- 4 et thi 
8 C, D which is the ſame as. it, has been A B CD ven, o 
found. this be 
equal t 
8 PROP, II. whole 
See N. FF a given magnitude has a given ratio to another "Sau 
maguitude, and if unto the two magnitudes by 
* which the given ratio is exhibited, and the given 
„ magnitude, a fourth proportional can be found:;”" 
the other magnitude is given. Fa 
Let the given magnitude A have a given ratio to the mag. tu 
nitude B; if a fourth proportional can be found to the three 
3 above named, B is given in magnitude. Fror 
ecauſe A is given, a magnitude may be be take 
a f. def. found equal to ita; let this be C: And he. Beca 
cauſe the ratio of A to B is piven, a ratio | band; 
which is the ſame with it may be found, let CD AC is 
this be the ratio of the given magnitude E A lound ; 
to the given magnitude F: Unto the magni- E F * 4 
tudes E, F, C find a fourth proportional J t 
D, which, by the hypotheſis, can be done. | remain 
Wherefore, becauſe Ais to B, as E to F ; and equal I 
D. 


d 11. „ as E to F, ſo is C to D; A isꝰ to B, as C to 


* The figures in the margin ſhow the number of the propoſitions in tie 
other editions. 


D A T K. 269 


D. But A is equal to C; therefore © B is equal to D. The e 14. 5. 


magnitude B is therefore given, becauſe a magnitude D equal a 1. def. 
to it has been found. 


The limitation within the inverted commas is not in the 
Greek text, but is now neceſſarily added ; and the ſame mult be 
underſtood in all the propoſitions of the book which depend 


upon this ſecond propoſition, where it is not expretsly mention- 
ed. See the note upon it. 


PROP. III. 3. 


F any given magnitudes be added together, their 
[ tum ſhall be given, 


Let any given maguitudes AB, BC be added together, their 
ſum AC 1s given. 

Becauſe AB is given, a magnitude equal to it may be found 3 1. def. 
let this be DE : And becauſe BC is gi B 2 
ven, one equal to it may be found; 6 
this be EF : Wherefore, becauſe AB is; F 
equal to DE, and BG equal to EF; „ 
whole AC is equal to the whole DF; 


AC is therefore given, becauſe DF has been found which is e- 
qual to It, 


. 4. 


F a given magnitude be taken from a given magni- 
tude ; the remaining magnitude ſhall be given. 


From the given magnitude AB, let the given magnitude AC 
be taken; the remaining magnitude CB is given. - 
Becauſe AB is given, a magnitide equal to it may bea 1. def. 
found ; let this be DE : And becauſe 
AC is given, one equal to it may be A. | C ; B 
ſound ; let this be DF: Wherefore be- ,, 
euſe AB is equal to DE, and AC toD EE 
DF; the remainder CB is equal to the 
remainder FE, CB is therefore given , becauſe FE which is 
equal to it has been found. 


A a PROP. 


a 4, dat. 
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PROP. V. 


F of three magnitudes, the firſt together with the ſe. 
cond be given, and alſo the ſecond together with 
the third; either the firſt is equal to the third, or one 
of them is greater than the other by a given magnitude, 


Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given; and alſo BC together with C0, 
that is BD, is given. Either AB is equal to CD, or one of 
them is greater than the other by a given magnitude, 

Becauſe AC, BD are each of them given, they are either e. 

ual to one another, or not equal. 
Firſt, ler them be equal, and becauſe B — C _D 
AC is equal to BD, take away the common part BC ; therefore 
the remainder AB is equal to the remainder CD, 

Bur if they be unequal, let AC be preater than BD, and 
make CE equal to BD. Therefore CE is given, becauſe BD i; 


given. And the whole AC is gi- 


ven-+therefore-* AE the remainder 
is given. And becauſe EC is equal E B C D 


to BD, by taking BC from both, 

the remainder EB is equal to the remainder CD. And AE is 
given; wherefore AB exceeds EB, that is CD by the given 
magnitude AE. | 


P IS Pe: V. 


F a magnitude has a given ratio to a part of it, it ſhall | 


alſo have a given ratio to the remaining part of it. 


Let the magnitude AB have a given ratio to AC a part of it; 
it has alſo a given ratio to the remainder BC, 

Becauſe the ratio of AB to AC is given, a ratio may be 
found * which is the ſame to it: Let this be the ratio of DE 
a given magnitude to the given mag- A 9 
nitude DF. And becauſe DE, DF are — 

E 


given, the remainder FE, is d given: 
— — 


And becauſe AB is to AC, as DE to F 
DF, by converſion e AB is to BC, as. 


7 | | 
DE to EF. Therefore the ratio of AB to BC is given, becauſe 


the ratio of the given magnitudes DE, EF, which is the fame 
with it, has been found. 0 
OR. 


tide 
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Cor. From this it follows, that the parts AC, CB have a gi— 
ven ratio to one another: Becauſe as AB to BC, fo is DE to 
EF; by diviſion 4, AC is to CB, as DF to FK; and DF, a rs. 5. 


bo FE are given; therefore * the ratio of AC to CB is given, a2. def, 
th | 
e. 8 f 8 f 

F two magnitudes which have a given ratio to one Se N. 
Ver [ another, be added together; the whole magni- 
D, inde ſhall have to each of them a given ratio. 
of 


Let the magnitudes AB, BC which have a given ratio to one a 
another, be added together ; the whole AC has to each of the 
magnitudes AB, BC a given ratio. 

Becauſe the ratio of AB to BC is given, a ratio may be 


ore found a which is the ſame with it ; ler this be the ratio of the 2 def. 
given maonitndes DE, EF: And be. 

and Caſe DE, EF are given, the bee B C 

Dis DF is given “e: Aud becauſe as AB to b 3. dat. 
BC, ſo is DE to EF; by compoſition BY | E F 

D AC is to CB, as DF to FE; and by c 18. 5. 


convertiond, AC is to AB, as DF to DE : Wherefore becauſe q E. 5. 
is to each of the magnitudes AB, BC, as DF to each of 

the others DE, EF; the ratio of AC to each of the magni— 

udes AB, BC is given a, 


PROP. VII. 6 


Fa given magnitude be divided into two parts which ee N. 


ſhall have a given ratio to one another, and if a fourth 

f it. Proportional can be found to the ſum of the two mag- 
tudes by which the given ratio is exhibited, one of 

of it; dem, and the given magnitude; each of the parts is 
given. | 

ay be 

f DE Let the oiven magnitude. AB be divided into the parts AC, 

B CB which have a given ratio to one another; if a fourth pro- 

portional can be found to the above A C 8 

— 

7 named magnitudes p AC and CB are  — * TY 
cach of them given. 

— Becauſe the ratio of AC to CB is D | F E. 

ecauſe wen, the ratio of AB to BC is given 3; therefore a ratio; a 7. dat. 

e {ame A 2 2 which 
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2. dat. 
d 4. dat. 


a 2. def. 
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* 


which is the ſame with it can be found d, let this be the ratio of 

the given magnitudes DE, EF : And A 

becauſe the given magnitude AB has N _B 

to BC the given ratio of DE to EF, if. 

unto DE, EF, AB a fourth propor. D F E 

tional can be found, this which is BC . 

is given © ; and becauſe AB is given, the other part AC is 
wen 4. 

8 In the ſame manner, and with the like limitation, if the dif. 

ference AC of two magnitudes AB, BC which have a given 

ratio be given; each of the magnitudes AB, BC is given. 


PR: QF... 


AGNITUDES which have given ratios to the 
ſame magnitude, have alſo a given ratio to 
one another, 


Let A, C have each of them a given ratio to B; A bas a 
given ratio to C. 

Becauſe the ratio of A to B is given, a ratio which is the 
ſame to it may be found a; let this be the ratio of the given 
magnitudes D, E: And becauſe the ratio of B to Cis given, 2 
ratio which is the ſame with it may be found 2; let this be the 
ratio of the given magnitudes F, G 
To F, G, E find a fourth propor- 
tiona! H, if it can be done; and | | 
becauſe as A is to B, ſo is D to E; 
and as B to C, ſo is (F to G, and 


ſo is) E to H; ex quali, as A to 
C, ſo is Dto H: Therefore the ra- KB CDE H 


F G 
|| 


tio of A to C is given a, becauſe the 
ratio of the given magnitudes D and 
H, which is the fame with it, has 
been found: But if a fourth propor- 
tional to F, G, E cannot be found, | 
ther. i: can only be ſaid that the ratio of A to C is compounded 
of the ratios of Aro B, and B to C, that is, of the given ra- 
tios of D to E, and F to G. 


PROP. | 
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PROF. 9. 


F two or more magnitudes have given ratios to one 
another, and if they have given ratios, though 
they be not the ſame, to ſome other magnitudes 
theſe other magnitudes ſhall alſo have given ratios to 
one another, 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have given ratios, though they be 
not the fame, to ſome other magnitudes D, E, F: Ihe magni- 
tades D, E, F have given ratios to one another. 

Becauſe the ratio of A to B is given, and likewiſe the ratio 
of Ato D; therefore the ra- A: 
tio of D to B is given a; bur 
the ratio of B to E is given B — 
therefore ® the ratio of D to 
E is given: And becauſe the C 
ratio of B to C is given, and ao tic ratio of Bio E ; the ratio 
of E to * is given 2 And the ratio of + to F 15 given; where. 


fore the ratio of E to F is given: D, E, F have therefore gi- 
ven ratios to one another. 


PAUFP. XI. 


F two magnitudes have each of them a given ratio 
to another magnitude, both of them together ſhall 
have a given ratio to that other. 


Let the magnitudes AB, BC have a given ratio to the mag- 
nitude D; AC has a given ratio to the ſame D. 

B-cauſe AB. BC have each of | 
them a given ratio to D. the ratio A — B _C 
of AB to BC is given : And by a 9. dat, 
compoſition, the ratio of AC to CB D 
ls wen d: But the ratio of BC ro 
Dis given; therefore the ratio of AC to D is given. 


— 


d Ts dat. 


a a2 3 PROP. 
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prop 

' E 1s 

23, PN 2AM, angle 
giver 

dee N. FF the whole have to the whole a given ratio, and the {tray 
parts have to the parts given, but not the ſame, ra- to C 

tios : Every one of them, whole or part, ſhall have to * 
every one a given ratio. "$00 

B, as 

Let the whole AB have a given ratio to the whole CD, and As 1 

the parts AE, EB have given, but not the ſame, ratios to the ſtraig 

parts CF, FD: Every one fhall have to every one, whole or ſtraig 

part, a give N ratio, Is g 
Becauſe the ratio of AE to CF is given, as AE to CF, ſo ſtraig 

make AB 10 CE: the ratio therefore of AB to CG is given; has | 


wheretore the ratio of the remainder EB to the remainder 
2 19. 5. FG is given, becauſe it is the ſame z with the ratio of AB to 

CG: And the ratio of EB to FD 1: A E 

given, whereſore the ratio of FD H 
b 9. dat. ty FG is given d; and by conver 

ſion, the ratio of FD to DG eis C E G D 

6, dat. given ©: And becaufe Ag has to 
cach of the magnitudes CD, CG a given ratio, the ratio of CD 


* 

to C is gen b; and therefore © the ratio of CD to DG is 577 

given: : But the ratio of GD to DF is given, wherefore the b 0 

d cor. 6. F atio of CY to DF Is given, and contequently d the ratio of (CF ratic 

dat. to FD is given: hut the ratio of CF to AE is piven, as alſo the toge 

e To. dat. 1 * of FD t to TR = nerciore © che ratio of AE to EB is given; 0 tl 
f 7. dit. as alſo the ratio 6: AB to each of them f: The ratio therefore 

of « every one to every one is given. Le 

BE, 

wg PROP. XIII. _ 

0 

See N. FF the ſirſt of three proportional ſtraight lines has a =_ 

given ratio to the third, the firſt ſhall alio have a gi- * 

ven ratio to the ſecond. is BE 

to the 

Let A, B, C be three proportional ſtraight lines, that is, 28 But t 

A to B, ſo is Bro G; if A has to C a given ratio, A ſhall allo there 

have to B a given ratio of CI 

Becauſe the ratio of A to C is given, a ratio which is the Ne 

a 2. def. ſame with it may be found *; let this be the ratio of the gl- magu 


b 13. 6. ven Rraiphit lines D, E; and between D and E find a ? mean 
propor tional 


* 
— 


coportional F; therefore the rectangle contained by D and 
Eis qual to the ſquare of F, and the rect * 82 

anole D, E is given, becauſe its ſides D, E are 

en; wherefore the ſquare of F, and the 1 
traight line F is gen: And becauſe as A is 
o C, ſo is D to E; but as A to C, ſo is? rhe 
ſquare of A to the ſquare of B; and as D to 
E, ſo is © the ſquare of D to the ſquare of F : 
herefore the ſquare 4 of A is to the ſquare of 


| 
A B 
B. as the ſquare of D to the ſquare of F: D F 


Is therefore © the ſtraight line A to the 
ſtraight line B, ſo is the ſtraight line D to the 
(raioht line F: Therefore the ratio ot A to B 
is given a. becauſe the ratio of the given 
ſtraight lines D, F which is the ſame with it | 
has been found. 


PROP. XIV. 4 


F a magnitude together with a given magnitude has Sed N. 
[ a given ratio to another magnitude; the exceſs of 
this other magnitude above a given magnitude has a 
given ratio to the firſt magnitude: And if the exceſs 
of a magnitude above a given magnitude has a given 
ratio to another magnitude ; this other magnitude 
tozether with a given magnitude has a given ratio 
to the firſt magnitude. | 


Let the magnitude AB together with the given magnitude 
BE, that is AE, have a given ratio to the magnitude C; the 
excels of CD above a given magnitude has a given ratio to AB. 
Becauſe the ratio of AE to CD is given, as AE to CD, fo 
make BE to FD; therefore the ratio of BE to FD is given, and 
BE is given; wherefore FD is gi 
ren *: And becauſe as AE to cD/ f. A. ERASE 2h B E a 2, dat, 
s BE to FD, the remainder AB is b 19. 5. 
to the remainder CF, as AE to CD: C F D 
But the ratio of AE to CD is given, 5 
!*refore the ratio of AB to CF is given; that is, CF the exceſs 
of CD above the given magnitude FD has a given ratio to AB. 
Next, Let the exceſs of the magnitude AB above the given 
magnitude BE, that is, let AE have a given ratio to the mag- 
A a2 4 , nitude 
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2 2, dat. 


e 12. 53. 


See N. 


a 2. dat. 


b Cor 19. 
5» 


19, 
Sce N. 


E UG LI Ds 


nitude CD: CD togecher with a given magnitude ; 

ratio to AB. F N y n 1 287 
Becauſe the ratio of AE to CD is given, as 

make BE to FD; therefore the ratio of 4 

BE to FD is given, and BE is given,. 

wherefore FD is given : And becauſe 

as AE to CD, ſo is BE to FD, AB 12 D F 

to CF, as e AE to CD : But the ratio | — 

of AE to CD is given, therefore the ratio of AB to CF is gi. 

ven; that is, CF which is equal to CD together with the Ni- 

ven magnitude DF has a given ratio to AB. 


PROP. KV. 


F a magnitude together with that to which anc. 


ther magnitude has a given ratio, be given; the 
tum of this other, and that to which the firſt magni- 
tude has a given ratio is given. 


Let AB, CD be two magnitudes of which AB together with 
BE to which CD has a given ratio, is given; CD is given toge- 
ther with that magnitude to which AB has a given ratio. 


Becauſe the ratio of CD to BE is given, as BE to CD, ſo 


make AE to FD; therefore the ratio of AE to FD is given, 
and AE is given, wherefore » FD 9 

is given: And becauſe as BE to A. B E 
CD, ſo is AE to FD: Ag is d to 

FC, as BE to CD: And the ratio F C D 
of BE to CD is given, wherefore ed 


the ratio of AB to FC is given : And FD is given, thet 1s — 


together with FC to which AB has a given ratio is given. 


PROP. XVI. 


F the exceſs of a magnitude above a given magni- 
tude, has a given ratio to another magnitude; the 
exceſs of both together above a given magnitude ſhall 
have to that other a given ratio: And if the excels of 


two magnitudes together above a given magnitude, | 
has to one of them a given ratio; either the excels | 
of the other above a given magnitude has to that one 
2 given ratio; or the other is given together with the 
magnitude to which that one has a given ratio. 


Le: 


ther tl 
aB al 
io; 0 
has a f 

Let 
AB; 7 
ratio TC 
ceſs of 


RC 
But 
AE eq 
has 0 ] 
cauſe , 
given | 


F tl 

tud 
cels O1 
tude, 
tozeth 
tudes 
doth r 
bove 
other. 


Let 
tude ha 
wove ; 


wh 


Let the exceſs of the magnitude AB above a given magni- 
de, have a given ratio to the magnitude BC, the exceſs of 
AC, both of them together, above the given magnitude, has a 
given ratio to BG. 

Let AD be the given magnitude, the exceſs of AB above 

ich, viz, DB has a given ratio 
1 50 : And becauſe DB has a gi- A ” B G 
ven ratio to BC, the ratio of DC to — — — — 

(B is given a, and AD is given; therefore DC, the exceſs of 7. dat. 
AC above the given magnitude AD, has a given ratio to BC, 

Next, let the exceſs of two magnitudes AB, BC together, 
zbore a given magnitude, have to x » 
one of — BC a given ratio; ei- A D B E C 
ther the exceſs of the other of them 
aB above the given magnitude ſhall have to BC a given ra- 
tio; or AB is given, together with the magnitude to which BC 
has a given ratio, 

Let AD be the given magnitude, and firſt let it be lefs than 
AB; and becauſe DC the exceſs of AC above AD has a given 
ratio to BC, DB has d a given ratio to BC; that is, DB the ex- b Cor. 6. 
ceſs of AB above the given magnitude AD, has a given ratio to dat. 
50 

But let the given magnitude be greater than AB, and make 
AE equal to it; and becauſe EC, the exceſs of AC above AE, 
has to BC a given ratio, BC has © a given ratio to BE; and be- e 6. dat. 
auſe AE is given, AB together with BF. to which BC has a 
given ratio, is given. 


PR OP. XVII. It. 


F the exceſs of a magnitude above a given magni- See N. 
tude has a given ratio to another magnitude ; the ex- 
cels of the fame firſt magnitude above a given magni- 
tude, ſhall have a given ratio to both the magnitudes 
together. And if the exceſs of either of two magni- 
tudes above a given magnitude has a given ratio to 
doth magnitudes together; the excels of the ſame a- 


bore a given magnitude ſhall have a given ratio to the 
other. 


Let the exceſs of the magnitude AB above a given magni- 
tide have a given ratio to the magnitude BC; the exceſs of AB 
dove a given magnitude has a given ratio to AC, FD 
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a 7. dat. 


. 
e 13. 5. 


a 1. dat. 


E -U&:C- LID? s 


Let AD be the given magnitude; and becauſe DB, the ex. 


ad if tl 
ceſs of AB above AD, has à given ratio to BC; the ratio cf 4 


the ratio 


DC to DB is given *: Make the ratio of AD to DE the (ane A :o C 
with this ratio; therefore the ratio ho ove 
of AD to DE is given: And AD A LD D B C 3 
is given, wherefore Þ DE, and the remainder AE are given: And But if 
becauſe as DC to DB, ſo is AD to DE, AC is eto EB, à POI 
to DB; and the ratio of DC to DB is given ; wherefore the WM (D, or 
ratio of AC to EB 1s given: And becauſe the ratio of EB to AC the ratl 
is given, and that AE is given, therefore EB the exceſs of AR the ratic 
above the given magnitude AE, has a given ratio to AC. than the 
Next, let the exceſs of AB above a given magnitude have a WI 43 to. 
iven ratio to AB and BC together, that is, to AC; the exceſs therefor 
of AB above a given magnitude has a given ratio to BC. given ; 
Let AE be the given magnitude; and becauſe EB the exceſs WM BE a+ 


of AB above AE has to AC a given ratio, as AC to EB. ſo 
make AD to DE; therefore the ratio of AD to DE is given, 
as alſo d the ratio of AD to AE: And AE is given, «here. 
fore d AD is given: And becaufe, as the whole AC, to the 
whole EB, fo is AD to DE, the remainder DC is © t» the 


g 
remainder DB, as AC to EB; and the ratio of AC to EB is nagn icy 
given; wherefore the ratio of DC to DB is given, as allo fthe WI nilcra! 
ratio of DB to BC: And AD is given; therefore DB, the ex- 
ceſs of AB above a given magnitude AD, has a given ratio to 
BC. 
F fre 
PROP. AVDL Inti 
5 me rer 
F to each of two magnitudes, which have a given ra-. 
tio to one another, a given magnitude be added; the Dani 
whole ſhall either have a given ratio to one another, ; 
or the excels of one of them above a given magnitude WM ic: 
ſhall have a given ratio to the other. her, 
3 tro! 
Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, and aA 
the given magnitude DF to CD: Lhe wholes AE, CF either” © te 
have a given ratio to one another, or the exceſs of one of them 2 
above a given magnitude has a given ratio to the other *. 8 
Becauſe BE, DF are each of them given, their ratio is given... 


and 


bra Da 379 


ch if this ratio be che ſame with * 
be etſy of AB to CD, the ratio of A B E 


AE to CF, which is the ſame d with N b 12. 5. 

the given ratio of AB to CD, ſhall C I Ly = 

be given. : | 
But if the ratio of BE to DF be not the ſame with the ratio 

FAB to CD, either it is greater than the ratio of AB to 

(D., or, by inverfion, the ratio of DF to BE is greater than 


te ratio of CD to AB: Firſt, let 
the ratio of BE to DF be greater A. B G& E 


wan the ratio of AB to CD; and as 
ve 3 o CD. fo make BG to DF; C D we 
wceſs WH (crc fore the ratio of BG to DF is Ha 
en; and DF is given, therefore e BG is given: And becauſe e 2. dat. 
«ceſs BE has a greater ratio to DF than (AB to CD, that is, than) 
BU io DF, BE is greater 4 than BG: And becauſe as AB to d 10. 5. 
wen, (D. ſo 15 EG to DF ; therefore AG is d to CF, as AB to CU: 
\ere. WH But the ratio of AB to CD is given, wherefore the ratio of AG 
; theW C7 is given; and becaule BE, BG are each of them given, 
the GE is given: Therefore AG, the exceſs of AE above a given 


= —— 


7B is WY 112 ide GE, has a given ratio to CF, The other caſe is de- 8 
the io ltrated in the ſame manner. 

e ex 

10 to] PAO P-- XD; = 


[ from each of two magnitudes, which have a given 
ratio to one another, a given magnitude be taken, 
e remainders ſhall either have a given ratio to one 


ra- Hesther, or the exceſs of one of them above a given 
the magnitude, ſhall have a given ratio to the other. 

ther, ä 

itude Let the magnitudes AB, CD have a given ratio to one an- 


Cher, and from AB let the given magnitude AE be taken, 


om CD, the given magnitude CF: The remainders ER, 
o one either have a given ratio to one another, or the ex- 


* * 


1. and eis of one of them above a S. K E B 
either gg {hall have a given > 
then t the other, 1 
1 Becauſe AE, CF are each of E D 
given aal given, tacir ratio is given a; 5 1 
and ds ratio be the fame with the ratio of AB to CD, the 


ratio 


* 
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b 19. $- 


of AE to CF, either it is greater than the ratio of AF to CF 


© 2. dat. 


d 10. 5 


16. 


2 2. dat. 


d 19 5. 
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ratio of the remainder EB to the remainder FD, which 
ſame d with the given ratio of AB to CD, ſhall be given. 
But if the ratio of AB to CD be not the fame with th 


is vl e th 


ger FD 


© ratio 


or, by inverſion, the ratio CD to AB is greater than ther 
tio of CF to AE: Firſt, let the ratio of AB to CD he _—_ 
than the ratio of AE to CF, and as AB to CD, ſo make A a U tw 


if a 


to CF; therefore the ratio of AG | 

to CF is given, and CF is 5 4% E G 3B the oth 
wherefore e AG is given: And 

becauſe the ratio of AB to cb, C 1. ü D f 


that is, the ratio of AG to CF, 
is greater than the ratio of AE to CF; AG is greater thay 
AE: And AG, AE are given, therefore the remainder EG 
given ; and as AB to CD, fo is AG to CF, and ſo is the re 
mainder GB to the remainder FD; and the ratio of AB to CT 
is given : Wherefore the ratio of GB. to FD is given; there 


yen tos 
has a g 


Let t 


znother 


fore GB, the exceſs of EB above a given magnitude EG, has er CD | 
given ratio to FD. In the ſame manner the other caſe is de 118 
a8 


monſtrated. 
Becau 


CD, ſo ( 


PROP. XX. "1 FD 


F to one of two magnitudes which have a given ra auc 
tio to one another, a given magnitude be added ecauſe 
and from the other a given magnitude be taken; th FD, 
excels of the ſum above a given magnitude ſhall hae ef 
2 given ratio to the remainder. 1 ber 
A, to 
Let the two magnitudes AB, CD have a given ratio to ont the ſec 
another, and to AB let the given magnitude EA be added, and 
from CD let the given magnitude CF be taken; the exceſs o 
the ſum EB above a given magnitude has a given ratio to the 
remainder FD. F tw 
Becauſe the ratio of AB to CD is given, make as AB ü if fr 
On 15 AG to CF : 1 tHe ratio of AG to CF is gwen end th: 
and Cy 1s given, wherefore * A [ 
is given; — EA is given, there- E A G B . 
fore the whole EG is given: And . 
becauſe as AB to CD, ſo is AG E * 
to CF, and fo is d the remainder y . t 


GB to the remainder FD; the ratio of GB to FD is given 


And EG is given, therefore GB, the exceſs of the fum 25 ag 
ove 


D A T A. 


the given magnitude EG, has a given ratio to the remain- 
oy B! 8 g 
ner FD. 


PROP. XXI. 


F two magnitudes have a given ratio to one another, 

if a given magnitude be added to one of them, and 
he other be taken from a given magnitude; the ſum, 
together with the magnitude to which the remainder 
has a given ratio, is given: And the remainder is gi- 
ren together with the magnitude to which the ſum 
has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one 
mother; and to AB let the given magnitude BE be added, and 
let CD be taken from the given magnitude FD: The ſum AE 
b given together with the magnitude to which the remainder 
FC has a given ratio. 

Becauſe the ratio of AB to CD is given, make as AB to 
CD, ſo GB to FD : Therefore the ratio of GB to FD is given, 


and FD is given, wherefore GB G A B E 


b given 2; and BE is given, the 
n rale GE is therefore given: And F 5 
dded MMbecauſe as AB to CD, fo is GB E C 2 
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C. 


See N. 


D. 


Sce N. 


; the FD, and ſois* GA to FC; the 
have of GA ro FC is given: And AE together with GA is gi- 
ren, becauſe GE 1s given; therefore the ſum AE together with 
6A, to which the remainder FC has a given ratio, is given. 
to ole ſecond part is manifeſt from prop. 15. 
d, and 
cef@ d P:R.Q-P.: XX. 
to the 
two magnitudes have a given ratio to one another, 
AB ti it from one of them a given magnitude be taken, 
given yu the other be taken from a given magnitude; each 
B he remainders is given together with the magni- 
— Wh: to which the other remainder has a given ratio. 
* | 
Let the two magnitudes AB, CD have a given ratio to one 
given mother, and from AB let the given maguitude AE be taken, 
EB 24 and 


382 E Uefa. 
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and let CD be taken from the given magnitude CF; th ; gwen; 
| mainder EB is given together with the magnitude to which 0 ratio of 
other remainder DF has a piven ratio. be rat 
| Becauſe the ratio of AB to CD is given, make as 13 gester 
| CD, ſo AG to CF: The ratio of AG to CF is therefore ol AG are 
| a 2, dat. and CF is given, wherefore = AG A E R SY mainder 
| . is given; and AE is given, and — + wr 2 caule as 
| therefore the remainder EG is gi- the ratic 
| ven : And becaule as AB to CD, 2 1 F EG, the 
| b 19. 5. fois AG to CF: And fo is Þ the DEI AI yen rat! 
| remainder BG to the remainder PF; the ratio of BG to DF; 
| given: And EB together with BG is given, becauſe EG is ol 
| ven ; Therefore the remainder EB topether with BG, to whi 
DF the other rem:inder has a given ratio, is given, Ihe ſecon F th 
part is plain from this and prop. 15. | a gl 
cond a 
20. F third; 
| ſhall a 
see N. IF, from two given magnitudes there be taken magni 
tudes which have a given ratio to one another, th: Let / 
remainders ſhall either have a given ratio to one given 
other, or the excels of one of them above a given mac ade 
nitude thall have a given ratio to the other. 1 a 
| 
> ih | 
Let AB, CD be two given magnitudes, and from them let 755 
the magnitudes AE, CF, which have a given ratio to one an AG 
other, be taken ; the remainders EB, FD either have a given t 115 
tio to one another, or the excels of one of them above a givel n 
magnitude has a given ratio to the other. bf 
Becauſe AB, CD are each of A 75 R a FT): 
them piven, the ratio of AB to DBAs 2 . a | 
CD is given: And if this ratio | in 
be the fame with the ratio of AE C F D Ah 
to CF, then the remainder EB oh Be | ney 


a . | , agen 
2 19. 5, has a the {ame given ratio to the remainder FD. - 


But if the ratio of AB to CD be not the ſame with the ra dep 
tio of AE to CF, it is either greater than it, or, by inverſion hap 
the ratio of CD to AB is greater than the ratio of CF to ALY 3 
Firſt, let the ratio of AB to CD be greater than the ratio of = 
AE to CF; and as AE to CF, ſo make AG to CD; theres de 2a 


| fore the ratio of AG to CD is given, becauſe the ratio of 
b 2. dat. AR to Cy is given; and CD is given, wherefore * AG if 
given 


2 


agni 
„ the 
e an 


QF 
48 


em lef 


ne an 
'en ra 
givet 


B 


— — 


he ra 
erſion 


o ALY 
atio ﬀ 
there 
atio of 
AG is 


given x 


nb A 7 K. 


given; and becauſe the ratio of AB tg CD is greater than the 
io of (AE to CF, that is, than 8 
he ratio of) AG 24 br , _ A — _* xz B 
wreater © than AG: An : : 

Wo given 3 therefore the re- 2 E 3 D 

minder BG is given: And be- 

uſe as AE to CF, ſo is AG to CD, and fois * EG to FD; 
the ratio of EG to FD is given: And GB is given ; therefore 
£6, the exceſs of EB above a given magnitude GB, has a gi- 
ren ratio to FD. The other cate is ſhown in the ſame way. 


PROP. XXIV. 


F there be three magnitudes, the firſt of which has 

1 given ratio to the ſecond, and the excels of the ſe- 
cond above a given magnitude has a given ratio to the 
third ; the exceſs of the firſt above a given magnitude 
hall alſo have a given ratio to the third. 


Let AB, CD, E, be the three magnitudes of which AB has 
z given ratio to CD; and the exceſs of CD above a given mag- 
tue has a given ratio to E: The excels of AB above a gi- 
ren magnitude has a given ratio to E. N 

Let CF be the given magnitude, the exceſs of CD above 
which, viz, FD has a given ratio to E; And becauſe the ratio 
of AB to CD is given, as AB to CD, fo make 
to CF; therefore the ratio of AG to CF 
„given; and CF is given, wherefore AG is 
gen: And becauſe as AB to CD, fo is AG ,. 
o CF, and fo ts > GB to FD; the ratio of GB G 
o FDis given. And the ratio of FD te E is 
viven, Wherefore © the ratio of GB to E is 
even, and AG is given; therefore GB the ex- 
tels of AB above a given magnitude AG has | | 
given ratio to E. | B D E | 

COR. 1. And if the firſt has a given ratio to the ſecond, 
nd the exceſs of the firſt above a given magnitude has a given 
o to the third; the exceſs of the ſecond above a given mag- 
rade ſhall have a given ratio to the third. For, if the ſecond 
& called the firſt, and the firſt the ſecond, this corollary will be 
de lame with the propoſition. = 


| 


C 
F. | 


CoR. 


Cc IO. 5. 


a 19. 5. 


a 2. dat. 


b 19. 5. 


c 9, dat. 
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17. 


a 9. da 


d 18. dat. ed; therefore d the whole magnitudes AB, 


18. 
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Con. 2. Alſo, if the firſt has a given ratio to the ſecond, ang 
the exceſs of the third above a given magnitude has alſo a — 


ratio to the ſecond, the fame exceſs ſhall have a given ratio to 


the firlt ; as is evident from the gth dat. 
PR Q:;F. MAY. 


FF there be three magnitudes, the exceſs of the fir 


whereof above a given magnitude has a given ratio 
to the ſecond ; and the exceſs of the third above a gi 
ven magnitude has a given ratio to the ſame ſecond + 
The firſt ſhall either have a given ratio to the third, or 
the exceſs of one of them above a given magnitude 


ſhall have a given ratio to the other. 


Let AB, C. DE be three magnitudes, and let the exceſſes of 
each of the two AB DE above given magnitudes have given 
ratios to C; AB, DE either have a given ratio to one another, 
or the excels of one of them above a given magnitude has a 


given ratio to the other. 


Let FB the exceſs of AB above the given magnitude AF 


have a given ratio to C; and let GE the ex A 
ceſs of DE above the given magnitude DG 
have a given ratio to C; and becauſe FB, GE F 
have each of them a given ratio to C, they 
t. have a given ratio to one another. But to FB, 
GE the given magnitudes. AF, DG are add. 


DE have either a given ratio to one another, B C 
or the exceſs of one of them above a given mag- 
nitude has a given ratio to the other, 


P. NOF. AAYL 


F there be three magnitudes, the exceſſes of one 
of which above given magnitudes have given raus 


G+ 


to the other two magnitudes ; theſe two ſhall eithe 


have a given ratio to one another, or the excels of ont 


of them above a given magnitude ſhall have a give 


ratio to the other. 


Let 
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D A T A. 
Let AB, CD, EF be three magnitudes, and let GD the ex- 


ceſs of one of them CD above the given magnitude CG have 
4 oven ratio to AB; and alſo let the exceſs of the ſame 
5 above the given magnitude CK have a given ratio to EF, 
either AB has a given ratio to EF, or the exceſs of one of them 
above a given magnitude has a given ratio to the other, 
Becauſe GD has a given ratio to AB, as GD to AB, fo 
make CG to HA; therefore the ratio of CG to HA is given; 
and CG is given, wherefore * HA is given: And becauſe as a 2. dat. 
GD to AB, fo is CG to HA, and fo is > CD to HB; the ra- b 12. f. 
tio of CD to HB is given: Alſo becauſe KD has a given ratio 
toEF, as KD to EF, ſo make CK to LE; 
therefore the ratio of CK to LE is given and 
CK is given, wherefore LE »* is given: And 
becauſe as KD ro EF, fo is CK to LE, and A- 
ſo d is CD ro LF; the ratio of CD to LF is 
| 


E. c % dat, 


given : But the ratio of CD to HB is given, 
wherefore © the ratio of HB to LF is given : 
and from HB, LF the given magnitudes HA, R F 
LE being taken, the remainders AB, EF ſhall | 
either have a given ratio to one another, or the exceſs of one of 

them above a given magnitude has a given ratio to the other 4, d 19. dat. 


ö 


% Another Demonſtration. 


Let AB, C, DE be three magnitudes, and let the exceſſes 
of one of them C above given magnitudes have given ratios to 
AB and DE ; either AB, DE have a given ratio to one an- 
other, or the exceſs of one of them above a given magnitude 
has a given ratio to the other. | 

Becauſe the exceſs of C above a given magnitude has a gi- 
ven ratio to AB; therefore = AB together with a given mag- 3 14. dat. 
nituce has a given ratio to C: Let this given F. 
magnitude be AF, wherefore FB has a given 
ratio to C: Alſo becauſe the exceſs of C above Ar 
a given magnitude has a given ratio to DE ; 
therefore © DE together with a given magni- 


tude has a given ratio to C: Let this given 

magnitude be DG, wherefore GE has a ho B CE 

ratio to C: And FB has a given ratio to C, therefore the ratio b 9. dat. 
of FB to GE is given: And from FB, GE the given magnitudes | 

AF, DG being taken, the remainders AB, DE either bave a 

given ratio to one another, or the exceſs of one of them above a 


PROP. 


given magnitude has a giveo * to the other. e 19. dat. 


19. 


a 2. dat. 


d 24. dat. 
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— 


PROP. XXVII. 


F there be three magnitudes: The exceſs of the firſt 
ot which above a given magnitude has a given rg. 
tio to the ſecond.; and the excels of the ſecond above 
a given magnitude has alſo a given ratio to the third: 
The excels of the firſt above a given magnitude ſhall 
have a given ratio to the third. 


Let AB, CD, E be three magnitudes, the exceſs of the fir 
of which AB above the given magnitude AG, viz. GB, has x 
given ratio to CD; and FD the exceſs of CD above the given 
magnitude CF, has a given ratio to E: The exceſs of AB 
above a given magnitude has a given ratio to E. 

Becauſe the ratio of GB to CD is given, as GB to CD, ſo 
make GH to CF; therefore the ratio of GH A. 
to CF is given; and CF is given, wherefore * 
GH is given; and AG is given, wherefore & 
the whole AH is given: And becauſe as GB 

to CD, ſo is GH to CF. and fo is d the re- Hz 
mainder HB to the remainder FD; the ratio 
of RB to FD is given: And tne ratio of FD 
to E is given, wherefore e the ratio of HB to BI DI E 
E is given: And AH is given; therefore HB 

the 3 70 of AB above a given magnitude AH has a given ra- 
tio to E. 


* 


2 
F+ | 


% Otherwiſe, 


Let AB, C, D be three magnitudes, the exceſs EB of the 
firſt of which AB above the given magnitude AE has a given 
ratio to C, and the exceſs of C above a given 
magnitude has a given ratio to D: The exceſs A 
of AB above a given magnitude has a given 
ratio to D. E 

Becauſe EB has a given ratio to C. and the 
exceſs of C above a given magnitude has a gi- F 
ven ratio to D; therefore 4 the exceſs of EB N 
above a given magnitude has a given ratio to 
P: Let this given magnitude be EF; therefore 
FB the exceſs of EB above EF has a given ra- 
tio to D: And AF is given, becauſe AE, EF 
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ire given: Therefore FB the exceſs of AB above a given mag- 


ricade AF has a given ratio to D.“ 


PROP. XXVIII. 25. 


F two lines given in poſition cut one another, the See N. 
point or points in which they cut one another are 
given. 


Let two lines AB, CD given in poſition cut one another in 


C 


the point E; the point E is gi- 
ven. of 
Becauſe the lines AB, CD 
re given in poſition, they have 
always the {ame ſituation a, and 
therefore the point, or points 
in which they cut one another 
have always the ſame ſituation: 
and becauſe the lines AB, CD 
can be found a, the point, or 
points, in which they cut one 
another, are likewiſe found ; 
and therefore are given in poſition . 


a 4. def. 


PROP, XXIX. . 


[* the extremities of a ſtraight line be given in poſt- 
tion ; the ſtraight line is given in poſition and 
magnitude. 


Becauſe the extremities of the ſtraight line are given, th 
can be found a: Let theſe be the points A, B, between which a 4. def. 
» ſtraight line AB can be drawn; I» b 1. Poſtu- 
this has an invariable poſition, be- A B late. 
cauie between two given points there | 

an be drawn but one ſtraight line: And when the ſtraight line 

AB is drawn, its magnitude is at the ſame time exhibited, or 

given : Therefore the ſtraight line AB is given in poſition and 


magnitude. 
B b 2 PROP. 


3 


27. 


a 1. def, 


b 4. def. 


28. 


3 31. I, 


b 4. def. 
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PROP, XXX. 


I. one of the extremities of a ſtraight line given in 
poſition and magnitude be given; the other extre. 
mity ſhall alſo be given. 


Let the point A be given, to wit, one of the extremities of 
a ſtraight line given in magnitude, and which lies in the ſtraight 
line AC given in poſition ; the other extremity is alſo given, | 
Becauſe the ſtraight line is given in magnitude, one 
to it can be found ; let this be the ſtraight line D: From the 


greater ſtraight line AC cut off AB 

equal to the leſſer D: Therefore the — 7290. * 
other extremity B of the ſtraight line 

AB is found: And the point B has al- D 

ways the ſame ſituation ; becauſe any 

other point in AC, upon the ſame fide of A, cuts off between 
it and the point A a greater or leſs ſtraight line than AB, that 
is, than D; Therefore the point B is given ® : And it is plain 
another ſuch point can be found in AC produced upon the 
other ſide of the point A, 


PROP. XXXI. 


F a ſtraight line be drawn through a given point 
parallel to a ſtraight line given in poſition ; that 
ſtraight line is given in poſition. | 


Let A be a given point, and BC a ftraight line given i 
poſition ; the firaight line drawn through A parallel to BC is 
given in poſition. | 
Through A draw * the ſtraight line D 
DAE parallel to BC 3 the Wie Carre: 
line DAE has always the fame noſfci- C 
on, becauſe no other ſtraight line can DB __ 3 3 
be drawn through A parallel to BC: 52 
Therefore the ſtraight line DAE which has been found is g 


ven d in poſition. 
* PROP 


E 


v AT à. 
PROP. XXXII. 


F a ſtraight line be drawn to a given point in a 
ſtraight line given in poſition, and makes a given 
angle with it ; that ſtraight line is given in poſition. 


= 


Let AB be a ſtraight line given in poſition, and C a given 
int in it, the ſtraight line drawn 


of WH ©; C, which makes © given angle F 
ght with CB, is given in — . G F. 
en. Becauſe the angle is given, one 
jual equal to it can be found a; let this 893 
the de the angle at D, at the given — 

point C, in the given ſtraight line A C 1 
1 AB, make d the angle ECB equal * 

to the angle at D: Therefore the 

ſtraight line EC has always the D 

ſame ſituation, becauſe any other 8899 
deen ſtraight line FC, drawn to the | 
that point C, makes with CB a greater or leſs angle than the angle 
plain ECB, or the angle at D: Therefore the ſtraight line EC, which 
a the has been found, is given in poſition. 

It is to be obſerved, that there are two ſtraight lines EC, 

GC upon one fide of AB that make equal angles with it, and 

_ make equal angles with it when produced to the other 

ide. 
eg PROP. XXXIII 0. 

at 


IL. a ſtraight line be drawn from a given point to a 
ſtraight line given in poſition, and makes a given 
angle with it, that ſtraight line is given in poſition. 

ven in 


BCi From the given point A, let the ſtraight line AD be drawn 


to the ſtraight line BC given in poſition, and make with it a 


wen angle ADC ; dB" 

1 hi, | 1 ad aa A. F 
Thro' the point A, draw * the ſtraight e a 31. 1. 

_< line EAF parallel to BC; and becauſe * | 


thro' the given point A, the ſtraight line 7 
EAP is 8 — to BC, which is B D C 
given in poſition, EAF is therefore given in poſition d: And b 31. dat. 
decauſe the ſtraight line AD meets the paralleis BC, EF, the 
B b 3 angle 


390 
e 29. 1. 


d 32. dat. 


a 1. def. 


d 33. dat. 


e 6. def. 
d 28. dat. 


e 29. dat. 


E UC LI 'D*'s 


angle EAD is equal © ro the angle ADC; and ADC is giver given 
wherefore alſo the angle EAD is given: Therefore, becauſe the 
ſtraight line DA is drawn to the given point A in the fra; he 
line EF given in poſition, and makes with it a given ut 
EAD, AD is given“ in poſition. 5 


£ 
PROP. XXXIV. 155 
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F from a given point to a ſtraight line given in pofi- 
tion; a ſtraight line be drawn which is given in 
magnitude; the ſame is alſo given in poſition. 


Let A be a given point, and BC a ſtraight line given in poſi. 
tion, a ſtraight line given in magnitude crawn from the point 
A to BC is given in poſition, | 

Becauſe the ſtraight line is given in magnitude, one equal to 
it can be found ® ; let this be the ſtraight line D: From the 
point A draw AE perpendicular to BC; and 
becauſe AE is the {hortelt of all the ſtraight 
lines which can be drawn from the point A 
to BC, the {traight line D. to which one 3 
equal is to be drawn from the point A to B E C 
BC, cannot be leſs than AE. If therefore D 
D be equal to AE, AE is the ſtraight line given in magnitude 
drawn from the given point A to BC : And it is evident that 
AE is given in poſition d, hecauſe it is drawn from the given 
point A to BC, which is given in poſition, and makes with BC 
the given angle AEC. 

But if the ſtraight line D be not equal to AE, it muſt be 
greater than it: Produce AE. and make AF equal to D; and 
from the centre A, at the diſtance AF, defcribe the circle GFF, 
and join AG, AH : Becauſe the circle GFH is given in poſi. 
tion ©, and the ſtraight line BC js alſo given in polition; there. 
fore their interſection G is given 4; 


Fs 
TY 


1117 


Le 
weer 
which 
AEF 
Bes 
ſtrai 9 
let th 
H, ar 


lar to 


is, the ſtraight line AG given in — 
magnitude, (for it is equal ro Dp) 
aud drawn from the given point A D 
to the ſtraight line BC given in poſition, is alſo given in poli- 
tion: And in like manner AH is given in poſition : Therefore 
in this caſe there are two ſtraight lines AG, AH of the ſane 
| OE AO Ov, given 


| | - oy A 
and the point A is given; here: 
fore AG is given in poſition e, that GE 7 
„ 


> 
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cen magnitude which can be drawn from a given point A to 
: ſtraight line BC given in polition. 


PRUT.  AAXV. 32. 


Fa ſtraight line be drawn between two parallel 
traight lines given in poſition, and makes given an- 
dies with them, the ſtraight line is given in magnitude. 


Let the ſtraight line EF be drawn between the parallels AB, 
CD, which are given in polition, and make the given angles 
BEF, EFD: EF is given in magnitude. 

ln CD take the given point G, and through G draw * GH a 37. x. 
pirallel to EF : And becauſe CD meets the parallels GH, EF, 


the angle EFD is equal Þ to the angle b_29. I. 
HGD: And EFD is a given angle ; A. E H B 


wherefore the angle HG Dis given; and / / 

becauſe HG is drawn to the given point 
b, in the ſtraight line CD, given in poſi. — — 
tion, and makes a given angle HUD .C F G D 
the ſtraight line HG is given in poſt. 

tion © : And AB is given in poſition: therefore the point His e 32- dat 
given 4; and the point G is allo given, whereforc GH is given d 28. dat, 


„ magnitude ©: And EF is equal to it, therefore EF is given e 29. dat. 
1 magmtude . 


PROP. XXXVI. 33 


L. a ſtraight line given in magnitude be drawn be- see N. 
1 tween two parallel ſtraight lines given in poſition, 
it mall make given angles with the parallels. 


Let the ſtraight line EF given in magnitude be drawn be- 
ween the parallel ſtraight lines AB, CD, A F HR 


which are given in poſition: the angles 


AEF, EFC thall be given. & | 


Becauſe EF is given in magnitude, a 
ſtraight line equal to it can be found a: — 
et this be G: In AB take a given point | | 
H, and from it draw > HK perpendicu- 98 BS D b 12. 1. 
hr to CD : Therefore the ſtraight line G, 


B b 4 that 


a 1. d f. 
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that is, EF cannot be leſs than HK : And if G be equal to 
EF alſo is equal to it; wherefore EF is at 4 angles to CD: 
for H it he not, EF would be greater than HR, which is abſurd 
Therefore the angle EFD is a right, and conſequently 


a given 


angle. 

Sor if the ſtraight line G be not equal to HK, it muſt be 

ter than it : Produce HK, and rake HL, equal to G; ang 

Fa the centre H, at the diſtance HL, deſeribe the circle 
MLN, and join HM, HN: And becauſe the circle © MLN, 
and the ſtraight line CD, are given in poſition, the points M, 
N are « given: and the point 
H is given, wherefore the A E iy H 8 
ſtraight lines HM, HN, are A 
given in poſition And CD 
is given in poſition therefore 
the angles HMN, HNM, are C F D 
given in poſition f: Of the 
ſtraight lines HM, HN, let G 
HN be that which is not parallel to EF, for EF cannot be pa. 
rallel to both of them; and draw EO parallel to HN; EOthere. 
fore is equal 8 to HN, that is, to G; and EF is equal to G, 
wherefore EO is equal to EF, and the angle EF O to the angle 
EOF, that is Þ, to the given angle HN M, and becauſe the angle 
HNM, which is equal to the angle EFO, or EFD, bas been 
found; therefore the angle EFD, that is, the angle AEF, is 
given in magnitude *: and conſequently the angle EFC. 


OML 


PROP. XXVII. 


F a ſtraight line given in magnitude be drawn from 

a point to a ſtraight line given in poſition, in a given 

angle; the ſtraight line drawn through that point 

arallel to the ſtraight line given in poſition, is given 
in poſition. 


Let the ſtraight line AD given in magnitude be drawn from 
the point A to the ſtraight line BC given in E AHT 
poſition, in the given angle ADC : the 1 — 
ſtraight line EAF drawn through A parallel 
to BC is given in poſition. 

In BC take a given point G, and draw 6H * 
parallel to AD: And becauſe HG is drawn B D G 
to a given point G in the ſtraight line BC pi- 


ven 
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yen in poſition, in a given. angle HGC, for it is equal * to the 2 29. 1. 
oe ADC; is given in poſition d; but it is given d 32. dat. 
allo in magnitude, becauſe it is equal to AD which is given in c 34.1. 
jtude; therefore becauſe G one of the extremities of the 

fright line GH given in poſition and magnitude is given, the 

other extremity H is given 4 and the ſtraight line EAF, which d 32. dat. 
« drawn through the given point H parallel to BC given in 

poſition, is therefore given © in poſitian, e 31, dat. 


PROP. XXXVII. * 


F a ſtraight Tine be drawn from a given point to 
[ two parallel ſtraight lines given in poſition, the 
ratio of the ſegments between the given point and the 
parallels ſhall be given. : 


Let the ſtraight line EFG be drawn from the given point E 
:0 the parallels AB, CD, the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD; and 
becauſe from à given point E the ſtraight line EK is drawn to 
CD which is given in poſition, in a given angle EKC; EK is 


E A FH BR 


A _F 


H B Dy 


C 


K G D 


CG K. D 
given in poſition a; and AB, CD are given in poſition; there 33. dat. 
fore d the pbints H, K are given: And the point E is given, b 28. dat, 
wherefore © EH, EK are given in magnitude, and the ratio 4 of e 29. dat. 
them is therefore given. But as EH to EK, ſo is EF to EG, d 1. dat. 
becauſe AB, CD are parallels ; therefore the ratio of EF to EG 


15 given : 


PR OP. XXXIX. | ah” 


[* the ratio of the ſegments of a ſtraight line be- See N 
tween a given point in it and two parallel ſtraight 
lines, be given, if one of the parallels be given m po- 
ition, the other is alſo given in poſition. 


From 
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= 33. dat. 


b 28. dat. 


c 29. dat. 


d 2. dat. 


e ZI. dat. 


f zt. dat. 


37. 38. 


See N. 


the ſegments AE, AD be given; if one of the parallels BC he 
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ments G 


three pe 
ſition. 


From the given point A, let the * line AED be draw; 
to the two parallel ſtraight lines FG, BC, and let the rat of 


given in poſition, the other FG is alſo given in poſition, In A] 
From the point A, draw AH perpendicular to BC, and ler to CD, 
it meet FG in K; and becauſe AH is drawn from the given en pon 
point A to the ſtraight line BC given in poſition, and makes; ren ang 
| ja politi 

18 given 

the ratie 

| 

4 

given angle AHD; AH is given * in A { 
poſition ; and BC is likewiſe given in NM. . 
poſition, therefore the point H is gi- B D/ }H C 0 
ven d: The point A is alſo given; *© * Nee 
wherefore AHis given in magnitude e, * 
and, becauſe FG, BC are parallels, 1 e 
as AE to AD, ſo is AK to AH; and Ks 
the ratio of AE to AD is given, F E K 6 M 0 


wherefore the ratio of AK to AH is given; but AH is given 
in magnitude, therefore AK is given in magnitude ; and i is 
alſo given in poſition, and the point A is given; wherefore * 
the point K is given. And becauſe the ſtraight line FG is drawn 


through the given point K parallel to BC which is given in po. F a 
ſition, therefore f FG is given in poſition, * 
whicl 

N 
Let 


F the ratio of the ſegments of a ftraight line into ©” © 


which it is cut by three parallel ſtraight lines, be © © 
given; if two of the parallels are given in poſition, :.... : 
the third alſo is given in poſition. og EI 
art Lap 

Let AB, CD, HK be three parallel ſtraight lines, of which n Po! 
AB, CD are given in poſition ; and let the ratio of the 1 . 
ments nere 


Ire gi 
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nents GE, GF into which the ſtraight line GE is cut by the 
three parallels, be given; the third parallel HK is given in po- 
don. 

* AB take a given point L, and draw LM perpendicular 
o CD, meeting HK in N; becanſe LM is drawn from the gi- 
rea point L to CD which is given in poſition and makes a gi- 

en angle LMD 3 UM is given in poſition 2; and CD is given a 33. dat. 
11 poſition, wherefore the point Mis givend; and the point L b 28. dat. 
; given, LM is therefore given in magnitude ©; and becauſe e 29. dat. 


e ratio of GE to GF is given, and as GE to GF, ſo is NL to 


7 NM; the ratio of NL to NM is given; and therefore © the Cor. 
8 io of VL to LN is given; but LM is given in magnitude 4, a} 22 
wherefore © LN is given in magnitude; and it is alſo given in e 2. * 
delttion, and the point L is given; wherefore * the point N is f 39. dat. 
given ; and becauſe the ſtraight line HK is drawn through the 

civen point N parallel to CD which is given in poſition, there- 
tore BK is given in poſition 8, | e 


PROP. XII. F. 


[* 2 ſtraight line meets three parallel ſtraight lines See N. 
which are given in poſition, the ſegments into 
which they cut it have a given ratio. 


Let the parallel ſtraight lines AB, CD, EF given in poſi- 
into ton, be cut by the ſtraight line GHK; the ratio of GH to HK 
, bei er ud aj 

I AB take a given point L. and 
0 draw LM l twon CD, meet- A. * G _L B 
oo EF in N; therefore LM is given 5 
| o potition; and CD, EF are given C M D 
which 2 polition, wherefore the points M, 
ſeg . \\ zre given: And the point Lis given; 
nents there fore d the ſtraight lines LM, MN 
re given in magnitude; and the ratio E K 


396 


e 1. dat, of LM to MN is therefore given ; Bat as LM to MN, vis 


39. 


See N. 


a 22. 1. 


2a 23.1, 


poſition and magnitude, at the D 
points D, E make * the angle EDF b 
equal to the angle BAC, and the 4 


E U c L I p-. 


GH to HK ; wherefore the ratio of GH to HK is given, 
PROP. XLII. 


F each of the ſides of a triangle be given in magniz 
tude, the triangle is given in ſpecies. 
Let each of the ſides of the triangle ABC be given in map. 
nitude, the triangle ABC is given in ſpecies. 
Make a triangle » DEF the ſides of which are equal, each 
to each, to the given ſtraight lines AB, BC, CA, which can 


be done; becauſe any two of them mult be greater than the 
third ; and let DE be e- | 


qual ro AB, EF to BC, 


A. D 
and FD to CA; and be. 
cauſe the two ſides ED, 261 2 
DF are equal to the two | 
BA, AC, each to each, 8 
B C E F 


Let 

let the 

and the baſe EF equal to * 
the baſe BC 3 the angle d at 
EDF, is equal d to the angle BAC; therefore, becauſe the angle * 
EDF, which is equal to the angle BAC, has been found, hol z.! 
angle BAC is given e, in like manner the angles at B, C are *** 
given. And becauſe the ſides AB, BC, CA are given, theirk 1 * 
ratios to one another are given 4, therefore the triangle ABC 1 5 l 
is given © in ſpecies. * ra 
make | 

P R Oo ©; XLIII. (ame V 

cule | 

T. each of the angles of a triangle be given in mag yz r 
nitude, the triangle is given in ſpecies. ok 
where 

Let each of the angles of the triangle ABC be given it triang 
magnitude, the triangle ABC is given in ſpecies. triang 
ake a ſtraight line DE given in A angle 
triang 

and t! 


angle DEF equal to ABC ; there- — 
S C E F 
are equal, and each of the angles at the points A, B, C, is gi. 


ven, 


D AT A. 


ven, wherefore each of thoſe at the points D, E, F is given: 
And becauſe the ſtraight line FD is drawn to the given point 
in DE which is given in poſition, making the given angle 
Dr; therefore DF is given in poſition d. In like manner EF b 32. dat. 
lo is given in poſition ; wherefore the point F is given: And 
the points D, E are given ; therefore each of the {traight lines 

DE, EF, FD is given © in magnitude; wherefore the triangle e 29. dat. 
DEF is given in ſpecies 4: and it is ſimilar © to the triangle 4 42. dat. 


ABC : which therefore is given in ſpecies. # Þ * 
6. 
PROP, XLIV. AT. 


F one of the angles of a triangle be given, and if 
[ the ſides about it have a given ratio to one another; 
D de tri angle is given in ſpecies. 


Let the triangle ABC have one of its angles BAC given, and 
let the ſides BA. AC about it have a given ratio to one another; 
the triangle ABC is given in ſpecies, | 

Take a ſtraight line DE given in poſition and magnitude, 
and at the point D in the given ſtraight line DE, make the 
angle EDF equal to the given angle BAC ; wherefore the 
anole EDF is given; and becauſe the ſtraight line FD is drawn 
to the given point Din ED which is given in poſition, making 


the given angle EDF ; therefore FD 
is given in poſition 2. And becauſe n 32, dat. 
the ratio of BA to AC is given, 
make the ratio of ED to DF the P.: 
fame with it, and join EF; and be. 
cuſe the ratio of ED to DF is gi- B C F 
ven, and ED is given, therefore d DF is given in magnitude: b 2, dat. 
and it is given alſo in poſition, and the point D is given, where- 
fore the point F is given* : and the points D, E are given, e 30. dat. 
wherefore DE, EF, FD are given à in magnitude: and the q 29. dat. 
triangle DEF is therefore given in ſpecies; and becauſe the 42. dat. 
triangles ABC, DEF have one angle BAC equal to one 
angle EDF, and the ſides about theſe angles proportionals; the 


triangles are ſimilar ; but the triangle DEF is given in ſpecies, f 6. 6. 
and therefore alſo the triangle ABC. | 


mag 


ven, PROP. 


398 


42. 
See N. 


a 2. dat. 


0 22. 8 


f 42, dat. 


6 F. 6. 


END 


PROP. XLV. 


F the ſides of a triangle have to one another given F the 
[| ratios ; the triangle is given in ſpecies. | the 
ther ; | 
Let the ſides of the triangle ABC have given ratios to one 
another, the triangle ABC is given in ſpecies. Let tl 
Take a ſtraight line D given in magnitude; and becauſe the ele A 
ratio of AB to BC is given, make the ratio of D to Ee de ano 
ſame with it; and D is given, therefore - E is given. And be. Take 
cauſe the ratio of BC to CA is given, to this make the ratio and bec: 
of E to F the ſame; and E is given, and therefore z F; ang IC. fo 
becauſe as AB to BC, fois D to E; by compoſition AB ad DE 
BC together are to BC, as D » BC, 
and E to E; but as BC to CA, A Die 
ſo is E to F: therefore, ex #- DE.: 
guali d, as AB and BC are to A the d 
CA, ſo are D and E to F, and 8B C circle w 
AB and BC are greater © than ** TT wo poll 
CA; therefore D and E are 8 DEF them, 2 
greater d than F. In the ſame fre the 
manner any two of the three D, 1 ercle is 
E, F are greater than the third, H K od the 
Make © the triangle GHK whoſe rawn t 
ſides are equal to D, E, F, fo that GH be equal to D, HK to mole ; 
E, and KG to F; and becauſe D, E, F, are, each of them, e give 
given, therefore GH, HK, KG are each of them given in mag. 201 the 
nitude ; therefore the triangle GHK is given ? in ſpecies : But WW 3c. 
as AB to BC, ſo is (D to E, that is) GH to HK; and as BC ro WW b 
CA, ſo is (E to F, that is) HK ro KG; therefore, ex a, ech of 
as AB to AC, ſo is GH to GK. Wherefore * the triangle ABC e «ri: 
is equiangular and ſimilar to the triangle GHK ; and the tri. DEG : 
angle GHK is given in ſpecies; therefore alſo the triangle ABC 43G ts 
is given in ſpecies. wide b 
Cor. If a triangle is required to be made, the ſides of which Fhich 


ſhall have the ſame ratios which three given ſtraight lines D, 
E, F have to one another; it is neceflary that every two of 
them be greater than the third. 


PROP. 


Ven 


| ONE 


e the 
the 
d be. 
ratio 
and 
and 
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PROP. XLVI. 


F the ſides of a right angled triangle about one of 
the acute angles have a given ratio to one ano- 
her; the triangle is given in ſpecies. 


Le: the ſides AB, BC about the acute angle ABC of the tri- 
age ABC, which has a right angle at A, have a given ratio to 
me another; the triangle ABC is piven in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude; 
ind becauſe the ratio of AB to BC is given, make as AB to 
BC, fo DE to EF; and becauſe DE has a given ratio to EF, 
nd DE is given, therefore » EF is given; and becauſe as AB 
BC, ſo is DE to EF; and AB is leſs d than BC, therefore 


DE is leſs e than EF. From the point D draw DG at right angles 
„DE. and from the centre E | 


A the diſtance EF, deſcribe a 
5rcle which ſhall meet DG in 
ro points; let & be either of 
hem, and join EG; there- 
re the circumference of the 
ercle is given 4 in poſition ; 
d the ſtraight line DG is given © in poſition, becauſe it is 
raum to the given point D in DE given in poſition, in a given 
:ng1e; therefore f the point G is given; and the points D, E 
e given, wherefore DE, EG, GD are given t in magnitude, 
„the triangle DEG in ſpecies 8. And becauſe the triangles 
C, DEG have the angle BAC equal to the angle EDG, 
:2d the tides about the angles ABC, DEG proportionals, and 
eich of the other angles BCA, EGD leſs than a right angle; 
the triangle ABC is equiangular i and ſimilar to the triangle 
DEG : But DEG is given in ſpecies ; therefore the triangle 
is given in ſpecies : And in the ſame manner, the triangle 
u:ce by drawing a ſtraight line from E to the other point in 
dich the circle meets DG is given in ſpecies. 


PROP, 


a 2. dat. 


b 19. 1. 
c A. 5. 


d 6. def. 
e 32. dat. 


28. dat. 
g 29. dat. 
h 42. dat. 


i 7. 6. 


Sce N. 


2 32. 1. 


b 43. dat. 


Cc 32. dat. 
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PROP. XLVII. 


F a triangle has one of its angles which is not , 

right angle given, and if the fides about another 

angle have a given ratio to one another; the triangle 
is given in ſpecies. 


Let the triangle ABC have one of its angles ABC a giver 
but not a right angle, and let the ſides BA, AC about another els, 
angle BAC have a given ratio to one another; the triangle great 
ABC is given in ſpecies. caſe, 

Firſt, Let the given ratio be the ratio of e- politit 
quality, that is, let the fides BA, AC, and A angle 
conſequently the angles ABC, ACB, be equal; ABC 
and becauſe the angle ABC is given, the tion : 
angle ACB, and alſo the remaining * angle EF; 
BAC is given; therefore the triangle ABC is AC t 
given d in ſpecies: And it is evident that in B Cc to the 
this cale the given angle ABC muſt be acute. ABC 

Next, Let the given ratio be the ratio of a leſs to a greater, angle 
that js, let the ge AB adjacent to the given angle be leſ ar 
than the ſide AC: Take a ſtraight line DE given in poſition ACB 
and magnitude, and make the angle DEF equal to the given © 
angle ABC; therefore EF is given © in poſition ; and becaule Bu 
the ratio of BA to AC is given, | dot 
as BA to AC, ſo make ED to A. ratio 
DG ; and becauſe the ratio of | the 1 
ED to DG is given, and ED is to A 
given, the ſtraight line DG is gi- 0 ſo E] 
ven , and BA is lefs than AC, E f 
therefore ED is leſs e than DG. D to A 
From the centre D, at the diſtance to D 
DG deſcribe the circle GF meet- * 71 
ing EF in F, and join DF; and er th 
becauſe the circle is given t in po. E of Hg 
ſition, as alſo the ſtraight line EF, beſer 
the point F is given ©; and the * 
points D, E are given; wherefore G 8 


-VJ 
5 


70 4 'Þ a 


: right angle. In the ſame manner, becauſe ED is leſs than 
DG or DF, the angle DFE is leſs than a right angle: And be- 
cauſe the triangles ABC, DEF have the angle ABC equal to 
the angle DEF, and the fides about the angles BAC, EDF 
proportion ils, and each of the other angles ACB, DFE leſs 
than a right angle; the triangles ABC, DEF are u ſimilar, and m 7. 6. 
DEF is given in ſpecies, wherefore the triangle ABC is alſo gi- 
ren in ſpecies. 

Thirdly, Let the given ratio be the ratio of a greater to a 
leſs, that is, let the tide AB adjacent to the given angle be 
greater than AC; and as in the laſt 


caſe, take a ſtraight line DE given in A. 

rotition and magnitude, and make the 

gle DEF equal to the given angle 

ABC ; therefore EF is given © in poſi- B — nd C e 32. dat, 
D 


tion: Alſo draw DG perpendicular to 
EF; therefore if the ratio of BA to 
AC be the ſame with the ratio of ED ” | 
to the perpendicular DG, the triangles 
ABC, DEG are limilar a, becauſe the 
angles ABC, DEG are equal, and DGE "TY ; 
sea right angle: Therefore the angle E G F 
ACB is a right angle, and the triangle ABC is given in d ſpe- b 43. dat. 
cies, 

But if, in this laſt caſe, the given ratio of BA to AC be 
not the ſame with the ratio of ED to DG, that is, with the 
ratio of BA to the perpendicular AM drawn from A to BC; 
the ratio of BA to AC muſt be leſs than o the ratio of BA 0 8: 3. 
to AV, becauſe AC is greater than AM. Make as BA to AC 
ſo ED to DH; therefore the ratio of A 
ED to DH is lefs than the ratio of (BA 
to AM, that is, than the ratio of) ED 
to DG; and conſequently, DH is great- | 
er? than DG; and becauſe BA is great- R 0 p 10. g. 
er than AC, ED is greater © than DH. L $A 
From the centre D, art the diſtance DH, D 
deſcribe the circle KHF which neceſlari. 
ly meets the ſtraight line EF in two 
points, becauſe DH is greater than DG, * 
and leſs than DE. Let the circle meet E K If F 


EF in the points F, K which are given, 
3 was ſhown in the preceding caſe ; and, DF, DK being join- 
ec, the triangles DEF, DEK are given in ſpecies, as was there 

E ſhewn, 
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45. 


CIS $3. 


* Is 


E UC LI DB 
ſhewn. From the centre A, at the diſtance AC, deſcribe 3 ip. 


cle meeting BC again in I.: And if the angle ACB be lefs than _ 
a right angle, ALB muſt be greater than a right angle And Ero 
on the contrary. In the ſame manner, if the angle DFE be le; ETO 
than a right angle, DKE, muſt be greater than one; and on 3 
the contrary. Let each of the angles A SL 
ACB, DFE be either leſs or greater than Bi T 
a right angle; and becauſe in the tri- oo 
angles ABC, DEF the angles ABC, * 
DEF are equal, and the ſides BA, AC, B 0 * « 
and ED, DF about. two of the other L Mm 
angles proportionals, the triangle ABC 5 
fimilar n to the triangle DEF. In the : p. 
ſame manner, the triangle ABL is ſimi- . f, 
lar to DEK. And the triangles, DEF, u 
DEK are given in ſpecies; therefore al- 1 H F FI. of 
ſo the triangles ABC, ABL are given in 5 dag 
ſpecies. And from this it is evident, that, in this third caſe, = 
there are always two triangles of a different ſpecies, to which by Ny 
the things mentioned as given in the propoſition can agree. 2 
of FE 
P R Oo P. XLVIII. It, 28 U 
angles 
F a triangle has one angle given, and if both the he gie 
ſides together about that angle have a given ratio to WI «&f |! 
the remaining fide ; the triangle is given in ſpecies, - = 
of the 
Let the triangle ABC have the angle BAC given, and let the «og 
ſides BA, AC together about that angle have a given ratio to _ : 
BC; the triangle ABC is given in ſpecies. of. 7 
Biſect a the angle BAC by the ſtraight line AD; therefore NEP 
the angle BAD is given. And becauſe as BA to AC, fo is ar 
BD to DC, by permutation, as AB to BD, qt 
ſo is AC to CD; and as BA and AC to- A. 24 
gether to BC, ſo is< AB to BD. But the "SE 
ratio of BA and AC rogether to BC is / 4h 
given, wherefore the ratio of AB to BD B 5 0 $þ £3 
is given, and the angle BAD is given; ſides E 
therefore * the triangle ABD is given in FE to 
ſpecies, and the angle ABD is therefore given ; the angle BAC FO 70, 
is alſo given, wherefore the triangle ABC is given in ſpecies “. e 


A triangle which ſhall have the things that are mentioned 
in the propoſition to be given, can be found in the following 
manner. 


— 


. 


dunner. Let EFG be the given angle, and let the ratio of H 
o K be the given ratio which the two ſides about the angle 
FFG muſt have to the third ſide of the triangle; therefore 
becauſe two ſides of a triangle are greater than the third ſide, 
the ratio of H to K maſt be the ratio of a greater to a leſs. 
Riſe the angle EFG by the ſtraight line FL, and by the 
47th propoſition find a triangle of which EFL is one of the 
angles, and in which the ratio of the ſides about the angle op. 

lite to FL is the ſame with the ratio of H to K: To do 
which, take FE given in poſition and magnitude, and draw EL 
perpendicular to EL: Then if the ratio of H to K be the fame 
with the ratio of FE to EL, produce EL, and let it meet FG 
in P; the triangle FEP is that which was to be found: For it 
has the given angle EFG; and H 
becauſe this angle is biſected by F K 
FL, the ſides EF. FP together 
are to EP, as d FE to EL, that S 
is, as H to K. 

Bat if the ratio of H to K 
de not the ſame with the ratio E ; O 
of FE to EL, it muſt be leſs than N | 
it, as was ſhown in prop. 47. and in this caſe there are two tri- 
angles, each of which has the given angle EFL, and the ratio of 
the ſ1Jes about the angle oppolite to FL the ſame with the ratio 
of ro K. © By prop. 47. find theſe triangles EFM, EFN each 
ef which has the angle EFL for one of its angles, and the ratio 
of the tide FE to EM or EN the ſame with the ratio of H to K; 
and let the angle EMF be greater, and ENF leſs than a right 
angle. And becauſe H is greater than K, EF is greater than 
EN, and therefore the angle EFN, that is, the angle NFG, is 


— On 


— 
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a 9. 1. 


b 3. 6. 


lets than the angle ENF. To each of theſe add the angles f 18. 1. 


NEF, EFN ; therefore the angles NEF, EFG are leſs than the 
angles NEF, EFN, FNE, that is, than two right angles; there- 
fore the ſtraight lines EN, FG muſt meet together when produ- 
ced; let them meet in O, and produce EM to G. Each of 
the triangles, EFG, EFO has the things mentioned to be given 
a the propoſition : For each of them has the given angle EFG; 
and becauſe this angle is biſected by the ſtraight line FMN, the 
des EF, FG together have to EG the third ſide the ratio of 
Eto EM, that is, of H to K. In like manner, the ſides EF, 
FO together have to EO the ratio which H has to K. 


C0 2 | PROP. 
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PROP. XLIX. 


F a triangle has one angle given, and if the fide; 5 


f 
bout another angle, both together, have a given n fr 


ri 

tio to the third fide; the triangle is given in {pecies, Mit — 
Let the triangle ABC have one angle ABC given, and letik Fror 
two ſides BA, AC about another angle BAC have a given ray ſpecies, 
to BC; the triangle ABC is given in ſpecies. the rat 
Suppoſe the angle BAC to be biſected by the ſtraight In Bec: 
AD; BA and AC together are to BC, as AB to BD, as Na ſpecies 
ſhown in the preceding propolition. But the ratio of BA ay angle / 
AC together to BC is given, therefore alſo the ratio of AB ABD 
a 44, dat. BD is given. And the angle ABD is given, wherefore * ratio o 
triangle ABD is given in ſpecies ; and conſequently the age tio of - 
BAD, and its double the angle BAC the rat 


are given; and the angle ABC is gi- A 
ven. 1lherefore the triangle ABC is 


A triangle which ſhall have the end 
things mentioned in the propoſition to B D C 
be given, may be thus found. Let E 
EFG be the given angle, and the ra- 


R 


tio of H to K the given ratio; and K Let 
by prop. 44. find the triangle EFL, ABCD 
which has the angle EFG for one of Join 
its angles, and the ratio of the ſides F L 0 angle ] 
EF, FL about this angle the ſame with BA to 
the ratio of HtoK; and make the angle LEM equal to t triangh 
angle FEL. And becauſe the ratio of H to K is the ratio we an; 
two ſides of a triangle have to the third, H muſt be greater tha the w 
K; and becauſe EF is ta FL, as H to K, therefore EF is prea therefc 
er than FL, and the angle FEL, that is, LEM, is therefore even, 
than the angle ELF. Wherefore the angles LFE. FEM en. 
leſs than two right angles, as was ſhown in the foregoing prop! BE to 
ſition, and the ſtraight lines FL, EM muſt meet if produce the tri 
let them meet in G, EFG is the triangle which was to be found the tri; 
for EFG 1s one of its angles, and becauſe the angle FEG tes 
ſected by EL, the two ſides FE, EG together have to the H ſpec 


fide FG the ratio of EF to FL, that is, the given ratio of H tol 
PRO? 


K wee 


PROP. L. 
76, 
des 3 F from the vertex of a triangle given in ſpecies, a 
cn ry ſtraight line be drawn to the baſe in a given angle; 
cies, it ſhall have a given ratio to the baſe. 
let the From the vertex A of the triangle ABC which is given in 
1 ra ſpecies, let AD be drawn to the baſe BC in a given angle ADB ; 
the ratio of AD to BC is given. 
ht ling Becauſe the triangle ABC is given in | 
as wal ſpecies, the angle ABD is given, and the A 
BA adW:nglc ADB is given, therefore the triangle 
AB. ABD is given“ in ſpecies ; wherefore the a 43. dat. 
re ratio of AD to AB is given. And the ra- 
e angle tio of AB to BC is given; and therefore B 'D C b. 9. dat, 
A the ratio of AD to BC is given. 
PROP. LI. F 


ECTILINEAL figures given in ſpecies, are di- 
vided into triangles which are given in ſpecies. 


Let the rectilineal figure ABCDE be given in ſpecies ; 
ABCDE may be divided into triangles given in ſpecies, 

Join BE, BD ; and becauſe ABCDE is given in ſpecies, the 
angle BAE is given , and the ratio of, A a 3. def, 
BA to AE is given a; wherefore the 
triangle BAE is given in ſpecies d, and 
the angle AEB is therefore given®. But 


G 


ro 
3 which 


b 44. dat. 


er tal the whole angle AED is given, and 
; grea therefore the remaining angle BED is C 
ore given, and the ratio of AE to EB is 


given, as alſo the ratio of AE to ED; therefore the ratio of 
BE to ED is given ©. And the angle BED is given, wherefore c 9. dat. 
the triangle BED is given ® in ſpecies. In the ſame manner, 
tne triangle BDC is given in ſpecies: Therefore rectilineal fi- 
gures which are given in ſpecies are divided into triangles given 
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in ſpecies. 
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P R O P. LI. 


IF two triangles given in ſpecies be deſcribed upon 
the ſame ſtraight line; they ſhall have a given ra. 
tio to one another. 


Let the triangles ABC, ABD given in ſpecies be deſcribed 
upon the ſame ſtraight line AB; the ratio of the triangle ABC 
to the triangle ABD is given. | 

Through the point C, draw CE parallel to AB, and let i: 
meet DA produced in E, and join BE. Becauſe the triangle 
ABC is given in ſpecies, the angle BAC, that is, the angle 
ACE, is given; ard becauſe the triangle ABD is given in ſpe. 
cies, the angle DAB, | 
thatis, the angle AEC, 


E L 
is given. Therefore the — H 
triangle ACE is given 
in ſpecies; wherefore 
the ratio of EA to AC AR B F G 
is given a, and the ra- 
D K 


tio of CA to AB is 


ven, as alſo the ra- | 
tio of BA to AD; therefore the ratio of * EA to AD is given, 
and the triangle ACB is equal © to the triangle AEB, and 20 
the triangle AEB, or ACB, is to the triangle ADB, fo is © the 
ſtraight line EA to AD. But the ratio of EA to AD is given, 
therefore the ratio of the triangle ACE to the triangle ADB is 
given. 


PROBLEM. 


To find the ratio of two triangles ABC, ABD given in ſpe. 
cies, and which are deſcribed upon the ſame ſtraight line AB. 

Take a ſtraight line FG given in poſition and magnitude, 
and becauſe the angles of the triangles ABC, ABD are gives, 
at the points F, G of the ſtraight line FG, make the angles 
GFH, GFK equal to the angles BAC, BAD; and the angles 
FGH, FGK equal to the angles ABC, ABD, each to each. 
Therefore the triangles ABC, ABD are equiangular to the tri 
angles FGH, FGK, each to each. Through the point H draw 
HL parallel to FG meeting KF produced in L. And becauſe 
the angles BAC, BAD are equal to the angles GFH, GFK, each 
to each; therefore the angles ACE, AEC are equal to FBL 
FLH, each to each, and the triangle AEC equi angular to th 
triangle FLH. Therefore as EA to AC, ſo is LF to FH; and 
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s CAto AB, ſo HF to FG; and as BA to AD, ſo is GF 
o FK; wherefore, ex æquali, as EA to AD, fo is LF to 
FK, But as was ſhown, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is, as LF to FK. 
The ratio therefore of LF to FK has been found, which is the 
ame with the ratio of the triangle ABC to the triangle ABD. 


PROP. LIL. 49. 


F two rectilineal figures given in ſpecies be deſcribed see N. 
| upon the ſame ftraight line; they ſhall have a gi- 
ven ratio to one another. 


Let any two rectilineal figures ABC DE, AB FG which are 
giren in ſpecies, be deſcribed upon the ſame ſtraight line AB; 
the ratio of them to one another is given. 

Join AC, AD, AF; each of the triangles AED, ADC, 
ACB, AGF, ABF is given * in ſpecies. And becauſe the tri- a 51. dat. 
zogles ADE, ADC given in ſpecies 
are deſcribed upon the ſame ſtraight 
line AD, the ratio of EAD to DAC E 
is given d; and, by compoſition, 
the ratio of EAC D to DAC is 
wen ©. And the ratio of DAC to 
(aB is given o, becauſe they are 
deſcribed upon the ſame ſtraight G 
line AC; therefore the ratio of | 
EACD to ACB is given 4; and, by u—+ IN oO d 9. dat. 
compoſition, the ratio of ABC DE 
to ABC is given. In the ſame manner, the ratio of ABF G to 
ABP is given. But the ratio of the triangle ABC to the triangle 
ABF is given; wherefore d, becauſe the ratio of ABCDE to 
ABC is given, as alſo the ratio of ABC to ABF, and the ratio 


of ABF to ABF G; the ratio of the rectilineal ABC DE to the 
rectilineal ABF G is given 4. 


PROBLEM. 


To find the ratio of two rectilineal figures given in ſpecies, 
and deſcribed upon the ſame ſtraight line. 

Let ABCDE, ABFG be two rectilineal figures given in 
ſpecies, and deſcribed upon the ſame ſtraight line AB, and 
jon AC, AD, AF. Take a ſtraight line HK given in poſition 
and magnitude, and by the 52d dat. find the ratio of the tri- 
angle ADE to the triangle ADC, and make the ratio of H 


C C 4 to 
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to KL the ſame with it. Find alſo the ratio of the trian p 
ACD to the triangle ACB. And make the ratio of KL 5 
LM the ſame. Alſo, find the ratio of the triangle ABC to the 
triangle ABF, and make the ratio of LM to MN the ſame 
And laſtly, find the ratio of the triangle AFB to the triangl 
AFG, and make the ratio of MN 

to NO the ſame Then the ratio of D 
ABCDE to ABFG is the ſame with F 

the ratio of HM to MO. C 

Becauſe the triavgle EAD is to 

the triangle DAC, as the ſtraight B 
line HK to KL; and as the triangle 

DAC to CAB, ſo is the ſtraight G = 
line KL to I. M; therefore, by ufin 

compoſition as often as the e. on LL MN 0 
of triangles requires, the re&ilineal 

ABCUE is to the triangle ABC, as the ſtraight line HM to ML, 
In like manner, becauſe the triangle GAF is to FAB, as ON ty 
NM, by compolition, the reQilineal ABFG is to the trianole 
ABF, as MO to MN; and, by inverſion, as ABF to ABFG. 0 
is NM to MO. And the triangle ABC is to ABF, as LM tg 
MN. Wherefore, becauſe as ABCDE to ABC, ſo is HM 0 
ML; and as ABC to ABF, fo is LM to MN; and as ABP 
to ABFG, fo is MN to MO; ex azquali, as the reftiline; 
ABCDE to ABFG, ſo is the ſtraight line HM to MO. 


59. | PROP. LIV. 


F two ftraight lines have a given ratio to one another; 
the ſimilar rectilineal figures deſcribed upon them 
ſimilarly, ſhall have a given ratio to one another, 


Let the ſtraight lines AB, CD, have a given ratio to one an- 
other, and let the ſimilar and ſimilarly placed re&ilineal figures 
E, F be defcribed upon them; the ratio of E to F is given. 


Ge 


A 


To AB. CD, let G be a third 
proportional ; therefore as AB to 

CD, fo is CD to G. And the ratio 

of AB to CI) is given, wherefore 

the ratio of CD to G is given ; and C D 
conſequently the ratio of AB to G i- H . 

a 9. dat. allo given a. But as AB to G, fo is — —- 


2. Cor. 20, the figure E to the figure o F. Therefore the ratio of E to 
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To find the ratio of two ſimilar rectilineal figures, E, F, ſimi. 
larly deſcribed upon ftraight lines AB, CD which have a given 
mio to one another: Let G be a third proportional to AB, CD. 

Take a itraight line H given in magnitude; and becauſe the 
-atio of AB to CD is given, make the ratio of H to K the 
ame with it; and becaule H is given, K is given. As H is to 
N, ſo make K to L; then the ratio of E to F is the ſame with the 
ratio of HtoL'; tor AB is to CD, as H to K, wherefore CD is 
10 G, as K to L; and, ex quali, as AB to G, ſo is HtoL: 
But che figure E is tod the figure F, as AB to G, that is, as H 
to L. 


PROP. LV. 


F two ſtraight lines have a given ratio to one ano- 
ther ; the rectilineal figures given in ſpecies deſeri- 
bed upon them, ſhall have to one another a given ratio. 


Let AB, CD be two ſtraight lines which have a given ratio 
to one another; the rectilineal figures E, F given in ſpecies and 
deſcribed upon them, have a given ratio to one another. 

Upon the ſtraight line AB, deſcribe the figure AG ſimilar 
and ſimilarly placed to the 1 F; and becauſe F is given in 
ſpecies, AG is alfo given in ſpe- | 
cies; Therefore, ſince the figures E CD 
E, AG which are given in ſpe- A N 
cies, are deſeribed upon the fame 
ſtraight line AB, the ratio of E 8 ; 
to AG is given e, and becauſe H KE . 77 
the ratio of AB to CD is given, . 
and upon them are defcribed the ſimilar and ſimilarly placed 
rectilineal figures AG, F, the ratio of AG to F is given d; 


and the ratio of AG to E is given; therefore the ratio of E to F 
Is given ©, 


PR OB LE M. 


To find the ratio of two rectilineal figures E, F given in ſpe- 
cies and deſcribed upon the ſtraight lines AB, CD which have 
a given ratio ta one another. 

Take a ſtraight line H given in magnitude; and becauſe 
the rectilineal figures E, AG given in ſpecies are deſcribed up. 
on the ſame ſtraight line AB, find their ratio by the 53d dat. 
and make the ratio of H to K the ſame ; K is therefore given 2 
And becauſe the {unilar rectilineal figures AG, F are deſcribed 


upon 
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upon the ſtraight lines AB, CD, which have a given ratio Let . 
find their ratio - the 54th dat. and make the ratio of K to 5 et the 
the ſame : The figure E has to F the ſame ratio which Hof the 
to L: For, by the conſtruction, as E is to AG, ſo is H to x, Beca 
and as AG to F, ſo is K to L; therefore, ex æquali, as E to F. Wl of 4B 
ſo is H to L. | | ven d. 
tios of 

PROP. LI. 2 

The 

F a rectilineal figure given in ſpecies be deſeribed 4 . 

1 upon a ſtraight line given in magnitude; the figure ¶ becauſ 
isgiven in magnitude. given, 
Let the rectilineal figure ABC DE given in ſpecies be defcri. the ſan 
bed upon the ſtraight line AB given in magnitude; the figure of AB 
ABCDE is given in magnitude, 1 Nes 
Upon AB let the ſquare AF be deſcribed; therefore AF is make t 
given in ſpecies and magnitude, and becauſe the rectilineal f. .. EF k 
gures ABCDE, AF given in ſpecies are 10 0 
deſcribed upon the ſame ſtraight line AB, * 
L { 


the ratio of ABCDE to AF is given * : 
But the ſquare AF is given in magnitude, 
therefore b alſo the figure ABCDE is D 


given in magnitude, 


PROB. 
To find the magnitude of a rectilineal 
figure given in ſpecies deſcribed upon a 
* line given in magnitude. 


Ft 
on 
ven r 


ake the ſtraight line GH equal to Let 

the given ſtraight line AB, and by the K tio to 
53d dat. find the ratio which the ſquare G H K. 

AF upon AB has to the figure ABC DE; and make the ratio of Let 

GH to HK the ſame ; and upon GH deſcribe the ſquare GL, the ſtr 

and complete the parallelogram LHKM ; the figure ABCDE i] ' ©, 

equal to LHKM : Becauſe AF is to ABCDE, as the ſtraight ihe ra 

line GH to HK, that is, as the figure GL to HM; and AF i: tore tl 

equal to GL ; therefore ABCDE is equal to HM e. en C 

: wnere 

5 PROP. LVII. Pp 18 

F two rectilineal figures are given in ſpecies, and i found 

a ſide of one of them has a given ratio to a fide oi given 

the other; the ratios of the remaining fides to the re. x, 

. as the 


maining ſides ſhall be given. * 
˖ 
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Let AC, DF be two rectilineal figures given in ſpecies, and 
et the ratio of the ſide AB to the ſide DE be given, the ratios 
of the remaining ſides to the remaining ſides are alſo given. 
Becauſe the ratio of AB to DE is given, as alſo the ratios 3 3. def, 
of AB to BC, and of DE to EF, the ratio of BC to EF is gi- 


1», In the ſame manner, the ra- dia 
50 of the other ſides to the other D 10 
ſides are given. 

The ratio which BC has to EF 
may be found thus: Take a ſtraight 


bed oe G given in magnitude, and 
Igure becauſe the ratio of BC to BA is 
given, make the ratio of G to H 


the ſame; and becauſe the ratio 


1 | JS 3 
Jeſcri. . , k G l [| 
foure WY of AB to DE is given, make the 
S ratio of 'H to K the ſame; and 


AF i; make the ratio of K to L the ſame with the given ratio of DE 
al 6.08 to EF. Since therefore as BC to BA, ſo is G to H; and as BA 
10 DE, ſo is HtoKz and as DE to EF, ſo is K to L; ex x- 
quali, BC is to EF, as G to L; therefore the ratio of G to L has 
teen found, which is the ſame with the ratio of BC to EF. 


PROP, LVIII. 


F two ſimilar rectilineal figures have a given ratio to gee N. 
one another, their homologous ſides have alſo a gi- 
ven ratio to one another, 


Let the two Gimilar rectilineal figures A, B, have a given ra- 


to to one another, their homologous ſides have alſo a given ra- 
tio 


Let the ſide CD be homologous to EF, and to CD, EF let 


the ſtraight line G be a third proportional. As therefore CD. 1 
to G, ſo is the figure A to B; and | 


20. 6, 
the ratio of A to B is given, there- 2 
fore the ratio of CD to G is given; 
and CD, EF, G are proportionals; 
wherefore b the ratio of CD to EF C DE F 
is given. ö 

The ratio of CD to EF may be — . 

found thus: Take a ſtraight line © H L K 
given in magnitude; and becauſe the ratio of the figure A to 
B is given, make the ratio of H to K the ſame with it : And, 
4 te 1 3th dat. directs to be done, find a mean proportional L 


between 
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between H and K; the ratio of CD to EF is the ſame with that 
of H to L. Let G be a third proportional to CD, EF there. 


fore as CD to G, ſo is (A to B, and ſo is) H to K; and x; 0 
to EF, ſo is H to L, as is ſhown in the 13th dat. 


PROP. LIX. 


54s | 
dee . IF two rectilineal figures given in ſpecies have a gi 
ven ratio to one another, their fides ſhall Iikew ite 
have given ratios to one another. 


Let the two rectilineal figures A, B given in ſpecies, have: 
given ratio to one another, their ſides ſhall alſo have given ra. 
tios to one another. | \d let 

If the figure A be ſimilar to B, their homologous ſides he 1 
ſhall have a given ratio to one another, by the preceding pro. 10 * 
polition ; and becauſe the figures are given in ſpecies, the ſides therefc 

a 3. def. of each of them have given ratios a to one another; therefore iven | 
b g. dat. each {ide of one of them has d to each fide of the other a given a0 
ratio. * f 

But if the figure A be not ſimilar to B, let CD, EF be ay * 

two of their ſides; and upon EF conceive the figure EG to be aſe 


deſcribed ſimilar and ſimilarly 7 _ 0 


placed to the figure A, ſo that |. A | PAD « "= 


CD, EF be homologous ſides; | — DD; 
therefore EG is given in ſpe- AB / n ae, 
cies; and the ——5 B is given (© D L. ſde ! 
c 53. dat, in ſpecies; wherefore e the ra- H 
tio of B to EG is given; and K 
the ratio of A to B is given, | 
therefore b the ratio of ; fi- 2 
gare A to EG is given; and 
d 58. dat. A 1s ſimilar to EG ; therefore * the ratio of the ſide CD to EF 
is given; and conſequently d the ratios of the remaining ſides 
to the remaining ſides are given. ; | 
The ratio of CD to EF may be found thus: Take a ftraight 
line H given in magnitude, and becauſe the ratio of the ãgure 
A to B is given, make the ratio of H to K the ſame with t. 
And by the 5 3d dat. find the ratio of the figure B to EG, and 
make the ratio of K to L the fame: 11 H and L. 
find a mean proportional M, the ratio of CD to EF is the 
ſame with the ratio of H to M; becauſe the figure A is to B 
as H to K; and as B to EG, ſo is K to L; ex zquali, wy 


1 


. vn 
o EG, ſo is H to L: And the figures A, EG are ſimilar, and 


Mis a mean proportional between H and L; therefore, as was 
hewn in the preceding propoſition, CD is to EF as H to M. 
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F a rectilineal figure be given in ſpecies and magni- 
[ tude, the ſides of it ſhall be given in magnitude. 


Let the rectilineal figure A be given in ſpecies and magnitude, 
its ſides are given in magnitude. | 
Take a ſtraight line BC given in poſition and magnitude, 


and upon BC de ſcribe à the figure D ſimilar, and ſimilarly a 18. 6. 
placed, to the figure A, | 


and let EF be the fide of 

the figure A homologons | 

0 Be the fide of D; G D 
therefore the figure D is 


giren in ſpecies. And be- E F B Ci T 


cauſe upon the. given 

. line BC the. fi- 225 
ure wen in ſpecies 

b derbe, D is given d N K vs 
in magnitude, and the figure A is given in magnitude, there. 

fore the ratio of A to D is given: And the figure A is ſimilar | 

to D; therefore the ratio of the fide EF to the homologous 


ide BC is given e; and BC is given, wherefore 4 EF is given: c 58. dat. 
And the ratio of EF to EG is given e, therefore EG is given. 4 5 wy 


And, in the ſame manner, each of the other ſides of the figure 
A can be ſhewn to be given. 


PR O B L EN. 


To de ſcribe a rectilineal figure A ſimilar to a given figure D | 
and equal to another given figure H. It is prop. 25. b 6. Elem. 
Becauſe each of the figures D, H is given, their ratio is gi- 
ven, which may be found by making f upon the given ſtraight f cor. 45. 
line BC the parallelogram BK equal to D, and upon its fide 1 
CK making f the parallelogram Ki. equal to H in the angle 
KCL equal to the angle MBC; therefore the ratio of D to H, 
that is, of BK to KL, is the fanie with the ratio of BC to CL: 
And becauſe the figures D, A are ſimilar, and that the ratio of 
D to A or H, is the ſame with the ratio of BC to CL ; by 
the 58th dat. the ratio of the homologous fides BC, EF is the 
lane with the ratio of BC to the mean proportional between 
BC and CL, Find EF the mean proportional; then EF is the 
2 ſide 
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a 1. def. 


b Cor. 45. 


a 4}. dat. 


% & 


1. 


6. 


Cor. D is to A, as 8 BC to CL, that is as the figure BK to KL. 
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ſide of the figure to be deſcribed, homologous to BC 

of D, and the figure itſelf can be deſcribed by the ps 
B. 6. which, by the conſtruction, is ſimilar to D; and bern 
that D is equal to BK, therefore A l is equal to KL, that * 


p R O p. LXI. 


I a parallelogram given in magnitude has one gf 
its ſides and one of its angles given in magnitude 
the other fide alſo is given. | 


Let the parallelogram ABDC given in magnitude, have the 
ſide AB and the angle BAC given in magnitude, the other ſide 
AC is given. 

Take a ſtraight line EF given in poſition and magnitude 
and becauſe the parallelogram AD 
is given in magnitude, a rectilineal 
figure equal to it can be found . 
And a parallelogram equal to this 
figure can be applied d to the given 
ſtraight line EF in an angle equal to 
the given angle BAC. t this be 
the parallelogram EFHG having 
the angle FEG equal to the angle 
BAC. And becauſe the parallelo- 
grams AD, EH are equal, and have 
the angles at A and E equal; the ſides about them are recipro- 


6. cally proportional © ; therefore as AB to EF, ſo is EG to AC: 


and AB, EF, EG are given, therefore alſo AC is given“ 
Whence the way of finding AC is manifeſt. 


PRO P. LXII. 


F a parallelogram has a given angle, the rectangle 
contained by the ſides about that angle has a given 


ratio to the parallelogram. 
A D 
BET 
1 
GK H 


Let the parallelogram ABCD have the gi- 
ven angle ABC, the rectangle AB, BC has 
a given ratio to the parallelogram AC. 

From the point A draw AE perpendi- 
cular to BC; becauſe the angle ABC is gi- 
ven, as alſo the angle AEB, the triangle 
ABE is given = in ſpecies ; therefore the 
ratio of BA to AE is given. But as BA to 
AE, fo is d the rectangle AB, BC to the 
rectangle AE, BC; therefore the ratio of 


the 
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he rectangle AB, BC to AE, BC that is e, to the parallelo- 

m AC, is given. | 

And it is evident how the ratio of the reQangle to the pa- 
rallelogram may be found by making the angle FGH equal 
o the given angle ABC, and drawing, from any point F in 
ane of its ſides, FK perpendicular to the other GH ; for GF 
to FK, as BA to AE, that is, as the rectangle AB, BC, to 
the parallelogram AC. 

Cor. And if a triangle ABC has a given angle ABC, the 
-etangle AB, BC contained by the ſides about that angle, 
hall have a given ratio to the triangle ABC. 

Complete the parallelogram ABCD ; therefore, by this pro- 
polnion, the rectangle AB, BC has a given ratio to the paral- 
elogram AC; and AC has a given ratio to its half the tri. 
angle ABC; therefore the rectangle AB, BC has a given 
ratio to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus: 
Make the triangle FGK, as was ſhown in the propoſition ; the 
ratio of GF to the half of the perpendicular FK is the ſame with 
the ratio of the rectangle AB, BC to the triangle ABC. Be- 
cauſe, as was ſhown, GF is to FK, as AB, BC to the paralle- 
logram AC; and FK is to its half, as AC is to its half, which 
js the triangle ABC; therefore, ex zquali, GF is to the half 
of FK, as AB, BC rectangle is to the triangle ABC, 


PROP. LXIII. 


F two parallelograms be equiangular, as a fide of 
the firſt to a fide of the ſecond, ſo is the other fide of 
the ſecond to the ſtraight line to which the other fide of 
the firſt has the ſame ratio which the firſt parallelogram 
has to the ſecond. And conſequently, if the ratio of 
the firſt parallelogram to the ſecond be given, the ra- 
tio of the other ſide of the firſt to that ſtraight line is gi- 


ren; and if the ratio of the other fide of the firſt to 


that ſtraight line be given, the ratio of the firſt paralle- 
logam to the ſecond is given, 


Let AC, DF be two equiangular parallelograms, as BC, a 


ide of the firſt, is to EF, a fide of the ſecond, ſo is DE, the o- 
ther ſide of the ſecond, to the ſtraight line to which AB, the o- 
| 7, Wer 
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ther ſide of the firſt has the ſame ratio which AC has to Dr 


Produce the ſtraight line AB, and make as B of AB 
DE to BG, and cvinplite the parallelo- 8 ſpecies 
ram BGH C; therefore, becauſe BC or A And 
H, is to EF, as DE to BG, the ſides rallelog 
abont the equal angles BGH, DEF are BA is 
reciprocally proportional; wherefore 3 to M, 
the parallelogram BH is equal to DF; and be. 
and AB is to BG, as the parallelogram are eq 
A is to BH, that is, to DF; as there- D— EF t 
fore BC is to EF, ſo is DE to BG, which / 1 has the 
is the ſtraight line to which AB has the 1 —F m K 
ſame ratio that AC has to DF. ſo is E 
And if the ratio of the parallelogram AC to DF be gen the 
then the ratio of the ſtraight line AB to BG is given; and the rat 
the ratio of AB to the ſtraight line BG be given, the ratio d lelogral 
the parallelogram AC to DF is given. Cor 
| angles, 
PROP, LXIV. gh 
ſide of 
F two parallelograms have unequal, but given angles Sh 
and if as a ſide of the firſt to a fide of the ſecond, ſo Ch 
the other fide of the ſecond be made to a certain ſtraight the rat 
line; if the ratio of the firſt parallelogram to the ſe no of 
cond be given, the ratio of the other ſide of the firſt t rallelog 
that ſtraight line ſhall be given. And if the ratio of tie G, a: 
other ſide of the firſt to that ſtraight line be given, the 4 | 
ratio of the firſt parallelogram to the ſecond ſhall be gi * giv 
Ven. | A; 
Let ABCD, EFGH be two parallelograms which have the allele 
ynequal, but given, angles ABC, EFG; and as BC to FC, therefo 


#36. 1. 


v 63. dat. 


make EF to the ſtraight line M. If the ratio of the parallel 
gram AC to EG be given, the ratio of AB to M is given. 
At the point B of the ftraight line BC make the ang 


CBK equal to the angle EFG, and complete the parallelogr? F ty 


KBCL. And becauſe the ratio of AC to EG is given, and that to 
AC is equal a to the parallelogram KC, therefore the ratio dl given 
KC to EG is given; and KC, EG are equiangular z there. her 
fore as BC to FG, ſo is > EF to the ſtraight line to which KB 
has a given ratio, viz the ſame which the parallelogram Let 
KC has to EG; But as BC to FG, ſo is EF to the ſtraigh ven rat 
line M; therefore KB has a given ratio to M; and the rat to the 


0 the oth 


* 
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of AB to BK is given, becauſe the triangle ABK is given in 43 dt 
ſpecies c; therefore the ratio of AB to M is given 4. d 9. 2 
And if the ratio of AB to M be given, the ratio of the pa- 
rallelogram AC to EG is given; for ſince the ratio of KB to 
BA is given, as alſo the ratio of AB K A L D 
to M, the ratio of KB to M is given 4; 
and becauſe the rea; hn C, EG 
are equiangular, as BC to FG, ſo is 3 | 
EF to the ſtraight line to which KB —_— | rings 
has the ſame ratio which the parallelo- E a H 
gram KC has to EG; but as BC to FG. 
ſo is EF to M; therefore KB is to M, M — 6 
25 the parallelogram KC is to EG; and 
the ratio of KB to M is given, therefore the ratio of the paral- 
lelogram KC, that is, of AC to EG, is given. 
Cox. And if two triangles ABC, EFG have two equal 
angles, or two unequal, but given, angles ABC, EFG, and if 
BC a ſide of the firſt to FG a fide of the ſecond, ſo the other | 
(ide of the ſecond EF be made to a ſtraight line M; if the ratio 
of the triangles be given, the ratio of the other ſide of the firſt | 
to the ſtraight line M is given. 
Complete the parallelograms ABCD, EFGH; and becauſe 
the ratio of the triangle ABC to the triangle EFG is given, the 
ratio of the parallelogram AC to EG is given e, becauſe the pa-. 
rallelograms are double f of the triangles; and becauſe BC is to f 4 r. 
FG, as EF to M. the ratio of AB to M is given by the 63d dat. 
if the angles ABC, EFG are equal; but if they be unequal, 
but given angles, the ratio of AB to M is given by this propoſi- 
tion, 
And if the ratio of AB to M be given, the ratio of the pa- 
rallelogram AC to EG is given by the ſane propoſition ; and 
therefore the ratio of the triangle ABC to EFG is given. 


POP IRS. 68. 


I two equiangular parallelograms have a given ratio 
to one another, and if one ſide has to one ſide a 
given ratio; the other fide ſhall alſo have to the 
other fide a given ratio. 

Let the two equiangular parallelograms AB, CD have a gi- 
ven ratio to one another, and let the fide EB have a given ratio 
to the ſide FD; the other ſide AF has alſo a given ratio to 
the other ſide CF. 


Dd Becauſe 


418 E UC LI D's 
Becauſe the two equiangular parallelograms AB, CD have 1 


he rat 
given ratio to one another; as EB, a fide of the firſt, is to FD " equ- 
a 63. dat. a fide of the ſecond, ſo is FC, the other ſide of the ſecond to And bt 
the ſtraight line to which AE, the other ſide of the firſt ha the ral 
the ſame given ratio which the firſt parallelogram AB ba EF is 
to the other CD Let this ſtraight line be EG ; therefore the to BA 
ratio of AE to EG is given; fore * 
and EB is to FD, as FC to C The 
EG, therefore the ratio of + fo 0 E found 1 
FC to EC: is given, becauſe MN 
the ratio of EB to FD is gi- "wy 5 F . 
ven; and becauſe the ratio of equal 
3 to EG, as alſo the ratio and th 
of FC to ECG is given; the ven 
d 9, dat. ratio of AKto CF 5 given d. HEL . an; 
The ratio of AE to CF may be found thus: Take a ſtraight given 
line H given in magnitude; and becauſe the ratio of the pa. by the 
rallelogram AB to CD is given, make the ratio of H to K the NO to 
ſame with it. And becauſe the ratio of FD to EB is given, ſame v 
make the ratio of K to L the ſame: The ratio of AE to CF is is equi 
the ſame with the ratio of H to L. Make as EB to FD, ſo FC as KB 
to EG, therefore, by inverſion, as FD to EB, ſo is EG to FC; EF, fe 


and as AE to EG, ſo is ® (the parallelogram AB to CD, and ſo 
is) H to K; but as EG to FC, fo is (FD to EB, and ſo is) K 
to L; therefore, ex æquali, as AE to FC, fo is H to L. 


Ft 
96. PROP. LXVI. 81 
ſhall 

F two parallelograms have unequal, but giyen 
angles, and a given ratio to one another; if one : 2s 
ſide has to one fide a given ratio, the other fide has = 
allo a given ratio to the other fide. T. K 
ratio c 
Let the two parallelograms ABCD, EFG H which have the make 1 
given unequal angles ABC, EFG, have a given ratio to one at- fame \ 
other, and let the ratio of BC to FG be given; the ratio allo given: 
of AB to EF is given. | of BC 
At the point B of the ſtraight line BC make the angle CBK the rat 
equal to the given angle EFG, and complete the parallelo- There 
gram BKLC ; and becauſe each of the angles BAK, AKB is Kis g 
a 42, dat. given, the triangle ABK is given - in ſpecſes; therefore the ratio « 
ratio of AB to BK is given; and becauſe, by the hypotheſis, paralle 


the 
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the ratio of the parallelogram AC to EG is given, and that AC 

is equal * to BL ; therefore the ratio of BL to EG is given: Þ 35. 1. 
And becauſe BL is equiangular ro EG, and by the hypotheſis, 

the ratio of BC to FG is given; therefore e the ratio of KB to c 65. dat. 
EF is given, and the ratio of KB A K D L 


to BA 1s given; the ratio there- 


fore 4 of AB to EF is given. d 9. dat 
The ratio of AB to EF may be c | 
found thus : Take the ſtraight line 


MN given in poſition and magni- 
tude ; and make the angle NMO 


—- + 


equal to the given angle BAK, - 

and the angle MNO equal to the O | 
given angle EFG or AKB: And | f 
becauſe the parallelogram BL is equiangular to EG, and has a f 
iven ratio to it, and that the ratio of BC to FCG is given; find ; 


by the 65th dat. the ratio of KB to EF; and make the ratio of 
NO to OP the fame with it: Then the ratio of AB to EF is the 
ſame with the ratio of MO to OP: For ſince the triangle ABK 
i equiangular to MON, as AB to BK, ſo is MO to ON: and 
as KB to EF, ſo is NO to OP; therefore, ex æquali, as AB to 
EF, ſo is MO to OP. 


PROP. IXVII. 


F the ſides of two equiangular parallelograms have see N. 
given ratios to one another; the parallelograms 
ſhall have a given ratio to one another. 


Let ABCD, EFGH be two equiangular parallelograms, and 
let the ratio of AB to EF, as alſo the ratio of BC to FG, be gi- 
ven; the ratio of the parallelogram AC ro EG is given. 

Take a ſtraight line K given in magnitude, and becauſe the 
ratio of AB to EF is given, 


M 
make the ratio of K to L the A D E H 


ſame with it z therefore L is \ \ 

given; And becaule the ratio 8 C 9 

of BU to FG is given, make K— 

the ratio of L to M the ſame: F G 

Therefore Mis given 2: and L 

Kis given, wherefore d. the 

ratio of K to Mis given: But the parallelogram AG is to the 

parallelopram EG, as IN line K to the ſtraight line M, 
ah om 


b 1. dat, 


4 ” 
» 
% 


420 


See N. 
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as is demonſrated in the 23d prop. of B. 6. Elem, thereſye 


the ratio of. G to EG is given. 
From this it is plain how the ratio of two equiangyular para. 
lelograms may be found when the ratios of their ſides are gen. 


PROP, LXVIII. 


F the ſides of two parallelograms which have un. 
equal, but given angles, have given ratios to one 
another; the parallelograms ſhall have a given ratio 
to one another. 


Let two parallelograms ABCD, EFGH which have the given 
unequal angles ABC, EFG have the ratios of their fides, viz. of 
AB to EF, and of BC to FG, given; the ratio of the parallelo. 
gram AC to EG is given. | 

At the point B of the ſtraight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelo. 
gram KBCL : And becauſe each of the angles BAK, BKA i; 
given, the triangle ABK is piven * in ſpecies: Therefore the 
ratio of AB to BK is given; and the ratio of AB to EF is gi. 


b . dit. ven, wherefore b the ratio of BK to EF is given: And the 1 
ratio of BC to FG is given; 
and the angle KBC is equal K A LD E H _ 
to the angle EFG; there- <4 | 5 wn 
c 67. dat. fore © the ratio of the paral. | * x 
lelogram KC to EG is gi- B | N C | a t 
35. r. ven: But KC is equal à to | | 
AC ; therefore the ratio of | 
AC to EG is given. O PNF G 


The ratio of the parallelogram AC to EG may be found F 3 
thus: Take the ſtraight line MN given in poſition and magnt- | 
tude, and make the angle MNO equal to the given angle KAB, Pal 
and the angle NMO equal to the given angle AKB or H- dies; 
And becauſe the ratio of AB to EF is given, make the ratio of gram 
NO to P the ſame ; alſo make the ratio of P ro Q the lameY 
with the given ratio of BC to FG, the parallelogram AC 1 10 Let 
EG, as MO to Q. a | lide of 

Becauſe the angle KAB is equal to the angle MNO, and angle 
the angle AKB equal to the angle NM O; the triangle AKB is the pa 
equiangular to NMO : Therefore as KB to BA, ſo is MO to Thi 
ON; and as BA to EF, fo is NO to P; wherefore, ex æ. the po 
quali, as KB to EF, ſo is MO to P: And BC is to FG, a5 


to 


D A T A. 39 


to Q, and the parallelograms KC, EG are equiangular; there - 
fore, as was ſhown in prop. 67. the parallelogram KC, that is, 
AC, is to EG, as MO to . 
Co. t. If two triangles ABC, DEF have two equal angles, yr. 
or two unequal, but given angles ABC, DEF, and if the ratios 
fthe ſides about theſe angles, viz, + 
ho ratios of AB to DE, a of BC A. G D H 
to EF be given ; the triangles ſhall | 
have a given "or — _ arg 
Complete the parallelograms BG, | 
EH; — ratio of BG © EH is gi- B CC E F | 
ven ; and therefore the triangles which are the halves > of 67. or 63. 
them have a given © ratio to one another. 1 dat. 
Cor. 2. If the baſes BC, EF of two triangles ABC, DEF have e 5 f. 
a given ratio to one another, and if alſo the ſtraight lines AG, 72. 
DH which are drawn to the baſes from the oppoſite angles, 
either in equal angles, or unequal, but given angles AGC, 
Du have a given ratio to one A L D 
another; the triangles ſhall have | 
2 piven ratio to one another. 
raw BK, EL parallelto AG, 
DH, and complete the paralle. B E HF 
lograms KC, LF. And becauſe the angles AGC, DHF, or 
their equals, the angles KBC, LEF are either equal, or un- 
equal, but given ; and that the ratio of AG to DH, that is, of 
KB to LE, is given, as alſo the ratio of BC to EF; therefore * a 67, or 68. 
the ratio of the parallelogram KC to LF is given; wherefore dat. 


alſo the ratio of the triangle ABC to DEF is given b. b 7 4. 
PROP, LXIX. | * 


Fa parallelogram which has a given angle be ap- 
[ plied to one ſide of a rectilineal figure given in ſpe- 
cies; if the figure have a given ratio to the parallelo- 
gram, the parallelogram is given in ſpecies. 


Let ABCD be a rectilineal figure given in ſpecies, and to one 
ſile of it AB, let the parallelogram ABEF having the given 
angle ABE be applied; if the figure ABCD has a given ratio to 
the parallelogram BF, the parallelogram BF is given is ſpecies. 

Through the point A draw AG parallel to BC, and through 
tne paint C draw CG parallel to AB, and produce GA, CB to 


D d 3 the 
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BG, 
and | 
ſo is I 
fore, | 
and t! 


logral 
Ft 


| « 


linea 
paral 
a g1\ 
is gr 
Le 


anoth 
deſcri 


a 3. def, the points H, K; becauſe the angle ABC is given s, and the 
ratio of AB. to BC is given, the figure ABCD being given in 
ſpecies; therefore, the parallelogram BG is given : in ſpecie; 


given 
ABo 
cles, | 
AG 1 
FD i: 
A 

ſtraig 
the fi 
{ame 
AB 1 
FD 

AB 


with 


And becauſe upon the ſame ſtraight line AB the two reailinea] 
figures BD, BG given in ſpecies are deſcribed, the ratio gf 
v 53. dat. BD to BG is given Þ; and, by hypotheſis, the ratio of 
e 9. dat. BD to the parallelogram BF is given; wherefore e the ratio of 
d 35. 1, BF, that is 4, of the parallelogram BH, to BG is given, and 
e 1. 6. therefore © the ratio of the ſtraight line KB to BC is given; 
and the ratio of BC to BA is given, wherefore the ratio of 
KB to BA is given ©: And becauſe the angle ABC is given, the 
adjacent angle ABK is given; and the angle ABE is given, 
therefore the remaining angle KBE is given. The angle EKB 
is alſo given, becauſe it is equal to the angle ABK; therefore 
the triavgle BKE is given in ſpecics, and conſequently the ra. 
tio of EB to BK is given; and the ratio of KB to BA is given, 
wherefore © the ratio of D 2 
EB to BA is given; and N 
the angle ABE is given, G + | | | 
therefore the parallelo- 2 Sg | + 
gram BF is given a in 'R 
ſpecies, | | 
A parallelogram ſimi- A vn | | 
lar to BF may be found yy 5 | ( 
thus: lake a ſtraight H F RE Pl QIR 75 
line LM gvien in potition and magnitude; and becaule the ven 3 
angles ABK, ABE are given, make the angle NLM equal to 
ABK, and the angle NLO equal to ABE. And becaule the AFB 
ratio of BF to BD is given, make the ratio of LM to P the ABG 
ſame with it; and becaule the ratio of the figure BD to BG the a 
is given, find this ratio by the 53d dat. and make the ratio 
of P to Q) the ſame. Alſo, becauſe the ratio-of CB to BA s 
given, make the ratio of Q to R the ſame ; and take LN e- 
qual to R; through the point M draw OM parallel to LN 
and complete the parallelogram NLOS ; then this is ſumilar to 
the parallelogram BF. 
Becauſe the angle ABK is equal to NLM, and the angle ABE 
to NLO, che angle KBE is equal to MLO ; and the angles 
BKE, LMO are equal, becauſe the angle ABK is equal to 
Nl. M; therefore the triangles BKE, LMO are equiangu- 
lar to one another; wherefore. as BE to BK, ſo is LU t0 
LM ; and hecauſe as the figure BF to BD, ſo is the ſtraight 
line LM to P; and as BD to BG, ſo is P to Q; ex qual, 
as BF, that is BH to BG, ſo is LM to Q: But BH gs 
, 9. 


BG, 2s KB to BC; as therefore KB to BC, is LM to Q; 
and becauſe BE is to BK as LO to LM; and as BK to BC, 
is LM to QA: And as BC to BA, ſo Q was made to R; there. 
fore, ex quali, as BE to BA, ſo is LO to R, that is to LN; 
and the angles ABE, NLO are equal; therefore the paralle. 
logram BF is ſimilar to LS, 


PROP. LXX- 


[ two ſtraight lines have a given ratio to one an- gee N. 


other, and upon one of them be deſcribed a recti- 
lineal figure given 1n ſpecies, and upon the other a 
parallelogram having a given angle; if the figure have 
2 given ratio to the parallelogram, the parallelogram 
is given in ſpecies. 

Let the two ſtraight lines AB, CD have a piven ratio to one 


another, and upon AB let the figure AEB piven in fpecies be 
deſcribed, and upon CD the parallelogram DF having the gizen 


423 


62, 78. 


angle FCD; if the ratio of AEB to DF be given, the paralle- | 


logram DF is given in ſpecies. 

Upon the ſtraight line AB, conceive the parallelogram AG 
to be deſcribed ſimilar, and ſimilarly placed to FD; and becauſe 
the ratio of AB to CD is given, and upon them are deſcribed 
the ſimilar rectilineal figures AG, 


FD ; the ratio of AG to FD is gi- — 
ven a; and the ratio of FD to AEB E 


is given; therefore d the ratio of \ — 3 b 9. dat. 


AEB to AG is given; and the angle 
ABG is given, becauſe it is equal to 
the angle FCD ; becauſe therefore 
the parallelogram AG which has a 

given angle ABG is applied to a ſide _ 
AB of the figure AEB given in ſpe. | 
cies, and the ratio of AEB to AG is piven, the parallelogram 


AG is given © in ſpecies; but FD is ſimilar to AG; therefore « 69, dat. 


FD is given in ſpecies. | 
A parallelogram ſimilar to FD may be found thus: Take a 


ſtraight line H given in magnitude; and becauſe the ratio of 
the figure AEB to FD is given, make the ratio of H to K the 
lame with it: Alſo, becauſe the ratio of the ſtraight line CD to 
4B is given, find by the 54th dat. the ratio which the figure 
FD deſcribed upon CD has to the figure AG deſcribed upon 
AB ſimilar to FD; and make the ratio of K to L the ſame 
1th this ratio: And becauſe the ratios of H to K, and of K 

D d 4 to 
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b 9. dat. to L are given, the ratio of H to Lis given d; becauſe, there 


a 67. dat, 
b 17. ©. 


c 58. dat. 


d 54. dat, 


2 bs. dat. 


fore, as AEB to FD, ſo is H to K; and as FD to AG x. : 
K to L; ex zquali, as AEB to A6, ſo is H to I., ben 
fore the ratio of AEB to AG, is gisen; and the figure AER 
is given in ſpecies, and to its fide AB the parallelopram AG 
is applied in the given angle ABG ; therefore by the Goth dat 
a parallelogram may be found ſimilar to AG : Let this be the 
parallelogram MN; MN alfo is ſimilar to FD; for, by the _ 
ſtruction, MN is ſimilar to AG, and AG is ſimilar to TI) 
therefore the parallelogram FD is ſimilar to MN. 


PROP. LXXI. 


F the extremes of three proportional ſtraight lines 
I have given ratios to the extremes of other three 
proportional ſtraight lines; the means ſhall alſo have 
a given ratio to one another: And if one extreme has 
a given ratio to one extreme, and the mean to the 
mean ; likewiſe the other extreme ſhall have to the 
other a given ratio, 


Let A, B, C be three proportional ſtraight lines, and D, F, 
F three other ; and let the ratios of A to 5, and of C to F be 
given; then the ratio of B to E is alſo given. 

Becauſe the ratio of A to D, as alſo of C to F is given, the 
ratio of the rectangle A, C to the rectangle D, F is given 2; 
but the ſquare of B is equal ® to the rectangle A, C; and the 
ſquare of E to the rectangleꝰ D, F; therefore the ratio of the 
ſquare of B to the ſquare of E is given; wherefore © alſo the ra- 
tio of the ſtraight line B to E is given. 

Next, let the ratio of A to D, and of B to E be gi - 
ven; then the ratio , C to F is alſo given. 

Becauſe tbe ratio of B to E is given, the ratio of RC 
the ſquare of B to the ſquare of E is given 4; there. DEF 
fore Þ the ratio of the rectangle A, C to the rectangle 
D, F is given ; and the ratio of the ſide A to the | | 
ſide D is given; therefore the ratio of the other fide 


C to the other F is given e. | 
Cor. And if the extremes of four proportionals have to the 


extremes of four other proportionals given ratios, and one of 


the means a given ratio to one of the means; the other mean 
ſhall have a piven ratio to the other mean, as may be ſhown in 


the ſame manner as in the foregoing propoſition, 
y FI PRO P, 


F fe 
to | 


| 


ratio, 
fourth 


Let 
Ato B 
2 giver 
ratio. 

Let 
ratio, © 
B to E 
and be 
ſo Dt 
C to F 
given! 
therefc 
a give 
vel T2 


F ti 
Fi 
ratio, 
ven r. 


Let 
ſtraigh 
a ſtrai, 

Let 
ratio, 
ratio C 
ven: 
to E, 
pertur 
to whi 
a giver 
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PROP. LXXI. 


F four ſtraight lines be proportionals; as the firſt is 
to the ſtraight line to which the ſecond has a given 
ratio, ſo is the third to a ſtraight line to which the 
fourth has a.given ratio. 


Let A, B, C, D he four proportional ſtraight lines, viz. as 
Ato B, ſo C to D; as A is to the ſtraight line to which B has 
a given ratio, ſo is C to a ſtraight line to which D has a given 
ratio, 

Let E be the ſtraight line to which B has a piven 
'ree ratio, and as B to E, ſo make D to F: Ihe ratio of 

B to E is 47 , and therefore the ratio of D to F; 


and becauſe as A to B, ſo is C to D; and as B to E 


C to F; and E is the ſtraight line to which B has a C D 
given ratio, and F that to which D has a given ratio; 
therefore as. A is to the ſtraight line to which B has 

a given ratio, ſo is C to a line to which D has a gi- 0 
ven ratio. 


PROP. LXXIII. 


the | 

Me. F four ſtraight lines be proportionals; as the firſt is 
the [ to the ſtraight line to which the ſecond has a given 
ra. ratio, ſo is a ſtraight line to which the third has a gi- 


ven ratio to the fourth, 


ven: And becauſe A is to B, as C to D; and as B 
to E, ſo F to C; therefore, ex æquali in proportione 
perturbata ®, A is to E, as F to D; that is, A is to E 
to which B has a given ratio, as F, to which C has 
given ratio, is to D. 


PROP. 


o D to F; therefore, ex zquali, as A to E, ſo i: A. Bl E | 


| Let the ſtraight line A be to B, as C to D; as A to the 
C ſtraight line to which B has a given ratio, fo is | 
F 2 traight line to which C has a given ratio to D. 
Let E be the ſtraight line to which B has a given 
ratio, and as B to E, ſo make F to C; becaule the 
ratio of B to E is given, the ratio of C to F is gi- An E 


1 Hyp. 


See N. 
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Ia triangle has a given obtuſe angle; the exceſ 

[| of the ſquare of the ſide which ſubtends the obtuſe 

angle, above the ſquares of the ſides which contain it, 
ſhall have a given ratio to the triangle, 


Let the triangle ABC have a given obtuſe angle ABC; and 
produce the ſtraight line CB, and from the point A draw 
AD perpendicular to BC ; The exceſs of the ſquare of AC z. 
bove the ſquares of AB, BC, that is , the double of the reg. 
angle contained by DB, BC, has a given ratio to the triangle 
ABC. 

Becauſe the angle ABC is given, the angle ABD is alſo gi. 
ven ; and the angle ADB is piven ; wherefore the triangle 
b 43. dat. ABD is given d in ſpecies; and therefore the ratio of AD to 
c 1.6. DB is given: And as AD to DB, ſo is e the rectangle AD 

BC to the rectangle DB, BC; wherefore the ratio of the rec. 
angle AD, BC to the rectangle DB, BC is given, as alſo th, 
ratio of twice the rectangle DB, BC to A E 


2 12. 2. 


d 41. 1. 


the rectangle AD, BC: But the ratio of 
the rectangle AD, BC to the triangle ABC 
is given, becauſe it is double 4 of the tri- a \ 
angle; therefore the ratio of twice the FG 
rectangle DB, BC to the triangle ABC is | 
e 9. dat. given e; and twice the rectangle DB, BC DB C 
is the exceſs ® of the ſquare of AC above the ſquares of AB, 
BC; therefore this exceſs has a given ratio to the triangle ABC. 
And the ratio of this exceſs to the triangle ABC may be 


found thus: Take a ſtraight line EF given in poſition and wag- 


nitude ; and becauſe the angle ABC is given, at the point F 

of the ſtraight line EF, make the angle EFG equal to the angle 

ABC; produce GF, and draw EH perpendicular to FG; then 

the ratio of the exceſs of the ſquare of AC above the ſquares 

of AB, BC to the triangle ABC, is the ſame with the ratio of 
quadruple the ſtraight line HF to HE. 

Becauſe the angle ABD is equal to the angle EFH, and 

the angle ADB to ERF, each being a right angle ; the tri- 

t 4. 6. angle ADB is equiangular to EHF; therefore t as BD to DA, 

s Cor. 4. 5. fo Fti to HE; and as quadruple of BD to DA, ſo is s qua- 

druple of FH to HE: But as twice BD is to DA, ſo is © twice 

the rectangle DB, BC to the rectangle AD, BC; and as DA 

h Cor. 5. to the half of it, ſo is ® the rectangle AD, BC to its balf 10 

triang 


tne tri 
of BD 
ſo is tl 
CB, A 
angles 
rectany 
but th 
to its! 
ratio C 


ven; 
the ſq 
ore t. 
the ra 


FG 
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AB, 
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ay be 
mag. 
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Juares 
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e tri- 
PDA, 
: qua- 
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riangle ABC; therefore, ex æquali, as twice BD is to the half 
of DA, that is, as quadruple of BD is to DA, that is, as qua- 
iruple of FH to HE, ſo is twice the rectangle DB, BC to the 


wiangle ABC. 
PROP. LXXV. 


F a triangle has a given acute angle, the ſpace by 

which the ſquare of the fide ſubtending the acute 
angle is leſs than the ſquares of the ſides which con- 
tain it, ſhall have a given ratio to the triangle. 


Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC, the ſpace by which the ſquare 
of AC is leſs than the ſquares of AB, BC, that is 2, the double 
of the rectangle contained by CB, BD, has a given ratio to the 
triangle ABC. 

Becauſe the angles ABD, ADB are each of them given, 
me triangle ABD is given in ſpecies; and therefore the ratio 
of BD to DA is given : And as BD to DA, A 
ſo is the rectangle CB, BD to the reQangle 
CB, AD ; therefore the ratio of theſe rect- 
angles is given, as alſo the ratio of twice the 
rectangle CB, BD to the rectangle CB, AD; 
bur the rectangle CB, AD has a given ratio 
to its half the triangle ABC; therefore d the B DC 
ratio of twice the rectangle CB, BD to the triangle ABC is gi- 
ven; and twice the rectangle CB, BD is ® the ſpace by which 
the ſquare of AC is leſs than the ſquares of AB, BC; there- 
ore the ratio of this ſpace to the triangle ABC is given: And 
the ratio may be found as in the preceding propoſition. 


LEMM A. 


J from the vertex A of an iſoſceles triangle ABC, any ſtraight 
line AD be drawn to the baſe BC, the ſquare of the {ide 
AB is equal to the rectangle BD, DC of the ſegments of the baſe 
together with the ſquare of AD ; but if AD be drawn to the 
dae produced, the ſquare of AN is equal to the rectangle BD, 
DC together with the ſquare of AB. 

A 


Cas. 1. Biſect the baſe BC in E, and 
join AE which will be perpendicular = to 
0; wherefore the ſquare of AB is equal 
to the ſquares of AE, EB; but the ſquare 
ot EB is equal © to the rectangle BD, DC 
together with the ſquare of DE ; there- 
fore the ſquare of AB is equal to the D BDE C 


| ſquares 
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a 13. 20 


b 9. dat. 


Dd & 7; . 
e 4 b 


h 47, t. ſquares of AE, ED, that is, to d the ſquare of AD, together 


with the rectangle BD, DC ; the other caſe is ! 50 em 
ſame way by 6. 4 Elem. How inthe HGK e 
| GH, JW 
67. PROP. LXXVI. 3 
the re 
F a triangle have a given angle, the exceſs of the . 
ſquare of the ſtraight line which is equal to the tw — 
fides that contain the given angle, above the ſquare HK to 
of the third ſide, ſhall have a given ratio to the triangle. CE to 
| rectanp 
Let the triangle ABC have the given angle BAC, th the tri: 
of the ſquare of the ſtraight line Gbich is ee to BA. 40 6. the fir: 
gether above the ſquare of BC, ſhall have a given ratio to the ABC. 
triangle ABC. ; : COR 
Produce BA, and take AD equal to AC, join DC and which 
produce it to E, and through the,point B draw BE parallel to the id, 
AC ; join AE, and draw AF perpendicular to DC ; and be. of the 
cauſe AD is equal to AC, BD is equal to BE; and BC i WM ü dem. 
drawn from the vertex B of the iſoſceles triangle DBE, there. help of 
fore, by the Lemma, the ſquare of BD, that is, of BA and 
AC together, is equal to the rectangle DC, CE together with 
the ſquare of BC; and, therefore, the ſquare of BA, AC to. F ti 
gether, that is, of BD, is greater than 
the ſquare of BC by the rectangle DG, D q 
CE; and this reQangle has a given ratio 
ratio to the triangle ABC: Becauſe F Let 
the angle BAC is given, the adjacent perper 
angle CAD is given; and each of the B C WW i; the 
angles ADC, DCA is given, for If / 
a5. & 32. each of them is the half ® of the given 
* angle BAC; therefore the triangle E 
b 43. dat. ADC is given d in ſpecies; and AF is K 
drawn from its vertex to the baſe in 
ga given angle; wherefore the ratio of AF to the baſe CD is 
e 50 dat. given e; and as CD to AF, fo is 4 the rectangle DC, CE to 
d 1. 6. the rectangle AF, CE; and the ratio of the rectangle AF, 
e 41. 1. CE to its half © the triangle ACE is given; therefore the ta- 
f 37. 1. tio of the rectangle DC, CE to the triangle ACE, that is f, to one of 
s 9- dat. the triangle ABC, is given s: and the rectangle DC, CE is the fore t 
exceſs of the ſquare of BA, AC together above the ſquare of of th 
BC : therefore the ratio of this exceſs to the triangle ABC 1s is gv. 
given. | N 1 
ine 


The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus : Take the ſtraight line GH given in poli- 


tion 


D A T A. 


(on and magnitude, and at the point G in GH make the angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL. perpendicular to it: Then the 
atio of HK to the half of GL is the ſame with the ratio of 
che rectangle DC, CE to the triangle ABC: Becauſe the _ 
HGK, DAC at the vertices of the iſoſceles triangles GHK, 
ADC are equal to one another, theſe triangles are ſimilar; and 
becauſe GL, AF are perpendicular ta the baſes HK, DC, as 


HK to GL, ſo is > (DC to AF, and fo is) the rectangle DC, h 


CE to the rectangle AF, CK; but as GL to its half, ſo is the 
rectangle AF, CE to its half, which is the triangle ACE, or 
the triangle ABC; therefore, ex quali, HK is to the half of 
the ſtraight line GL, as the rectangle DC, CE is to the triangle 
ABC. 

Cor. And if a triangle have a given angle, the ſpace by 
which the ſquare of the ſtraight line which is the difference of 
the ſides which contain the given angle is lefs than the ſquare 
of the third fide, ſhall have a given ratio to the triangle. This 
is demonſtrated the ſame way as the preceding propoſition, by 
help of the ſecond cafe of the Lemma, 


PROP. LXXVII. 


a triangle to the oppoſite fide, or baſe, has a given 


ratio to the baſe, the triangle is given in ſpecies, 


Let the triangle ABC have the given angle BAC, and let the 
perpendicular AD drawn to the bafe BC, have a given ratio to 
it, the triangle ABC is given in ſpecies. | 

If ABC be an iſoſceles triangle, it is evident that if any a 8. & 32. 

I, 


x 


N K 


R RDO 


| 
E O H M F 
one of its angles be given, the reſt are alſo given; and there- 
fore the triangle is given in ſpecies, without the conſideration 
of the ratio of the perpendicular to the baſe, which in this caſe 
is given by prop. 50. & 25 | 
But when ABC is not an iſoſceles triangle, take any ſtraight 
ine EF piven in poſition and magnitude, and upon it deſcribe 
the 


429 


4. 6, 
22. 5. 


F the perpendicular drawn from a given angle of * N 


430 EU CLI DYs 

the ſegment of a circle EGF containing an an | 
given angle BAC, draw GH biſecting EF at e ot 2" 
join EG, GF: Then, ſince the angle EGF is equal to - „ . 
BAC, and that EGF is an iſoſceles triangle, and ABC * OY bp 
the angle FEG is not equal to the angle CBA: Draw EL „ e. 
king the angle FEL equal to the angle CBA; join Fl. _ 0 

draw LM perpendicular to EF; then, becaule the criangles Ely 00 h 
BAC are eqniangular, as alſo are the triangles MLE DAB * 0 

as ML to LE, fo is DA to AB; and as LE to EF, ſo is ABtg qu 
BC; wherefore, ex zquali; as LM to EF, fo is AD to BC. "x 17 
and becauſe the ratio of AD to BC is given, therefore the 1 . | ? 
b 2. dat. of LM to EF is given; and EF is given, wherefore d LM 40 4 be 
is given. Complete the parallelogram LMFK; and becauſe LM jy tri: 
is given, FK is given in magnitude; it is alſo given in polition | Con 
c 30. dat. and the point F is given, and conſequently e the point K; and * ſtreigh. 
cauſe through K the ſtraight line KL is drawn parallel to EE ſ le BY 
d gr. dat. which is given in poſition, therefore 4 KL is given in poſition * 
Dra 
N VP =— I 
and the 
tio of 
R RD C per | 
OF 
equal t 
E O H M F — q 
and the circumference ELF is given in poſition ; therefore the angles, 

„ 28. dat. Point Lis given ©. And becaule the points L, E, F, are given, triang] 
1 29. dat. the ſtraight lines LE, EF, FL, are given f inmagnitade ; there. baſes | 
fore the triangle LEF is given in ſpecies ; and the triangle ſo 1s t] 


g 42. dat. 


ABC is ſimilar to LEF, wherefore alſo ABC is given in ſpecies. angles 


Becauſe LM is leſs than GH, the ratio of LM to EF, that Ati 
is, the given ratio of AD to BC, muſt be-leſs than the ratio of ſcribec 
GH to EF, which the ſtraight line, in a ſegment.of à circle con- was di 
taining an angle equal to the given angle, that biſects the baſe given 
of the ſegment at right angles, has unto the baſe. from 

CoR. 1. If two triangles, ABC, LEF have one angle BAC of AD 
equal to one angle ELF, and if the perpendicular AD be to the tio of 
baſe BC, as the perpendicular LM to the baſe EF, the triangles quent. 
ABC, LEF are ſimilar. | meet 

Deſcribe the circle EGF about the triangle ELF, and draw either 
LN parallel to EF, join EN, NF, and draw NO perpendicu- to EF 


lar to EF; becauſe the angles ENF, ELF are equal, and that = 8 
the 


to the 
85 and 
angle 
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Ah to 
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M alſo 
e LM 
ſition, 
1d be. 
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tion 
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the angle EF N is equal to the alternate angle FNL, that is, to 
de angle FEL in the ſame ſegment; therefore the triangle 
VEF is ſimilar to LEF ; aud in the ſegment EGF there can 
be no other triangle upon the baſe EF, which has the ratio of 
is perpendicular to that bale the ſame with the ratio of LM 
NO to EF, becauſe the perpendicular muſt be greater or 
12 than LMI or NO; but, as has been ſhewn in the preceding 
Jemonſtration, a triangle ſimilar to ABC can be deſcribed in 
the ſegment EGF upon the baſe EF, and the ratio of its perpen- 
Jicular to the baſe is the ſame, as was there ſhewn, with the ra- 
io of AD to BC, that is, of LM to EF; therefore that triangle 
muſt be either LEF, or NEF, which therefore are ſimilar to 
the triangle ABC. | 

Cor. 2. If a triangle ABC has a given angle BAC, and if the 
ſtraight line AR drawn from the given angle to the oppoſite 
ide BC, in a given angle ARC, has a given ratio to BC, the 
triangle ABC is given in ſpecies, | . 

Draw AD perpendicular to BU ; therefore the triangle ARD 
b given in ſpecies ; wherefore the ratio of AD to AR is given: 
and the ratio of AR to BC is given, and conſequently d the ra- 
tio of AD to BC is given; and the triangle ABC is therefore 
given in ſpecies i. 

Co. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if ſtraight lines drawn from 
theſe angles to the baſes, making with them given and equal 
angles, have the ſame ratio to the baſes, each to each; then the 
triangles are ſimilar ; for having drawn perpendiculars to the 
baſes from the equal angles, as one perpendicular is to its baſe, 


ſo is the other to its bale * ; wherefore, by Cor. 1. the a; 6. 


angles are ſimilar. 

A triangle ſimilar to ABC may be found thus: Having de- 
ſcribed the ſegment EGF and drawn the ſtraight line GH as 
was directed in the propoſition, find FK which has to EF the 
given ratio of AD to BC ; and place FK at right angles ro EF 
from the point F; then becauſe, as has been ſhewn, the ratio 
of AD to BC, that is of FK to EF, muſt be leſs than the ra- 
tio of GH to EF; therefore FK is leſs than GH; and conſe. 
quently the parallel to EF drawn through the point K, muſt 
meet the circumference of the ſegment in two points: Let L he 
either of them, and join EL, LF, and draw LM perpendicular 
to EF: then, becauſe the angle BAC is equal to the angle ELF, 
and that AD is to BC, as KF, that is, LM to EF, the triangle 
ABC is ſimilar to the triangle LEF, by Cor. 1. 


PR OP. 
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h 9. dat. 
i 77, dat, 


22. 5. 


8. 


drawn from that angle to the baſe PQ the ſame with the 


E UCL I D“; 
PROP. LXXVIIL 


F a triangle have one angle given, and if the x,y 
1 of the rectangle of the ſides which contain the zi 


ven angle to the ſquare of the third ſide be given, the 
triangle is given in ſpecies. 


Let the triangle ABC have the given angle BAC, and e 
the ratio of the rectangle BA, AC to the ſquare of BC be g 
ven; the triangle ABC is given in ſpecies. * 

From the point A, draw AD perpendicular to BC, the red. 
angle AD, BC has a given ratio to its half - the triangle ARC; 
and becauſe the angle BAC is given, the ratio of the triangle 
ABC to the rectangle BA, AC is given d; and, by the hypo- 
theſis, the ratio of the rectangle BA, AC to the ſquare of RC is 
given; therefore © the ratio of the rectangle AD, BC to the 
ſquare of BC, that is, 4 the ratio of the ſtraight line AD to BC 
is given; wherefure the triangle ABC is given in ſpecies . | 

A triangle ſimilar to ABC may be found thus: Take 3 
ſtraight line EF given in poſition and magnitude, and make 
the angle FEG equal to the given angle BAC, and draw FH 
perpendicular to EG, and BK perpendicular to AC; therefore 
the triangles ABK, EFH M 

M © 


are ſimilar, and the rect. 
D 7 


angle AD, BC, or the 


rectangle BK, AC which 
is equal to it, is to the 
rectangle BA, AC, as the 8 


ſtraight line BK to BA, NR N M * 

3 as FH to FE. Let B D N C F G 
the given ratio of the rectangle BA, AC to the ſquare of BC 
be the ſame with the ratio of the ſtraight line EF to FL; there. 
fore, ex quali, the ratio of the rectangle AD, BC to the 
ſquare of BC, that is, the ratio of the ſtraight hne AD to BC, 
is the ſame with the ratio of HF to FL; and becauſe AD ks 
not greater than the ſtraight line MN in the ſegment of the 
circle deſcribed about the triangle ABC, which biſects BC 
at right angles; the ratio of AD to BC, that is, of Hr 
to FL, muſt not be greater than the ratio of MN to BC: 
Let it be ſo, and, by the 77th dat. find a triangle OP 
which has one of its angles POQ equal to the given 
angle BAC, and the ratio of the perpendicular OR, 


ratio of HF to FL; then the triangle ABC is _ 0 
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OPO : Becauſe, as has been ſhown, the ratio of AD to BC is 
the ſame with the ratio of (HF to FL, that is, by the conſtruc- 
tion, with the ratio of) OR to PQ; and the angle BAC is 


atio equal to the angle POO therefore the triangle ABC is ſimilar f 1. Cor. 
gi to the triangle PO. 77. dat. 
the Otherwiſe, 
41 Let the triangle ABC have the piven angle BAC, and let 

I the ratio of the reQangle BA, AC to the ſquare of BC be 
e g. given; the triangle ABC is given in ſpecies. 
ref Becauſe the angle BAC is given, the exceſs of the ſquare 
BC. of both the ſides BA, AC together above the ſquare of the 
nel third fide BC has a given * ratio to the triangle ABC. Let the“ 76. dat. 
15 5 figure D be equal to this exceſs ; therefore the ratio of D to 
BG. the triangle ABC 1s given ; and the ratio of the triangle ABC | 
o the to the rectangle BA, AC is given d, becauſe BAC is a given ® _ 62, 
\ BC angle; and the rectangle BA, AC has A ; 
af 0 a given ratio to the ſquare of BC; 
ke f wherefore © the ratio of D to the wt” Ne e 10. dat. 
nad ſquare of BC is given; and, by com. * 2 
„ PH poſition ©, the ratio of the ſpace D R C d 7. dat. 
ein together with the ſquare of BC to the ſquare of BC is given; , 


but D together with the ſquare of BC is equal to the ſquare of 

both BA and AC together ; therefore the ratio of the ſquare of 

| BA, AC together to the ſquare of BC is given; and the ratio 

| of BA, AC together to BC ts therefore given ; and the angle © 59: dat. 
BAC is given, wherefore f the triangle ABC is given in ſpecies, f 48. dat. 

* The compoſition of this, which depends upon thoſe of the 
76th and 48th propoſitions, is more complex than the prece- 

ay cope which depends upon that of prop. 77. which 

is eaſy. 


_ PROP. LXXIX. k. 
o BC, : | a 

\D ' Fa triangle have a given angle, and if the ſtraight See x. 
pf the line drawn from that angle to the baſe, making a 


s BOW given angle with it, divides the baſe into ſegments 

Hr which have a given ratio to one another; the triangle 
BC : WF 15 given in ſpecies. 

OPQ 


Let the triangle ABC have the given angle BAC, and let 
the ſtraight line AD drawn to the baſe BC making the given 
angle ADB, divide BC into the ſegments BD, DC which have 


E e a 
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b 20. 3. 


c 44. dat. 


d 7. dat. 
e 9. dat. 


1 47. dat. 


g 43- dat. 
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a given ratio to one another; the triangle ABC is given in ſpecies, 
Deſcribe * the circle BAC about the — and from its 
centre E, draw EA, EB, EC, ED; becauſe the angle BAC i; 
given, the angle BEC at the centre, which is the double b of it, 
is given. And the ratio of BE to EC is given, becauſe they 
are equal to one another; therefore © the triangle BEC is 
given in ſpecies, and the ratio of EB to BC piven ; allo the 
ratio of CB to BD is given 4, becauſe the ratio of BD to DC 
is given; therefore the ratio of EB to BD is given e, and the 
angle EBC is given, wherefore the triangle EBD is given 
in ſpecies, and the ratio of EB, that is, of EA to ED, is there. 
fore given ; and the angle EDA is given, becauſe each of the 
angles BDE, BDA is given; therefore the triangle AED is 
given f in ſpecies, and the angle AED gi- | 
ven: alſo the angle DEC is given, be- 
cauſe each of the angles BED, BEC is 
given; therefore the angle AEC is given, 
and the ratio of EA to EC, which are 
equal, is given; and the triangle AEC is 
therefore given © in ſpecies, and the angle 
ECA given; and the angle ECB is given, 
wherefore the angle ACB is given, and the angle BAC is allo 
given; therefore s the triangle ABC is given in ſpecies, | 
A triangle ſrnilar to ABC may be found, by taking a ftraight 
line given in poſition and magnitude, and dividing it in the 
given ratio which the ſegments BD, DC are required to hare 
to one another; then, if upon that ſtraight line a ſegment of 
circle be deſcribed containing an angle equal to the given angle 
BAC, and a ftraight line be drawn from the point of diviſion in 
an angle equal to the given angle ADB, and from the point 


where it meets the circumference, ſtraight lines be drawn to 
the extremity of the firſt line, theſe, together with the firſt line, 


Mall contain a triangle ſimilar to ABC, as may eaſily be ſhown, 


The demonſtration may be alſo made in the manner of that 
of the 77th prop. and that of the 77th may be made in the man- 


ner of this, 


PROP. LXXX. 


F the ſides about an angle of a triangle have a given 
ratio to one another, and if the perpendicular 
drawn from that angle to the baſe has a given ratio to 
the bale ; the triangle is given in ſpecies. 
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Let the ſides BA, AC, about the angle BAC of the triangle 
ABC have a given ratio to one another, and let the perpendicu- 
ir AD have a given ratio to the baſe BC; the triangle ABC is 

wen in ſpecies. 

Firſt, let the ſides AB, AC be equal to one another, there. 
fore the perpendicular AD bifects * the baſe A. 

BC; and the ratio of AD to BC, and there- 

fre to its half DB, is given; and the angle 1 

ADB is given; wherefore the triangle ABD, 
and conſequently the triangle ABC, is given d B 


1 
D C 

in ſpecies. 
But let the ſides be unequal, and BA be greater than AC; 


— 


a 26, 1. 


® 43. dat. 
b 44. dat, 


and make the angle CAE equal to the angle ABC; becauſe - 


the angle AEB is common to the triangles AEB, CEA, they 
are ſimilar; therefore as AB to BE, ſo is CA to AE, and, by 
permutation, as BA to AC, ſo is BE to EA, and ſo is EA 
o EC; and the ratio of BA to AC is given, therefore the 
-atio of BE to EA, and the ratio of EA to EC, as allo the 
ratio of BE to EC is given e; wherefore the ratio of EB to 
BC is given 4; and the ratio of AD to BC A 
is given by the hypotheſis, therefore © the 2 | 

ratio of AD to BE is given; and the ratio . 

of BE to EA was ſhown to be given; where. 

fore the ratio of AD to AE is given, and BFC E D 

ADE is a right angle, therefore the triangle 

ADE is given © in ſpecies, and the amgle AEB given; the ra- 
tio of BE to EA is likewiſe given, therefore ® the triangle ABE 
is given in ſpecies, and confequently the angle EAB, as alſo 
the angle ABE, that is, the angle CAE, is given; therefore the 
angle BAC. is given, and the angle ABC being alſo given, the 
triangle ABC is given f in ſpecies. 

How to find a triangle which ſhall have the things which 
are mentioned to be given in the propoſition, is evident in 
the firit caſe 3 and to find it the more eaſily in the other 
caſe, it is to be obſerved that, if the ſtraight line EF equal to 
EA be placed in EB towards B, the point F divides the baſe 
BC into the ſegments BF, FC which have to one another the 
ratio of the fiies BA, AC, becauſe BE, EA, or EF, and 
EC were ſhown to be proportionals, therefore ® BF is to FC, 
as BE to EF, or EA, that is, as BA to AC; and AF. cannot 
be leſs than the altitude of the triangle ABC, but it may be 

E e 2 bt equal 
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e 46. dat. 
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equal to it, which, if it be, the triangle, in this caſe, as a 
the ratio of the ſides, may be thus found; having given 5 
ratio of the perpendicular to the baſe. Take the ſtraight ! 5 
GH given in poſition and magnitude, for the baſe of * — 
angle to be found; and let the given ratio of the . 
lar to the baſe be that of the ſtraight line K to GH, that 0 
let K be equal to the perpendicular; and ſuppofe GLH to 8 
the triangle which is to be found, therefore having made the 


angle HEM equal to LGH, it is required that LM be per. 


pendicular to GM, and equal to K; and becauſe GM ML 
MH are proportionals, as was thown of BE, EA, EC, the 


rectangle GMH is equal to the ſquare of ML. Add the com. 


mon ſquare of NH, (having biſected GH in N), and the ſquare 
of NM is equal e to the ſquares of the given ſtraight lines Ny 
and ML or K; therefore the ſquare of NM and its fide 
NM, is given, as alſu the point M, viz. by taking the ſtraight 
line NM, the ſquare of which is equal to the ſquares of NH 
ML. Draw ML equal to K, at right angles to GM; and be. 
cauſe ML is given in poſition and magnitude, therefore the 
point L is given, join LG, LH; then the trianple LGH is 
that which was to be found, for the ſquare of NM is equal to 
the ſquares of NH and ML, and taking away the common 
ſquare of NH, the rect- | 
angle GMH is equal s to 
the ſquare of ML: there- 
fore as GM to ML, ſo is 
ML to MH, and the tri. 
angle LGM is therefore 
equiangular to HEM, and 
the angle HEM equal to 
the angle LGM, and the 
ſtraight line LM, drawn from the vertex of the triangle making 
the angle HEM equal to LGH, is perpendicular to the baſe and 
equal to the given ſtraight line K, as was required ; and the 
ratio of the ſides GL, LH is the ſame with the ratio of GM to 
ML, that is, with, the ratio of the ſtraight line which is made 
up of GN the half of the given baſe and of NM, the ſquare of 
2 is equal to the ſquares of GN and K, to the {traight 
ine K. | 
And whether this ratio of GM to ML is greater or les 
than the ratio of the ſides of any other triangle upon the baſe 
GH, and of which the altitude is equal to rhe ſtraight line K, 
| that 
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that is, the vertex of which is in the parallel to GH drawn 
through the point L, may be thus found, Let OGH be any 
ich triangle, and draw OP, making the angle HOP equal to 
the angle OGH therefore as before, GP, PO, PH are pro- 
portionals, and PO cannot be equal to LM, becauſe the rect. 
angle GPH would be equal to the rectangle GMH, which 
;s impoſſible 3 for the point P cannot fall upon M, becauſe O 
would then fall on L; nor can PO be leſs than LM, therefore 
ir is greater; and conſequently the rectangle GPH is greater 
than the rectangle GMH, and the ſtraight line GP greater 
than GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the ſquare of GM to 


the ſquare of ML is therefore | 1 than the ratio of the ; 


ſquare of GP to the ſquare of PO, and the ratio of the ſtraight 
line GM to ML, greater than the ratio of GP to PO. Bur as 
GM to ML, fo is GL to LH; and as GP to PO, fo is GO 
o OH; therefore the ratio of GL to LH is greater than the 
ratio of GO to OH ; wherefore the ratio of GL to LH is the 
greateſt of all others; and conſequently the given ratio of the 
reater ſide to the leſs muſt not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this great- 
eſt ratio of GM to ML, it muſt neceſſarily be leſs than it: 
Let any leſs ratio be given, and the ſame things being ſuppo- 
ſed, viz. that GH is the baſe, and K equal to the altitude of 
the triangle, it may be found as follows. Divide GH in the 
point Q, ſo that the ratio of GQ to on may he the ſame 
with the given ratio of the ſides; and as GQ to OH, ſo make 
GY ro PO, and fo will f PQ be to PH; wherefore the ſquare 
of GP is to the ſquare of PQ, as ithe ſtraight line GP to 
PH : And becanſe GM, ML MH are proportionals, the ſquare 
of GM is to the ſquare of ML, as i the ſtraight line GM to MH: 
But the ratio of GQ to QH, that is, the ratio of GP ro PQ, 
is leſs than the ratio of GM to ML; and therefore the ratio 
of the ſquare of GP to the ſquare of PQ is leſs than the ratio 
of the ſquare of GM to that of ML; and conſequently the 
ratio of the ſtraight line GP to PH is leſs than the ratio of 
UM to MH ; and, by diviſion, the ratio of GH to HP is leſs 
than that of GH to HM ; wherefore * the ſtraight line HP is 
greater than HM, and the rectangle GPH, that is, the ſquare 
of PQ, greater than the rectangle GMH, that is, than the 

KkeJ .. ſquare 
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- ſquare of ML, and the ſtraight line PO is therefore greater 


EU 


than ML. Draw LR parallel to GP, and from P draw pg 1 
right angles to GP : Becauſe PQ is greater than ML, or pp 
the circle deſcribed from the centre P, at the diſtance Pg 
muſt neceſſarily cut LR in two points; let theſe be O, 8, — 
join OG, OH; SG, SH: each of the triangles OGH, $6y 
have the things mentioned to be given in the propoſition , 
Join OP, SP ; and becaule as GP to PQ, or PO, ſo is po 
to PH, the triangle OGP is equiangular to HOP ; as, there. 
fore, OG to GP, ſo is HO to OP; and, by permutation, 3 
GO to OH, ſo is GP to PO, or PQ: and ſo is G to Og; 
Therefore the triangle OGH has the ratio of its ſides GO, Oy 
the ſame with the given ratio of GQ to OH : and the perpen. 
dicular has to the baſe the piven ratio of K to GH, becauſe the 
perpendicular is equal to LM, or K: The like may be ſhewn in ratio of 


the ſame way of the triangle SGH, ven in 

This conſtruction by which the triangle OGH is found, i alſo the 
ſhorter than that which would be deduced from the demonſtr,. ratio ot 
tion of the datum, by reaſon that the baſe GH is given in cles, Al 


poſition and magnitude, which was not ſuppoſed in the de. ACB I 
monſtration : The ſame thing is to be obſerved in the next pro cles. 
poſition. 7 | But 
be leſs 

PR O P. LXXXI. | | cauſe t 

: of BD 


BD, D 
F the ſides about an angle of a triangle be unequal WW (ure 


and have a given ratio to one another, and if the BO is 
perpendicular from that angle to the baſe divides t Ba ha 
into ſegments that have a given ratio to one another, iſ "=> to 


the triangle is given in ſpecies. R * 
ent! 

Let ABC be a triangle, the ſides of which about the angle hog 
BAC are unequal, and have a given ratio to one another, 20 "BY. 
let the perpendicular AD to the baſe BC divide it into the ſep: ſo tha 
ments BD, DC which have a given ratio to one another, tis ratio 


triangle ABC in given in ſpecies, 

Let AB be greater than AC, and make the angle Cal + If 
equal to the angle ABC; and becauſe the angle AEB is com- third n 
mon to the triangles ABE, CAE, they are * equiangular u ther h. 
one another: Therefore as AB to BE, ſo is CA to AE, ad 42 


by cauſe / 


permutation, as AB to AC, ſo BE to 
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c Cor. 6, 
dat. 


d 7. dat. 


e 46. dat. 


; 

2 FA. and ſois EA to EC : But the ratio of A 

pg BA to AC is given, therefore the ratio 3 
Pg of BE to EA, as alſo the ratio of EA to * 

„ EC is given; wherefore ® the ratio of B DC E 9. dat. 
SGH BE to EC, as alſo © the ratio of EC to 

tion CB is given: And the ratio of BC to CD O 

6 " is given 4. becauſe the ratio of BD to 

here. DC is given ; therefore ® the ratio of EC 2 

n, a to CD is given, and conſequently 4 the G KLH N 
OH, ratio of DE to EC: And the ratio of EC | #6, 

OR to EA was ſhewn to be given, therefore b the ratio of DE to EA 
rpen. is given: And ADE is a right angle, wherefore © the triangle 
e the ADE is given in ſpecies, and the angle AED given: And the 


ratio of CE to EA is given, therefore f the triangle AEC is gi- 
ven in ſpecies, and conſequently the angle ACE is given, as 


nd, i alſo the adjacent angle ACB. In the ſame manner, becauſe the 
nſtra. ratio of BE to EA is given, the triangle BEA is given in ſpe- 
en in cies, and the angle ABE is therefore given : And the angle 
e de. Ach is given; wherefore the triangle ABC is given s in ſpe- 


cles. 

But the ratio of the greater ſide BA to the other AC muſt 
be leſs than the ratio of the greater ſegment BD to DG: Be- 
cauſe the ſquare of BA is to the ſquare of AC, as the ſquaies 
of BD, DA to the ſquares of DC, DA ; and the ſquares of 
BD, DA have to the ſquares of DC, DA a leſs ratio than the 


qua {quare of BD has to the ſquare of DC +, becauſe the ſquare of 
the BD is greater than the ſquare of DC; therefore the ſquare of 
es i BA has to the ſquare of AC a leſs ratio than the ſquare of BD 
ther, has to that of DC : And conſequently the ratio of BA to AC 


is leſs than the ratio of BD to DC. 
This being premiſed, a triangle which ſhall have the things 
mentioned to be given in the propoſition, and to which the 


ig triangle ABC is ſimilar, may be found thus : Take a ſtraight 
c line GH given in poſition and magnitude, and divide it in K, 
| 1 ſo that the ratio of GK to KH may be the ſame with the given 


ratio of BA to AC : Divide alſo GH in L, ſo that the ratio 
- of 


If Abe greater than B, and C any | than D: But as A is to B, ſo A and C 
third magnitude 3 then A and C toge- | to Band D; and A and C have to B 
ther have to Band C together a leſs | and C a leſs ratio than A and C have 
ratio than A has to B. to B and D, becauſe C is greater than 
Let A be to Bas C to D, and be- | D, therefore A and C have to B and 
cauſe A is greater than B, C is greater | C a leſs ratio than A to B. 


E e 4 


f 44. dat. 


8 43. dat. 
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of GL to LH may be the ſame with the given ratio of BD |, 
DC, and draw LM at right angles to GH: And becauſe 4h 
ratio of the ſides of a triangle is leſs than the ratio of the 
ments of the baſe, as has been ſhewn, the ratio of GK to R 
is leſs than the ratio of GL to LH: wherefore the point J. 
muſt fall betwixt K and H: Alſo make as GK to KH, ſo GN 
to NK, and fo ſhall > NK be to NH. And from the centre N 
at the diſtance NK, deſcribe a circle, and let its circumference 
meet LM in O, and join GG, OH; then OGH is the w. 
angle which was to be deſcribed : Becauſe GN is to NK, o 
NO, as NO to NH, the triangle OGN is equiangular to HON: 
therefore as OG to GN, ſo is HO to ON, and, by permutz, 
tion, as GO to OH, ſo is GN to NO, or NK, that is, as GK 
to KH, that is, in the given ratio of the ſides, and, by the con. 
ſtruction, GL, LH have tq one another the given ratio of the 
ſegments of the baſe, _ 


q itud: 
to 40 | 
ſtraight | 
them £1V' 
The { 
the firſt « 
muſt be 
and equ 
des Af 
AD, an 
(ame dia 
both Al 
ing gne 
theretor 
And in 
which t! 
which it 


P R OP. LXXXII 


F a parallelogram given in ſpecies and magnitude 
be increated or diminiſhed by a gnomon given in 


magnitude, the ſides of the gnomon are given in mag- 
nitude, 


Fa 
tO 9 
given 


Firſt, let the parallelogram AB given in ſpecies and magni. 
tude be increaſed by the given gnomon ECBDFG, each of the 
ſtraight lines CE, DF is gien. 

Becauſe AB is given in ſpecies and magnitude, and that the 
gnomon ECBDFG is given, therefore the whole ſpace AG 
is given in magnitude: But AG is alſo given in ſpecies, be. 
caule it is fimilar®* ro AB; therefore the ſides of AG are gi. 


Let 
to the 
BDCL 
given. 

Biſe 
on EB 


ven d: Each of the ſtraight lines AE, AF oe - 441 
is therefore given; and each of the ſtraight G — with 1 
lines CA, AD is given d, therefore each of C con{tr1 
the remainders EC, DF is given e. B the fig 
Next let the parallelogram AG, given in bed u 
ſpecies and magnitude, be diminiſhed by the FD A EF is 
given gnomon ECBDt G, each of the ſtraight | my gnome 
lines CE. DF is given. 8 H | figure 
Becauſe the parallelogram AG is given, aaa gnom 
alſo its gnomon ECBDFG, the remaining ſpace AB is given in EK is 
Mo] magnitude : each 


ATT A; 441 


,onitude : But it is alſo given in ſpecies; becauſe it is ſimilar * 


to 2. def. 

the to AG; therefore d its ſides CA, AD are given, and each of the a3 2. and 

eo. Wicaight lines EA, AF is given; therefore EC, DF are each of Ch. 7, 
KH them given. 


L The gnomon and its ſides CE, DF may be found thus in 

ON he firſt caſe. Let H be the given ſpace to which the gnomon 

N, maſt be made equal, and find 4 a parallelogram ſimilar to AB d 25: 6. 
nee and equal to the figures AB and H together, and place its 

tri. des AE, AF from the point A, upen the ſtraight lines AC, 

or AD, and complete the parallelogram AG which is about the 

N; ame diameter e with AB; becauſe therefore AG is equal to © 26. 6. 
Uta, both AB and H, take away the common part AB, the remain- 

GK ing gnomon ECBDFG is equal to the remaining figure H; 

on. therefore a gnomon equal to H, and its ſides CE, DF are found: 

the And in like manner they may be found in the other caſe, in 


which the given figure H muſt be leſs than the figure FE from 
which it is to be taken, | 


| PROP. LXXXIIL 58. 
ide 
in J. a parallelogram equal to a given ſpace be applied 
ag- to a given ſtraight line, deficient by a parallelogram 
given in ſpecies, the ſides of the defect are given. 

gn. Let the parallelogram AC equal to a given ſpace be applied 

We to the given ſtraight line AB, deficient by the parallelogram 

* bDCL given in ſpecies, each of the ſtraight lines CD, DB are 

wen, 

en Biſect AB in E; therefore EB is given in magnitude, up- 
nl on EB deſcribe a the parallelogram EP ſimilar to DL and ſimi- = 18. 6. 


larly placed; therefore EF is given in 


E ſpecies, and is about the ſame diameter Þ G HF b 26. 6. 
with DL ; let BCG be the diameter, and 

C conſtruct the figure ; therefore, becauſe K L 
the figure EF given in ſpecies is deſcri- 


bed upon the given ſtraight line EB, | 
EF is given © fin ma 5 and the A E DB . as. 
gnomon ELH is Buck to the given d 36. and 
fgure AC : therefore © ſince EF is diminiſhed by the given 2 = 
gnomon El. H, the ſides EK, FH of the gnomon are given; but 47. 


EK is equal to DC, and FH to DB; wherefore CD, DB are 
each of them given. | 


This 


442 


a 18. 6. 


b 26. 6. 


* 


LI nnen 


This demonſtration is the analyſis of the problem 
28th prop. of book 6. the conſtruction and e bg 1 
which propoſition is the compolition of the analyſis; id 


Dras 
rut tl 


cauſe the given ſpace AC or its equal the gnomo PC wi 
be taken from the figure EF deſcribed . the a A 2 
milar to BC, therefore AC muſt not be greater than 1 fore Bl 
as is ſhewn in the 27th prop. B. 6. An 
U 
AB, ex 
P R O F. LXXXIV. 4 I 
i poſition 
1 a parallelogram equal to a given ſpace be apple digb: 
to a given ſtraight line, exceeding by a parallebd hie 
gram given in ſpecies; the ſides of the exceſs are giyen 
To a 
Let the parallelogram AC equal to a given ſpace be applet braight 
to the given ſtraight line AB, „ Fu RY ſpace. 
BDCL given in ſpecies ; each of the ſtraight lines CD, DBA o 
wen, equal tc 
Biſect AB in E; therefore EB is given in magnitude: Upot milar te 
EB deſcribe the parallelogram EF ſimilar to LD, and fim broug! 
ly placed; therefore EF is given in ſpecies, and is about t Coced it 
ſame diameter d with LD. Let CBG be The 
the diameter and conſtruct the figure : G_FH [pace ; 
Therefore, becauſe the figure EF given the pat 
in ſpecies is deſcribed upon the given to the c 
ſtraight line EB, EF is given in magni- s equal 
tude e, and the gnomon ELH is equal 
to the given figure 4 AC; wherefore, | F ty 
ſince EF is encreaſed by the given gnomon ELH, its ſides EK 
FH are given e; but EK is equal to CD, and FH to BD ; there _ 
fore CD, DB are each of them given. the ſtr 
This demonſtration is the analyſis of the problem in the 29: en. 
prop. book 6. the conſtruction and demonſtration of which | Let. 
the compoſition of the analyſis. tude, ir 
Cor. If a parallelogram given in ſpecies be applied to a gil be 
ven ſtraight line, exceeding by a parallelogram equal to a givel Let 
ſpace z the ſides of the parallelogram are given. BA, th 
Let the parallelogram ADCE given in ſpecies be applied ta BA 
the given ſtraight line AB exceeding by the parallelograngſ *"d be 
BDCG equal to a given ſpace ; the ſides AD, DC of the paral of aB 
lelogram are given. b given 
| Dry given 1 
applied 


lelopra 


D 1K 443 


in 6 Draw the diameter DE of the parallelogram AC, and con- 

tion -y& the figure. Becauſe the parallelogram AK is equal to a 43. 1. 
ze which is given, therefore AK is E GC 

ien; and BK is ſimilar ® ro AC, there- — b 24. 6. 

AB e BK is given in ſpecies. And ſince | 


n Ip 


Sp 
arallelogram AK given in magni- F 

Ax keg to the given ſtraight * Hm K 
4B, exceeding by the parallelogram BK _— 
given in ſpecies, therefore by this pro- A B D 
poſition, BD, DK the ſides of the exceſs are given, and the 
ſraight line AB is given, therefore the whole AD, as alſo DC, 
o which it has a given ratio, is given. 


F\'N "0-8, 


To apply a parallelogram ſimilar to a given one to a given 
ſraight line AB, exceeding by a parallelogram equal to a given 
ſpace . 

0 the given ſtraight line AB apply e the parallelogram AK « 29. K 
equal to the given ſpace, exceeding by the parallelogram BK fi. 

milar to the one given. Draw DF the diameter of BK, and 

through the point A draw AE parallel to BF meeting DF pro- 

duced in E, and complete the parallelogram Ac. 

The parallelogram BC is equal * to AK, that is, to the given 
ſnace ; and the parallelogram AC is ſimilar d to BK; therefore 
the parallelogram AC is applied to the ſtraight line AB ſimilar 
o the one given and exceeding by the parallelogram BC which 
$ equal to the given ſpace. 


PROP. LXXXV. 84. 
þ two ſtraight lines contain a parallelogram given in 


- 


allelc 


given 


appliet 
Jopran 


DB ard 


- Upot 
{imilar 
put the 


H 


on magnitude, in a given angle; if the difference of 
cr the ſtraight lines be given, they ſhall each of them be 
ie 20:18 5c 
hich | Let AB, BC contain the parallelogram AC given in magni- 
tude, in the given angle ABC, and let the exceſs of BC above 
oa pl AB be given ; each of the ſtraight lines AB, BC is given. 
a givel Let DC be the given exceſs of BC above A E 
BA, therefore the remainder BD is equal 
lied toll o BA. Complete the parallelogram AD; | 
logran_i and becauſe AB is equal to BD, the ratio 
D C 


of \B to BD is given; and the angle ABD R 

ls given, therefore the parallelogram AD is 

given in ſpecies ; and becauſe the given parallelogram AC is 

applied to the given ſtraight line DC, exceeding by the paral- 

elogram AD given in ſpecies, the ſides of the exceſs are given: © 84. dat. 
therefore 
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4 83. dat, 


87. 


2 2. 2. 


b G2. dat. 


XA 


angle C 
ſtraight 
ſquare « 
ven: A 
the rect 
tio of tl 
of BD 
times tl 
of BD 
angle E 
of BD 
ther WI 
lines B( 
of BC, 
the r 
given: 
CD an 
thereto 
the {qu 
CB, BL 
BA; 1 
given: 
been it 
given; 


The 


therefore BD is given; and DC is given, wherefore the Whole 
BC is given: And AB is given, therefore AB, BC are each 
them given, a 


PROP. LXXXVI. 


J* two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if both of them to. 
gether be given, they ſhall each of them be given. 


Let the two ſtraight lines AB, BC contain the parallelogran 
AC given in magnitude, in the given angle ABC, and let AR 
BC together be given; each of the ſtraight lines AB, BC is given, 

Produce CB, and make BD equal to AB, and complete the 
parallelopram ABDE. Becauſe DB is equal to BA, and the 
angle ABD given, becaule the adjacent an- WM A 
gle ABC is given, the parallelogram AD is 
given in ſpecies : And becauſe AB, BC to- 
gether are given, and AB is equal to BD; 
therefore DC is given: And becauſe the pi- D B C 
ven parallelogram AC is applied to the given 
ſtraight line DC, deficient by the parallelogram AD given 
ſpecies, the ſides AB, BD of the defect are given =; and D( 
is given, wherefore the remainder BC is given; and each of the 
ſtraight lines AB, BC is therefore given. | 


A pa 

PROP. LXXXVII. 8 

5 . x. SW: its lide: 

F two ſtraight lines contain a parallelogram given the {ide 

magnitude, in a given angle; if the excels of the Let! 

ſquare of the greater above the ſquare of the leſſer h wired 

given, each of the ſtraight lines ſhall be given. «xy 
angle 

Let the two ſtraight lines AB, BC contain the given paralle to whic 

logram AC in the given angle ABC; if the exceſs of the ſquati tbe n 

of BC above the ſquare of BA be given; AB and BC are ca HG. G 

of them given. | ſquares 

Let the given exceſs of the ſquare of BC above the {qua Take 

of BA be the re&tavgle CB, BD; take this from the {qua OK ec 

of BC, the remainder, which is a the rectangle BC, CD i and in 

qual to the ſquare of AB; and becauſe the angle ABC nd be 

the parallelogram AC is given, the ratio of the rectang to GL, 


of the ſides AB, BC to the parallelogram AC is given * ; ang 
AC is given, therefore the rectangle AB, BC is given; 2 


the rectangle CB, BD is given; therefore the ratio of the rec 
avg 


Whole 


ch o 


en! 
f the 
er be 


xralle 
{quart 
e cacl 


{qua 
ſqua 
is e 
BC e 
ang 
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angle CB, BD to the rectangle AB, BC, that is e, the ratio of the c 1. 6. 
traight line DB to BA is given; therefore 4 the ratio of the d 54. dat. 
ſquare of DB to the ſquare of BA is gi- A 
ven: And the ſquare of BA is equal to 
the rectangle BC, CD : wherefore the ra- / | 4 
tio of the rectangle 11 D to the ſquare 3 
of BD is given, as alſo the ratio of four into 
times the Ra BC, CD to the ſquare B PD O 
of BD: and, by compoſition e, the ratio of four times the rect- e 5. dat, 
angle BC, CD together with the ſquare of BC to the ſquare 
of BD is given: But four times the rectangle BC, CD roge- 
ther with the ſquare of BD is equal f to the ſquare of the ſtraight f 8. 2. 
lines BC, CD taken together: therefore the ratio of the ſquare 
of BC, CO together to the ſquare of BD is given; wherefore 
; the ratio of the ſtraight line BC together with CD to BD is 8 58. dat. 
given: And, by compoſition, the ratio of BC together with 
CD and DB, that is, the ratio of twice BC to BD, is given ; 
therefore the ratio of BC to BD is given, as alſo © the ratio of 
the ſquare of BC to the rectaugle CB, BD: But the rectaugle 
CB, BD is given, being the given excels of the ſquares of BC, 
BA; therefore the ſquare of BC, and the ſtraight line BC is 
given: And the ratio of BC to BD, as allo of BD to BA has 
been ſhewn to be given; therefore b the ratio of BC to BA is h 9. dat. 
given; and BC is given, wherefore BA is given. 
The preceding demonſtration is the analyſis of this problem, viz. 
A parallelogram AC which has a given angle ABC being gi- 
ven in magnitude, and the excels of the ſquare of BC one of 
ts lides above the ſquare of the other BA being given; to find 
the ſides ; And the compoſition is as follows. 
Let EFG be the given angle to which the angle ABC is re- 
quired ro be equal, and from any pomt E in FE, draw EG 
perpendicular to FG; let the rect- M 
angle EG, GH be the given ſpace 
to which the parallelogram AC is 
tobe made equal; and the rectangle 
HG, GL, be the given exceſs of the 
lquares of BC, BA. | * 8 
Lake, in the ſtraight line GE, FG LO HN 
CK equal to FE, and make GM double of GK : join ML, 
and in GL produced, take LN equal to LM: Biſed GN in O, 
and between GH, GO find a mean proportional BC : As OG 
to GL, ſo make CB to BD; and make the angle CBA equal 
to 
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c 22. 6. 


d 8. 2. 


the rectangle HG, GL : And the ſquare of CB is equal to thef 


ſo is (the ſtraight line BA to A 


Fs DC "173 "W's 


to CFE, and as LG to GK ſo make DB to BA; and complete 
the parallelogram AC: AC is equal to the rectangle EG, GH, 
and the exceſs of the ſquares of CB, BA is equal to the req. 
angle HG, GL. 

Are as CB to BD, ſo.is OG to GL, the ſquare of CB 
is to the rectangle CB, BD as * the rectangle HG, GO to 


50, and 
ex æqual 
angle H 
equal to 

the paral 


rectangle, HG, GO, becauſe GO, BC, GH are proportionals, 


therefore the rectangle CB, BD is equal d to HG, GL. And F twe 
becauſe as CB to BD, ſo is OG to GL; twice CB is to BD, mag 
as twice OG, that is, GN to GL; and, by diviſion, as BC ſquares 
together with CD is to BD, ſo is NL, that is, LM, to LG: mem b 
Therefore © the ſquare of BC together with CD is to the ſquare 

of BD, as the ſquare of ML to the ſquare of LG : But the | 
ſquare of BC and CD together is equal 4 to four times the kl 
rectangle BC, CD together with the ſquare of BD; therefore ABC p | 
four times the rectangle BC, CD together with the ſquare of lum 07 
BD is to the ſquare of BD, as the ſquare of ML- to the ſquare them Sg! 
of LG: And, by diviſion, four times the rectangle BC, CDis Firtt, 
to the ſquare of BD, as the ſquare of MG to the ſquare of angle 10 
GL; wherefore the rectangle BC, CD is to the ſquare of BD ant q 
as (the ſquare of KG the half of MG to the ſquare of GL, © Gy 
that is, as) the ſquare of AB to the ſquare of BD, becauſe as ls 
LG to GK, ſo DB was made to BA: Therefore b the rectan- from t 

gle BC, CD is equal to the ſquare of AB. To each of theſe add the ＋ 
the rectangle CB, BD, and the ſquare of BC becomes equal * 7 


to the ſquare of AB together with the rectangle CB, BD; 
therefore this rectangle, that is, the given rectangle HG, GL 
is the exceſs of the ſquares of BC, AB. From the point A, 
draw AP perpendicular to BC, and becauſe the angle ABP. 
is equal to the angle EFG, the triangle ABP is equiangular$ 
to EFG : And DB was made to BA, as LG to GK ; therefore 
as the reAangle CB, BD to CB, BA, ſo is the rectangle HO,] 


equal tc 
muſt ne 
cale def 
its ſides 
tectang 
ſquares 


that 1s | 

21 of the l 
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EG, and ſo is) the rectangle HG, GK to HG, GE; therefore 
ex zquali, as the rectangle CB, BD to AP, BC, fo is the rect- 
angle HG, GL to EG, GH: And the rectangle CB, BD is 
equal to HG, GL; therefore the rectangle AP, BC, that is, 
the parallelogram AC, is equal to the given rectangle EG, GH. 


PROP. LXXXVIII. 


7 two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the ſum of the 


(quares of its ſides be given, the ſides ſhall each of 
them be grven. 


Let the two ſtraight lines AB, BC contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let the 
ſum of the ſquares of AB, BC be given; AB, BC are each of 
them given. | 

Firit, let ABC be a right angle; and becauſe twice the rect- 
gle contained by two equal ſtraight lines is equal to both 
their ſquares 3; but if two ſtraight lines are un- 
equal, twice the rectangle contained by them is 
leſs than the ſum of their ſquares, as is evident B | C 
from the 7th prop. B. 2. Elem ; therefore twice 
the given ſpace, to which ſpace the rectangle of which the ſides 
re to be found is equal, muſt not be greater than the given 
ſum of the ſquares of the ſides: And if twice that ſpace be 
equal to the given ſum of the ſquares, the ſides of the rectangle 
muſt neceſſarily be equal to one another: Therefore in this 
caſe deſcribe a ſquare ABCD equal to the given rectangle, and 
its ſides AB, BC are thoſe which were to be found: For the 
rectangle AC is equal to the given ſpace, and the ſum of the 
ſquares of its ſides AB, BC is equal to twice the rectangle AC, 


that is by the hypotheſis, to the given ſpace to which the ſum 
of the ſquares was required to be equal. 


lum of the ſquares of the ſides, it muſt be leſs than it, as 
has been ſhown. Let ABCD be the rectangle, join AC and 
das BE perpendicular to it, and complete the rectangle 
AEBF, and deſcribe the circle ABC about the triangle ABC ; 


rectangle AC, BE is equal to AB, BC; and the rectangle AB, 
BC 


But if twice the given rectangle be not equal to the given 
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AC is its diameter * ; And becauſe the triangle ABC is ſimi. a Cor. 5. 4. 
ar to AEB, as AC to CB fois AB to BE; therefore the b 8. 6, 
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e 47. 1, 


d 32. dat. 


e 61. dat. 


30 . dat. 


b 31. dat. 
h 28. dat. 


i 29. dat. 


K 1. . 


1 16. 6. 


ZE U E ud 
BC is given, wherefore AC, BE is given: And becauſe the ſu 


of the ſquares of AB, BC is given, the ſquare of AC which | But 
equal © to that ſum is given; and AC itſelf is therefore gjy a right 
in magnitude : Let AC be likewiſe given in poſition md 0 ratio o 
point A; therefore AF is given © in po- A | WT ralleloy 
ſition: And the rectangle AC, BE is —Y angle ! 
given, as has been ſhewn, and AC is is give 
given, where fore e BE is given in mag- ding c 
nitude, as alſo AF which is equal to it; F 0 The 
and AF is alſo given in polition, and bs, thus : 
the 2 7 A is given; wherefore f the Pp from a 
point is given, and the ſtraight line SAIL > 752 let the 
FB in 24. :: And the e Tha G K HL ralleloy 
ABC is given in poſition, wherefore d the point B is given FK be 
And the points A, C are given; therefore the ſtraight line bonn of, 
AB, BC are given in poſition and magnitude, And, | 
The ſides AB, BC of the rectangle may be found thus: Le of a re 
the rectangle GH, GK be the given ſpace to which the red. "fans 
angle AB, BC is equal; and ler GH, GL be the given red. dds o 
angle to which the ſum of the ſquares of AB, BC is equal en re 
Find & a ſquare equal to the rectangle GH, GL : And let * La 
ſide AC be given in poſition ; upon AC as a diameter deſcrib FH mi 
the ſemicircle ABC, and as AC to GH, ſo make GK to AF EF, F 
and from the point A place AF at right angles to AC: There de (id 
fore the rectangle CA, AF is equal i to GH, GK; and, b e 5! 
the hypotheſis, twice the rectangle GH, GK is leſs than GHH ud ce 
GL, that is, than the ſquare of AC ; wherefore twice the Which 
rectangle CA, AF is leſs than the ſquare of AC, and the becauſ 
rectangle CA, AF itſelf lefs than half the ſquare of AC, that equian 
rectan 


is, than the rectangle contained by the diameter AC and its half; 
wherefore AF is leſs than the ſemidiameter of the circle, and ine A 
conlequently the ſtraight line drawn through the point F parallel EG, F 
to AC muſt meet the circumference in two points: Let B be AB, E 
either of them, and join AB, BC, and complete the rect angle . its 
ABCD, ABCD is the rectangle which was to be found: Draw angle 
BE perpendicular to AC; therefore BE is equal = to AF, and dy con 
becauſe the angle ABC in a ſemicircle is a right angle, the red. 

angle AB, BC is equal» to AC, BE, that is, to the rectangle 

CA, AF, which is equal to the given rectangle GH, GK : And 

the ſquares of AB, BC are together equal © co the ſquare of AC, 

that is, to the given rectangle GH, GL. 


But 


3 


But if the given angle ABC of the parallelogram AC be not 
z right angle, in this caſe, becauſe ABC is a given angle, the 
-1tio of the rectangle contained by the ſides AB, BC to the pa- 


rallelogram AC is given a; and AC is given, therefore the rect- n 62. dat. 


angle AB, BC is given ; and the ſum of the ſquares of AB, BC 
is given; therefore the ſides AB, BC are given by the prece- 
ding caſe. 1 
Te ſides AB, BC and the parallelogram AC may be found 
thus: Let EFG be the given angle of the parallelogram, and 
from any point E in FE draw EG perpendicular to FG ; and 
et the rectangle EG, FH be the given ſpace to which the pa- 
rallelogram is to be made equal, and let EF, A D 
FK be the given rectangle to which the | 
ſum of the ſquares of the ſides is to be equal. /\ _ 
And, by the preceding 2 find the ſides | 
of a rectangle which is equal to the given 
rectangle EP, FH, and the ſquares o the B L C 
fdes of which are together equal to the pi. 
ven rectangle EF, FK ; therefore, as was 
hewn in that caſe, twice the rectangle EF, 
FH muſt not be greater than the reQangle 
EF, FK; let it be ſo, and let AB, BC be | | "A 
the ſides of the rectangle joined in the an- F HG K 
cle ABC equal to the given angle EFG, 
and complete the parallelogram ABCD, which will be that 
which was to be found : Draw AL perpendicular to BC, and 
becauſe the angle ABL is equal ro EFG, the triangle ABL is 
equiangular to EFG ; and the parallelogram AC, that is, the 
rectangle AL, BC is to the rectangle AB BC as (the ſtraight 
ine AL: to AB, that is, as EG to EF, chat is, as) the rectangle 
EG, FH to EF, FH; and, by the conſtruction, the rectangle 
AB, BC is equal to EF, FH, therefore the rectangle AL, BC, 
or, its equal, the parallelogram AC, is equal to the given rect - 
angle EG, FH; and the ſquares of AB, BC are together equal, 
dy conſtruction, to the given rectangle EF, FK. | 


„ PROP. 


E UC L I D's 


PROP. LXXXIX. as, <p 


made e 
angle E 
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ſquare < 
ratio of 


F two ſtraight lines contain a given parallelogram i 

a given angle, and if the exceſs of the ſquare 
one of them above a given ſpace, has a given ratio t 
the ſquare of the other; each of the ſtraight line 
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0 . — of the 
ſhall be given. By 
1 Let the two ſtraight lines AB, BC contain the given par + jo 
4 lelogram AC in the given angle ABC, and let the exceſs of thy Ds, 
5 ſquare of BC above a given {pace have a given ratio to th * 10 
2 ſquare of AB, each of the ſtraight lines AB, BC is given. BP | a 
. Becauſe the exceſs of the ſquare of BC above a given ſpat 1 0 
4 has a given ratio to the ſquare of BA, let the rectangle CB H 
5 BD be the given ſpace ; take this from the ſquare of BC, thi AC. at 
[4 a 2. 2. remainder, to wit, the rectangle * BC, CD has a given ration h NY 
# | the ſquare of BA: Draw AE perpendicular to BC, and ler thy — ˖ 
ſquare of BF be equal to the rectangle BC, CD, then, becau 4 the 1 
ol the angle ABC, as alſo BEA, is given, the F,. b the 
. b 43. dat. triangle ABE is given d in ſpecies, and the 7 he 
i ratio of AE to AB given: And becauſe the = the fon 
A ratio of the rectangle BC, CD, that is, of 1 dan 
3 the ſquare of BF to the ſquare of BA, is gi- R E 5 there 
5 ven, the ratio of the ſtraight line BF to BA BA th 
» © 58. dat. is given ©; and the ratio of AE to AB is given, wherefore of H 
ut d 9. dat. ratio of AE to BF is given; as alſo the ratio of the rect .. H 

© 35-1: AE, BC, that is, of the parallelogram AC to the rectang cauian 
FB, BC; and AC is given, wherefore the rectangle FB, BCi 15 5 
given, The exceſs of the ſquare of BC above the ſquare of r nels 
that is, above the rectangle BC, CD, is given, for it is equal: my 8 
the given rectangle CB, BD; therefore, becauſe the rectang e meref. 
contained by the ſtraight lines FB, BC is given, and alſo wal po t 
exceſs of the ſquare ot BC above the ſquare of BF; FB, N Th, 

f 87. dat. are each of them given f; and the ratio of FB ro BA is given $4 
therefore, AB, BC are given. as Pg 


The Compoſition is as follows. 


Let GHK be the given angle to which the angle of the pu 
rallelogram is to be made equal, and from any point G in 


HG, draw GK perpendicular to HK ; let GK, HL be the 4 
angle 
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angle to which the parallelogram i is to be 
made equal, and let LH, HM be the rect- 
angle equal to the given ſpace which is to 
be taken from the ſquare of one of the ſides; 
and let the ratio of the remainder to che H KM 
ſquare of the other ſide:be'the fame with the + - : 
ratio of the 1 of the given ſtraight, line NH to the ſquare 
of the given ſtraight line HG. | 
By help of the 87th dat. find two ſtraight inde BC, BF 
which contain a rectangle equal to the given rectangle NH, 
HL, and ſuch that the exceſs of the ſquare F 
of BC above the ſquare of BF be e equal to þ 
the given rectangle LH, HM; and] join CB, REED 
BF in the angle FBC equal to the given % 3 
angle GHK : And as NH to HG, fo make B ED .C 
FB to BA, and complete the. parallelogram x 
AC, and draw AF perpendicular to BC; then AC is equal to 
the rectangle GK, HL ; and if from the fquare of BC, the 
given rectangle UH, HM be taken, the remainder ſhall have 
to the ſquare of BA the ſame ratio which the ſquare of NH has 
to the ſquare of 'HG. | 
Becauſe, by the conſtruction, the ſquare of NC is equal to 
the ſquare of BF together with the rectangle LH, H Ih 
from "the ſquare of BC there be taken the recanple LH, HM. 
there remains the ſquare of BF which has b to the ſquare of 8 22. 6, 
BA the ſame ratio which the fquare of NH has to the ſquare 
of HG, becauſe, as NH to HG, ſo FB was made to BA; but 
as HG to GK, fo is BA to AR "becauſe the triangle GHK is 
equiangular to ABE; therefore, ex æguali, as NH to GK ſo is 
FB to AE; wherefore b the rectangle NH, HL is to the re&- h 1. 6. 
angle GK, HL, as the rectangle FB, BC to AE, BC; but by 
the conſtruction, the rectangle NH, HL is equal to FB, BC; 
therefore i the rectangle GK, HL is equal to the rectangle AF, 114.4: 
BC, that is, to the parallelogram AC. 
The analyſis of this problem might Have been made as in the 
86th prop. in the Greek, and the compoſition of it may be d 
as that which is in prop. 87th of this edition. 
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PROP. XC. 


F two ſtraight lines contain a given parallelo 
in a given angle, and if the ſquare of one of them 
together with the ſpace which has a given ratio to 
the ſquare of the other be given, each of the ſtraight 
lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paralle. 


logram AC in the given angle ABC, and let the ſquare of BC given 


a 43. dat. 


b 58. dat. 
9. dat. 


d 88. dat. 


A ag with the ſpace which has a given ratio to the ſquare of and co 
AB be given, AB, BC are each of them given. 

Let the ſquare of BD be the ſpace which has the given ratio 
to the ſquare of AB ; therefore, by the hypotheſis, the ſquare 
of BC together with the ſquare of BD is given. From the 
point A, draw AE perpendicular to BC; ak becauſe the angles 
ABE, BEA are given, the triangle ABE is given * in ſpecies; 
therefore the ratio of BA to AE is given: And becauſe the ra. 
tio of the ſquare of BD to the ſquare of BA is given, the ra. 
tio of the ſtraight line BD to BA is given b; and the ratio of 
BA to AE is given; therefore © the ratio of AE to BD is gi 
ven, as alſo the ratio of the rectangle AE, BC, that is, of the 
parallelogram AC to the rectangle DB, BC; and AC is given, 
therefore the rectangle DB, BC is given; and the ſquare df 


ſo GF 
theref 
angle 
equal 
BC, t 
FH, ( 


17 7 GH . 


BC together with the ſquare of BD is given; therefore * be. 
cauſe the rectangle, contained by the two ſtraight lines DB, BC 
is given, and the ſum of their ſquares is given: The ſtraight 
lines DB, BC are each of them given; and the ratio of DB to 
BA is given; therefore AB, are given. g 
T he compoſition is as follows: 

Let FOH be the given angle to which the angle of the ps 


rallelogram is to be made equal, and from any point F in GE ry 
draw FH perpendicular to GH; and let the rectangle FR, AC b 
| GK be that to which the parallelogram is to be made equal; 7. 


and let the rectangle KG, GL be the ſpace to which the ln 


e 4A 4 
of one of the ſides of the parallelogram together with the ſpace 


which has a given ratio to the ſquare of the other ſide, is to be 


made equal; and let this given ratio be the ſame which the ſquare 
of the given ſtraight line MG has to the ſquare of GF. 

By the 88th dat. find two ſtraight lines DB, BC which con- 
tain a rectangle equal to the given rectangle MG, GK, and 
ſuch that the ſum of their ſquares is equal to the given re&- 
angle KG, GL; therefore, by the determination of the pro- 
blem in that propoſition, twice the re&angle MG, GK muſt 
not be greater than the rectangle KG, GL. Let it be ſo, and 
join the ſtraight lines DC, BC in the angle DBC equal to the 
given angle FGH ; and, as MG to GF, ſo make DB to BA, 
and complete the parallelogram AC : AC is equal to the rect. 


angle FH, GK ; and the ſquare of BC together with the ſquare 
of BD, which, by the conſtruction, has to the ſquare of BA the 
given ratio which the ſquare of MG has to the- ſquare of GF, 
is equal, by the conſtruRion, to the given rectangle KG, GL. 
Draw AE perpendicular to BC. . Loh 

Becauſe, as DB to BA, ſo is MG to GF; and as BA to AE, 
ſo GF to FH; ex equak, as DB to AE, ſo is MG to FH; 
therefore, as the rectangle DB, BC to AE, BC, ſo is the rect- 
angle MG, GK to FH, GK; and the re&angle DB, BC is 
equal to the rectangle MG, GK; therefore the rectangle AE, 
hy is, the parallelogram AC, is equal to the rectangle 
FH, GK. | 


PROP, Xcl. 


[© a ſtraight line drawn within a circle given in 
. magnitude cuts off a ſegment which contains a gi- 
ven angle; the ſtraight line is given in magnitude. 


In the circle ABC given in magnitude, let- the ſtraight line 
AC be drawn, cutting off the ſegment AEC which contains the 
gwen angle AEC; the ſtraight line AC is given in magnitude, 

Take D the centre of the circle *, join AD and produce it 


f 3 ta 
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2 1. 3, 


a I. dat. 


þ 46. dat. 


given in magnitude, becaule the circle is 


E U C LI D*s 


to E, and join EC : The angle ACE being 
a right Þ angle is given; and the angle 
AEC is given; therefore © the triangle 
ACE is given in ſpecies, and the ratio of 
EA to AC is therefore given; and EA is 


— 


given ain magnitude; AC is therefore gi - 
ven © in magnitude, 


PROP. XCII. 


F a ſtraight line given in magnitude be drawn with. 
in a circle given in magnitude, it ſhall cut off a 
ſegment containing a given angle. 


\ + Pa” 

Let the ſtraight line AC given i itude be drawn within 
the circle ABC given in e it ſhall cut off a ſegment 
containing a'given angle. 8 „ . 

Take D the centre of the circle, join B 
AD and produce it to E, and join ECG: 
And becauſe each of the ſtraight lines EA, 
and AC is given, their ratio is given; and 
the angle ACE is a right angle, therefore A 
the triangle ACE is given“ in ſpecies, 
and conſequently, the angle AEC is given, 


. _ — 


PROP. XClII. 


F from any point in the circumference of a circle 
given in poſition two ſtraight lines be drawn 
meeting the circumference and containing a given 
angle; if the point in which one of them meets the 
circumference again be given, the point in which the 
other meets it is alſo given. | 


From any point A in the circumference of a circle ABC gi. 
ven in poſition, let AB, AC be drawn to the circumfgrence ma- 
king the given angle BAC ; if the point B 
be given, the point C is allo given. ; 

Take D the centre of the circle, and 
join BD, DC; and becauſe each of the 
points B, D is given, BD is given *in po- 
ſition; and becauſe the angle BAC is gi. 
ven, the angle BDC is given d, therefore 
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yecauſe the ſtraight line DC is drawn to the given point Din 
dhe ſtraight line BD given in poſition in the given angle BDC, e 32. dat. 
DC is given © in poſition : And the circumference ABC is gi- 

ven in poſition, therefore the point C is given. d 28. dat, 


P R O P. XCIV. | 91. 


F from a given point a ſtraight line be drawn 
[ touching a circle given in poſition ; the ſtraight 
line is given in poſition and magnitude. | 


Let the ſtraight line AB be drawn from the given point A 
touching the circle BC given in poſition ; AB is given in poſi- 
tion and magnitude, 8 : 

Take D the centre of the circle, and join DA, DB : Becauſe 


each of the points D, A is given, the . a 29, dat, 


taright line AD is given e in polition b 18, 3. 
and magnitude: And DBA is a right 48 
angle, wherefore DA is a diameter e of 
the circle DBA, deſcribed abdut the tri. 
angle DBA; and that circle is therefore 23 


given a in poſition: And the circle BC is 
given in poſition, therefore the point B 
is given e; The point A is allo given; therefore the ſtraight © a. Gat, 
line AB is given * in poſition and magnitude, 


PR.D 3. „e. 92. 


* a ſtraight line be drawn from a given point with- 
out a circle given in poſition ; the rectangle con- 
tained by the ſegments betwixt the point and the cir- 
cumference of the circle is given. 


Let the ſtraight line ABC be drawn from the given point A 
without the circle BCD given in poſi- | 


tion, cutting it in B, C; the reQangle 
BA, AC is given. | | | 
From the point A, draw * AD touch- C 2 a 17. 3. 


ing the circle; therefore AD is given BA 


> in poſition and magnitude; And be- e 

cauſe AD is given, the ſquare of AD is lend 

given © which is equal à to the rectangle BA, Ac: Therefore 

the rectangle BA, AC is given. N n 
85 F 4 PROP. 


a 29. dat. ſtraight line AD is given *in poſition ; 


b. 28. dat. 


e 35. 3. 


94. 


EU CLI D? 
PROP. XCVI, 


IF a ſtraight line be drawn through a given point 


within a circle given in poſition, the rectangle con. 


tained by the ſegments betwixt the point and the cir. 
cumference of the circle is given. | 


Let the ſtraight line BAC be drawn through the given 


point A within the circle BCE given in poſition ; the rea. 


angle BA, AC is given. | 
Fake D the centre of the circle, join 


AD and produce it to the points E, F, 


Becauſe the points A, D are given, he 


and the circle BEC is given in poſition ; 
therefore the points E, F are given d; and 
the point A is given, therefore EA, AF 
are each of them given; and the rect- 
angle EA, AF is therefore given; and it is equal © to the 
rectangle BA, AC, which conſequently is given. 


p R AP. XcvIl, 


F a. ſtraight line be drawn within a circle given in 
I magnitude cutting off a ſegment containing a given 
angle; if the angle in the ſegment be biſected by a 
ſtraight line produced till it meets the circumference, 
the ſtraight lines which contain the given angle ſhall 
both of them together have a given ratio to the ſtraight 
line which biſects the angle: And the rectangle con- 
tained by both theſe lines together which contain the 
given angle, and the part of the biſecting line cut off 
below the baſe of the ſegment, ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC gi. 
ven in magnitude cutting off a ſegment containing the given 
angle BAC, and let the angle BAC be biſected by the ſtraight 
line AD ; BA together with AC has a given ratio to AD ; and 


the rectangle contained by BA and AC together, and the 


ſtraight line ED cut off from AD below BC the baſe of the 
ſegment, is given, * 

Join BD; and becauſe BC is drawn within the circle ABC 
"on givea 
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en in magnitude e on the ſegment BAC, containing 

the given angle BAC; BC is given ꝰ in magnitude: By the 2 91. dat. 
ame reaſon BD is given; therefore d the ratio of BC to BD b 1. dat. 
js given : And becauſe the angle BAC is biſected by AD, as | 

BA to AC, fois BE to EC; and, by permutation, as AB< 3. 6. 

o BE, ſo is AC to CE; wherefore 4 as BA and AC together d 12 3. 
o BC, ſo is AC to CE : And becauſe the angle BAE is equal 


o EAC, and the angle ACE to © e 21. 3. 
ADB, the triangle ACE is equiangu- 

lr to the triangle ADB; therefore 

+ AC to CE, ſo is AD to DB: But 

x AC to CE, ſo is BA together with 

ACto BC; as therefore BA and AC B = 

to BC, ſo is AD to DB; and, by D 

permutation, as BA and AC to AD, 

o is BC to BD: And the ratio of BC to BD is given, there. 

fore the ratio of BA together with AC to AD is given. 

Alſo the rectangle contained by BA and AC together, and 
DE is given. 

Becauſe the triangle BDE is equiangular to the triangle ACE, 
x BD to DE, ſo is AC to CE; and as AC to CE, ſo is BA 
nd AC to BC; therefore as BA and AC to BC, fo is BD to 
DE; wherefore the rectangle contained by BA and AC toge- 
ther, and DE, is equal to the rectangle CB, BD: But CB, BD 
; given ; therefore the rectangle contained by BA and AC to- 
ether, and DE, is given. | 

Otherwiſe, 
0 


produce CA, and make AF equal to AB, and join BF ; 
and becauſe the angle BAC is double of each of the angles a3 5. & 
BFA, BAD, the angle BFA is equal to BAD ; and the angle ” 


BCA is equal to BDA, therefore the triangle FCB is equiangu- 
lar to ABD: As therefore FC to CB, ſo is AD to DB; and, 
by permutation, as FC, that is, BA and AC together, to AD, 
ſo is CB to BD: And the ratio of CB to BD is given, there- 
fore the ratio of BA and AC to AD is given. . 


And becauſe the angle BFC is equal to the angle DAC, 


that is, to the angle DBC, and the angle ACB equal to the 
angle ADB; the triangle FCB is equiangul 
therefore FC to CB, ſo is BD to DE ; therefore the rectangle 

contained by FC, that is, BA and AC together, and DE _ | 


ar to BDE, as 


— 
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qual to the reftangle CB, BD, which is, given, avd wi; 40 
the rectangle contained by BA, AC together, and DE 1 8 25 to 
| | equal to 

PR OP. XCVIII. CAD in 

2 f to BD. 
F a ſtraight line be drawn within a circle given ii permut 
magnitude, cutting off a ſegment containing a gi - 8 
we the r. 


ven angle: if the angle adjacent to the angle in thi 


ſegment be biſected by a ſtraight line produced till j And be! 


meet the circumference again and the baſe of the ſeg * 5 
: 4 , p p quan gui: 
ment; the exceſs of the ſtraight lines which contain th conſe 
given angle ſhall have a given ratio to the ſegment e CB, 
the biſecting line which is within the circle ; and the The 
rectangle contained by the ſame exceſs and the ſeg C and t] 
ment of the biſecting line betwixt the baſe produced 
and the point where it again meets the circumfe 
rence, ſhall be given. 

Let the ſtraight line BC be drawn within the circle ABC | out 
given in magnitude cutting off a ſegment containing the giver 4 
angle BAC, and let the angle CAF adjacent to BAC be biſec nicht 
ed by the ſtraight line DAE meeting the circumference again ence, 2 
in D, and BC the baſe of the ſegment produced in E; the eight ar 

| ceſs of BA, AC has a given ratio to AD; and the reftangleithis me 
which is contained by the ſame exceſs and the ſtraight line ED un 
urallel 


is given. 

Join BD, and through B, draw BG parallel to DE meeting 
AC produced in G: And becanſe BC cuts off from the circle gie © 
ABC given in magnitude the ſeg- 
ment. BAC containing a given an- 


* 


F In BC 


2 91. dat. gle, BC is therefore given a in mag- BC p 
nitude : By the ſame reaſon BD is et a ſtr 
given, becauſe the angle BAD is e- ference, 


qual to the given angle EAF : there-B — de polr 
fore the ratio of BC to BD is given: C aun! 
And becauſe the angle CAE is equal a allo + 
to EAF, of which CAE is equal to G Prod! 
the alternate angle AGB, and EAF to the interior and oppoſite tauſe G 
angle ABG; therefore the angle AGB is equal to ABG, andi veter 
the ſtraight line AB equal to AG; ſo that GC is the 1 os 
0 arcie, : 
dheref 


D AT A 


BA, AC: And becauſe the angle BGC is equal to GAE, 
ut is, to EAF, or the angle BAD : and that the angle BCG 
equal to the oppoſite interior angle BDA of the W. bee 
CAD in the circle; therefore the triangle BGC is equiangu- 
- to BDA : Therefore as GC to CB, ſo is AD to DB; and, 
permutation, as GC which is the exceſs of BA, AC to AD, 
i; CB ro BD: And the ratio of CB to BD is given; there- 
re the ratio of the exceſs of BA, AC to AD is given. 

And becauſe the angle GBC is equal to the alternate angle 


refo 
giwen 


en ir 
a gi 
1 the 


illi DEB, and the angle BCG equal to BDE; the triangle BCG is 
ſep angular to BDE: Therefore as GC to CB, ſo is BD to DE; 
n the: conſequently the rectangle GC, DE is equal to the rect- 
nt o ge CB, BD which is given, becauſe its ſides CB, BD are gi- 
| the Therefore the rectangle contained by the exceſs of BA, 
ſep C and the ſtraight line DE is given. 

ucec 


Me PROP. XCIX. 


ABG | from a-given point in the diameter of a circle gi- 


ven in poſition, or in the diameter produced, a 


Mx traight line be drawn to any point in the circumfe- 
2gain{{ſience, and from that point a ſtraight line be drawn at 
e eit angles to the firſt, and from the point in which 


anole 


8 his meets the circumference again, a ſtraight line be 
1 


aun parallel to the firſt; the point in which this 
nrallel meets the diameter is given; and the rect- 


ering gle contained by the two parallels is given. 


circle 
F in BC the diameter of the circle ABC given in poſition, or 
n BC produced, let the given point D be taken, and from D 
et a ſtraight line DA be drawn to any point A in the circum- 
krence, and let AE, be drawn at right angles to DA, and from 


aun parallel to DA meeting BC in F; the point F is given, 
s alſo che rectangle AD, EF. 
Produce EF to the circumference in G, and join AG : Be- 


oſite aufe GEA is a right angle, the ſtraight line AG is * the dia- a Cor. 5. 4- 
and neter of the circle ABC; and BC is alſo a diameter of it; 
xceſs ere fore the point H where they meet is the centre of the 

of WI crcle, and conſequently H is given: And the point D is given, 


therefore DH is given in magnitude And becauſe AD 2 7 
| ralle 


he point E where it meets the circumference again let EF be 
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54 6. rallel to FS, and GH equal to HA; DH is equal ® to HF, ,, 
AD equal to GF: And DH is given, therefore HF i; gen 


e angle 1 
gen; 28 
Let CD 
he point 
rpendict 
neet the 
nd let F. 
in MG, 
Becauſe 
qual tO C 


aces M 


magnitude z and it is alſo given in poſition, and the point H pg or tal 

e 39. dat. given, therefore e the point F is given. | | E, the 
And becauſe the ſtraight line EFG is drawn from a giv oEF; t 

point F without or within the circle ABC given in politic s equal t 


d 95. org6. therefore 4 the rectangle EF, FG is given: And GF is equal 


he angle 
dat. AD, wherefore the rectangle AD, EF is given, 


and the 
to one a 
ther the 
GFE, o 
cauſe the 
ther equ 
by the h 
CB; 
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the ang 
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2 PROP. C. 


T* from a given point in a ſtraight line given in pc 
1 ſition, a ſtraight line be drawn to any point in tht 
circumference of a circle given in poſition ; and fron 
this point a ſtraight line be drawn making with the 
firſt an angle equal to the difference of a right angle 
and the angle contained by the ſtraight line given it 
poſition, and the ſtraight line which joins the given 
pointand the centre of the circle ; and from the point 
in which the ſecond line meets the circumference 
again, a third ſtraight line be drawn making with 
the ſecond an angle equal to that which the firſt make 
with the ſecond: The point in which this third line 
meets the ſtraight line given in poſition is given; % 
alſo the rectangle contained by the firſt ſtraight line 
and the ſegment of the third betwixt the circumte- 
rence and the ſtraight line given in poſition, is given. 


Let the ſtraight line CD be drawn from the given point C 

in the ſtraight line AB given in poſition, to the circumference 
of the circle DEF given in poſition, of which G is the centre; 
join CG, and from the point D let DF be drawn making the 
angle CDF equal to the difference of a right angle and the 
angle BCG, and from the point F let FE be drawn 4 
0 


- 
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e angle DFE equal to CDF, meeting AB in H: The point H is 
"ven; as alſo the rectangle CD, FH. ſ 
"Let CD, FH meet one another in 
he point K, from which draw KL 
erpendicular to DF; and let DC 
neet the circumference again in M, 
nd let FH meet the ſame in E, and 
in MG, GF GH. 

Becauſe the angles MDF, DFE are 
qua] to one another, the circumfe- 
aces MF, DE are equal =; and add- 
vg or taking away the common part 
E, the circumference DM is equal 
EF; therefore the ſtraight line DM 
s equal to the ſtraight line EF, and 
he angle GMD to the angle > GFE ; 
and the angles GMC, GFH are equal 
to one another, becauſe they are ei- 


FE ; 
ther the ſame. with the angles GMD, SIA V ; 
GFE, or adjacent to them: And be- l} \ 

in ove the angles KDL, LKD are toge- N | 

in th 7 FN 


IF, a 
given 


a 26. 3. 


b 8. x. 


ther equal © to a right angle, that is, c 32,1. 


by the hypotheſis, to the angles KDL, * 
GCB; the angle GCB or GCH is e- A C HE 
qual to the angle (LKD, that is, to 
the angle) LKP or GKH :- Therefore the points C, K, H, G 
zre in the circumference of a circle; and the angle GCK is 
therefore equal to the angle GHF ; and the angle GMC is e- | 
qual to GFH, and the ſtraight line GM to GF; therefore CG 4 26. 1. 
; equal to GH, and CM to HF: And becauſe CG is equal to 
CH, the angle GCH is equal to GHC ; but the angle GCH is 
given : Therefore GHC is given, and conſequently the angle 
CGH is given; and CG is given in poſition, and the point G; | 
therefore © GH is given in poſition; and CB is alſo given in e 32. dat 
polition, whereof the point H is given. 
And becauſe HF is equal to CM, the rectangle DC, FH is e- 
qual to DC, CM: But DC, CM is given t, becauſe the point C f95.0rg6, 
. 


b given, therefore the rectangle DC, FH is given. 
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DEFINITION IL 


HIS is made more explicit than in the Greek text, to 

prevent a miſtake which the author of the ſecond demon- 
tration of the 24th propoſition in the Greek edition has fallen 
into, of thinking that a ratio is given to which another ratio is 
ſhown to be equal, though this other be not exhibited in given 
magnitudes. See the notes on that propoſition, which is the 
13th in this edition. Beſides, by this definition, as it is now gi - 
ven, ſome propoſitions are demonſtrated, which in the Greek 
ae not fo well done by help of prop. 2. 


BlEF. VN. 


In the Greek text, def. 4. is thus: “ Points, lines, ſpaces, 
« and angles are ſaid to be given in poſition which have always 
« the ſame ſituation ;?” but this is imperfe& and uſeleſs, becauſe 
there are innumerable caſes in which things may be given accor- 
ding to this definition, and yet their poſition cannot be found; 
for inſtance, let the triangle ABC be given in poſition, and let 
it be propoſed to draw a ſtraight line BD from the angle at B 
to the oppoſite ſide AC which ſhall cut A 


off the angle DBC which ſhall be the | 
ſeventh part of the angle ABC; ſuppoſe 
this is done, therefore the ſtraight line — 


BD is invariable in its poſition, that is, B 1:83 
has always the ſame ſituation; for any | 
other ſtraight line drawn from the point B on either ſide of 
BD cuts of an angle greater or leſſer than the ſeventh part of 
the angle ABC ; therefore, according, to this definition, the 
ſtraight line BD is given in poſition, as alſo the point D ina 28. dat. 
which it meets the ſtraight line AC which is given in poſition; 
But from the things here given, neither the ſtraight line BD 
nor the point D can be found by the help of Euclid's Ele- 
ments only, by which every thing in his data is ſuppoſed oy 
| e 
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a 1. def. 
b 2. def. 


NOTES ON 


be found. This definition is therefore of no uſe. We hau 
amended it by adding, “ and which are either actually exhibite, 
* or can be found ;”* for nothing is to be reckoned given, whit 
cannot be found, or is not actually exhibited. 

The definition of an angle given by poſition is taken out « 


alſo the 
ceſſarily 
fourth | 
be done 


Euclid ! 


the 4th, and given more diſtinctly by itſelf in the definitio en wh 
ked A. 1 
mar this clea 
ad B a 
D Er. Xt. Xt. . \ given 
th 
The 11th and 12th are omitted, becauſe they cannot be gi 45 Fa. 
ven in Engliſh ſo as to have any tolerable ſenſe; and, there angle C 
fore, where-ever the terms defined occur, the words which ex ple a b 
reſs their meaning are made uſe of in their place. lame ra 
The 13th, 14th, 15th are omitted, as being of no uſe. ly no w 
It is to be obſerved in general of the data in this book, tha dd an 
they are to be underſtood to be given geometrically, not alway h:: 2 gi 
arithmetically, that is, they cannot always be exhibited in num b; Euc 
bers; for inſtance, if the {ide of a ſquare be given, the ratio oi bis 
it to its diameter is given d geometrically, but not in numbers which « 
and the diameter is given ©; but though the number of any e ton mie 
qual parts in the ſide be given, for example 10, the number of 
them in the diameter cannot be given : And the like holds ir 
many other caſes. 
PROPOSITION LI. The 
In this it is ſhown that A is to B, as C to D, from this, that —_ 
A is to C, as B to D, and then by permutation ; but it follow .;..c- + 
directly, without theſe two ſteps, from 7. 5. FIR 
others 
P R O P. II. made t 
ne 111 
The limitation added at the end of this propoſition between C - 
the inverted commas is quite neceſſary, becauſe without it the nne. 
propoſition cannot always be demonſtrated : For the author bee 
having ſaid “, “ becauſe-A is given, a magnitude equal to i e ga. 


te can be found a; let this be C; and becauſe the ratio of A to 
« Bis given, a ratio which is the ſame to it can be found“, 
adds, „ let it be found, and let it be the ratio of C to a.“ 
Now, from the ſecond definition nothing more follows 
than that ſome ratio, ſuppoſe the ratio of E to Z, can be Th 
found, which is the ſame with the ratio of A to B; and 
when the author ſuppoſes that the ratio of C to a, which F; 

; 0 


* See Dr Gregory's edition of the data. 
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iſo the ſame with the ratio of A to B, can be found, he ne- 
ceſſarily ſuppoſes that to the three magnitudes E, Z, C, a 
fourth proportional à may be found; but this cannot always 
be done by the Elements of Euclid ;' from which it is plain 
Euclid muſt have underſtood the Propoſition under the limita- 
non which is now added to his text. An example will make 


this clear; let A be a given angle, A | 
nd B another angle to which A has 
given ratio, for inſtance, the ratio 
of the given ſtraight line E to the gi- | | 
ren one Z; then, having found an 
C E | 


angle C equal to A, how can the an- 
ole 4 be found to which C has the 
lame ratio that E has to Z? certain. 
ly no way, until it be ſhewn how to — 

fnd an angle to which a given angle 

has a given ratio, which cannot be done 

by Euclid's Elements, nor probably by any Geometry known 
in his time. Therefore, in all the propoſitions of this book 
which depend upon this ſecond, the above-mentioned limita- 
ton muſt be underſtood, though it be not explicitly mentioned. 


PROP. V. 


The order of the Propoſitions in the Greek text between 
prop. 4. and prop. 25. is now changed into another which is. 
more natural, by placing thoſe which are more ſimple before 
thoſe which are more complex ; and by placing together thoſe 
which are of the ſame kind, ſome of which were mixed among 
others of a different kind. Thus, prop. 12. in the Greek is now 
made the 5th, and thoſe which were the 22d and 23d are made 
the 11th and 12th, as they are more ſimple than the propoſi- 
ions concerning magnitudes, the exceſs of one of which above 
a given magnitude has a given ratio to the other, after which 
theſe two were placed; and the 24th in the Greek text is, for 
the ſaint reaſon, made the 13th. 


PK OP. VI. VL 


Theſe are univerſally true, though, jn the Greek text, they 
are demonſtrated by prop. 2. which has a limitation; they are 
therefore now ſhown without it. 


G g P R O P. 


N O T E S ON 


P NOT. . 


In the 23d prop. in the Greek text, which here is the 124 
the words, , res avre; 3:,” are wrong tranſlated by Claud 
Hardy, in his Edition of Euclid's Data, printed at Paris, ann 
1625, which was the firſt edition of the Greek text; and D; 
Gregory follows him in tranſlating them by the words, . & 
te non eaſdem,” as if the Greek had been « xa: nun log amy, 
as in prop. 9. of the Greek text. Euclid's meaning is, that 
the ratios mentioned in the propoſition muſt not be the ſane. 
for, if they were, the propoſition would not be true. Wha. 
ever ratio the whole has to the whole, if the ratios of the part; 
of the firſt to the parts of the other be the ſame with this ra. 
tio, one part of the firſt may be double, triple, &c. of the o. 
ther part of it, or have any other ratio to it, and conſequently 
cannot have a given ratio to it; wherefore, theſe words mul 
be rendered by © non autem eaſdem,“ but not the ſame ratios, 
as Zambertus has tranſlated them in his edition. 


PROP. XIII. 


Some very ignorant editor has given a ſecond demonſtration 
of this propoſition in the Greek text, which has been as Ign0- 
rantly kept in by Claud. Hardy and Dr Gregory, and has been 
retained in the tranſlations of Zambertus and others; Carolus 
Renaldinus gives it only: The author of it has thought that a 
ratio was given if another ratio could be ſhown to be the ſame to 
it, though this laſt ratio be not found: But this is altogether ab- 
ſurd, becauſe from it would be deduced that the ratio of the 
ſides of any two ſquares is given, and the ratio of the diameters 
of any two circles, &c. And it is to be obſerved, that the mo- 
derns frequently take given ratios, and ratios that are always the 
ſame, for one and the fame thing; and Sir Iſaac Newton has 
fallen into this miſtakein the 17th Lemma of his Principia, edit. 
1713, and in other places; but this ſhould be carefully avoided, 
as it may led into other errors. 


PROP. XIV. XV. 


Euclid in this book has ſeveral propoſitions concerning 
magnitudes, the exceſs of one of which above a given —_— 
tude 
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zude has a given ratio to the other; but he has given none 
concerning magnitudes whereof one together with a given 
magaitade has a given ratio to the other; though theſe laſt oc- 


cur as frequently in the folution of problems as the firſt ; the 


[2th reaſon of which is, that the laſt may be all demonſtrated by 
aud, help of the firſt ; for, if a magnitude, together with a given 
ann, magnitude has a given ratio to another magnitude, the exceſs of 
I Dr this other above a given magnitude ſhall have a given ratio to 
ett the firſt, and on the contrary ; as we have demonſtrated in prop. 
ads, 14. And for a hike reaſon prop. 15. has been added to the 
that data One example will make the thing clear; ſuppoſe it 
_ were to be demonſtrated, that if a magnitude A together with a 
"hat. given magnitude has a given ratio to another magnitude B, 
parts that the two magnitudes A and B, together with a given mag- 
5 ritude, have a given ratio to that other magnitude B; which is 
ie 0 the ſame Ar. with reſpect to the laſt kind of magnitudes 


above mentioned, that the firſt part of prop. 16. in this edition 
is in reſpect of the firſt kind: This is ſhewn thus; from the hy- 
potheſis, and by the firſt part of prop. 14. the exceſs of B above 
2 given magnitude has unto A a given ratio; and, therefore, by 
the firlt part of prop. 17. the exceſs of B above a given maghi- 
tude has unto B and A together a given ratio; and by the ſe- 
cond part of prop. 14. A and B together with a given magni- 
tude has unto B a given ratio ; which is the thing that was to 


00 be demonſtrated. In like manner, the other propoſitions con- 
3 cerning the laſt kind of magnitudes may be ſhe vn. 

rolus 

hat a PR OP. XVI. XVII, 

me to 2 

f — [n the third part of prop. 10. in the Greek text, which is the 
: 16th in this edition, after the ratio of EC to CB has been. 
* ſhown to be given; from this, by inverſion and converſion the 


n ratio of BC to BE is demonſtrated to be given; but without 
7 theſe two ſteps, the concluſion ſhould have been made only by 
b citing the Gth, propoſition. And in like manner, in the firſt 
idee part of prop. 11. in the Greek, which in this edition is the 17th 

ö from the ratio of DB to BC being given, the ratio of DC to 
DB is ſhewn to be given, by inverſion and compoſition, inſtead 


of citing prop. 7. and the ſame fault occurs in the ſecond part 
ef the lame prop. 11. | 


rning | G g2 PROP, 
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N Or Es! ON 
PROP. XXI. XXII. 


Theſe now are added, as being wanting to complet ethe ſub. 
ject treated of in the four preceding propoſitions, 


PROP. XXIII. 

This, which is prop. 20. in the Greek text, was: ſeparated 
from prop. 14. 15. 16. in that text, after which it ſhould have 
been immediately placed, as being of the ſame kind ; it is now 
put into its proper place ; but prop. 21. in the Greek is left out, 
as being the fame with prop. 14. in that text, which is here 
prop. 18. 

PR OP. XXIV. 


This, which is prop. 13 in the Greek, is now put into its 


proper place, having been diqoined from the three following it 
in this edition, which are of the ſame kind. 


PR OP. XXVIII. 

This, which in the Greek text is prop. 25. and ſeveral of the 
following propoſitions are there deduced from def. 4. which is 
not ſufficient, as has been mentioned in the note on that defini- 
tion ; They are therefore now ſhewn more explicitly. 


PROP. XXXIV. XXXVI, 
Each of theſe has a determination, which is now added, which 
occaſions a change in their demonſtrations. 


PROP. XXXVI. XXXIX. XL. XLI. 

The 35th and 36th propoſitions in the Greek text are joined 
into one, which makes the 3gth in this edition, becauſe the ſame 
enunciation and demonſtration ſerves both : And for the ſame 
reaſon prop. 37. 38. in the Greek are joined into one, which 
here is the 40. 

Prop. 37. is added ro the data, as it frequently occurs in the 
ſolution of problems ; and prop. 41. is added to complete the 


reſt, 
PR VF. AL: | 
This is prop. 39. in the Greek text, where the whole con- 
ſtruction of prop. 22. of book I. of the Elements is put, without 
need, into the demonſtration, but is now only cited. 


PROP. XLV. 

This is prop. 42. in the Greek, where the three ſtraight lines 
made uſe of in the conſtruction are ſaid, but not ſhewn, to be 
ſuch that any twa of them is greater than the third, which 1s 
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PR Q.P.. XL. 
This is prop. 44- in the Greek text; but the demonſtration 
of it is changed into another, wherein the ſeveral caſes of it are 
hewn, which, though neceſſary, is not done in the Greek. 


PR OP. XLVIII. 
There are two caſes in this propoſition, ariſing from the two 
caſes of the third part of prop. 47. on which the 48th depends; 
and in the com poſition theſe two caſes are explicitly given. 


EF SLE; 


The conſtruction and demonſtration of this, which is prop. 
43. in the Greek, are made ſomething ſhorter than in that text. 


PN OF. III. 
Prop. 63. in the Greek text is omitted, being only a caſe of 
prop. 49. in that text, which is prop. 53. in this edition. 


PRO P. LVL, 

This is not in the Greek text, but irs demonſtration is con- 
tained in that of the firſt part of prop. 54. in that text: which 
propoſition is concerning figures that are given in ſpecies: This 
58th is true of ſimilar figures, though they be nut given in 
ſpecies, and, as it frequently occurs, it was neceſſary to add it. 


PROP. LIX. LXI. 
This is the 54th in the Greek; and the 77th in the Greek, 
being the very ſame with it, is left out, and a ſhorter demon- 
liration is given of prop. 61. 


PROF. LAH. 

This, which is moſt frequently uſeful, is not in the Greek, 
and is neceſſary to prop. 87. 88. in this edition, as alſo, though 
not mentioned, to prop. 86. 87. in the former editions. Prop. 
66. in the Greek text is made a corollary to it. 


N 
This contains both prop. 74. and 73. in the Greek text; the 
'rſt caſe of the 74th is a repetition of prop. 56. from which 
it is ſeparated in that text by many propoſitions ;' and as there 
3 no order in theſe propoſitions, as they ſtand in the Greek, 
they are now put into the order which ſeemed moſt convenient 
and natural. 


Go 3 The 


470 


NOTE S ON 


The demonſtration of the firſt part of prop. 73. in the Greek 
is roy vitiated. Dr Gregory ſays, that the ſentences he has 
incloſed betwixt two ſtars are ſuperfluous, and ought to be can. 
celled; but he has not obſerved, that what follows them is ab. 
ſurd, being to prove that the ratio [See his figure] of A x to 
1 K is given, which by the hypotheſis at the beginning of the 


monſtrat 
ly makir 


the Ele 


propoſition is expreſsly given; fo that the whole of this part This 

was to be altered, which is done in this prop. 64. i - 5 
in that 

PR OP. IXVII. IXVI I. 2 

tice, tha 

Prop. 70. in the Greek text is divided into theſe two, for . 
the ſake of diſtinctneſs; and the demonſtration of the 67h n ut doe 
rendered ſhorter than that of the firſt part of prop. 70. in the «h 5 
Greek, by means of prop. 23. of book 6. of the Elements. * 

N 
The 

This is prop. 62. in the Greek text; prop. 78. in that text rende 
is only a particular caſe of it, and is therefore omitted. 

Dr Gregory, in the demonſtration of prop. 62. cites the 49th | 
prop. dat, to prove that the ratio of the figure AEB to the pa. : 
rallelogram AH is given; whereas this was ſhewn a few lines Thel 
before: And beſides, the 4gth prop. is not applicable to theſe alten u 
two figures; becauſe AH is not given in ſpecies, but is by the 
ſtep for which the citation is brought, proved to be given in 
ſpecies. . 

This 
the $3C 
PR OP. LXXIII. 3 

Prop. 83. in the Greek text is neither well enunciated nor PD 
demonſtrated. Ihe 73d, which in this edition is put in place of 
it, is really the ſame, as will appear by conſidering [See Dr 
Gregory's edition] that A, B, r., E in the Greek text are Dr | 
four proportionals ; and that the propoſition is to ſhew that publiſh 
a, which has a given ratio to E, is to r, as Bis to a ſtraight ſupplie 
line to which A has a given ratio; or, by inverſion, that T is to rable x 
a, as a ſtraight line to which A has a given ratio is to B; that WWW tranſla 
is, if the proportionals be placed in this order, viz, T, E, A, B, propoſ 
that the firſt r is to à to which the ſecond E has a given ratio, could 1 
as a ſtraight line to which the third A has a given ratio is to gives 
the fourth B; which is the enunciation of this 73d, and was which 


thus changed that it might be made like to that of prop. 72. N meant 
this edition, which is the 82d in the Greek text : And the ce- 
| monſtration 
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nonſtration of prop. 73. is the ſame with that of prop. 72. on- 
y making uſe of prop. 23. inſtead of prop. 22. of book 5. of 
the Elements. 


PROP. LXXVII. 


This is put in place of prop. 79. in the Greek text, which 
not a datum, but a theorem premiſed as a lemma to prop. 80. 
in that text: And prop. 79. is made cor. 1. to prop. 77. in 
this edition. Cl. Hardy, in his edition of the data, takes no- 
tice, that in prop. 80. of the Greek text, the parallel KL in the 
figure of prop. 77. in this edition, muſt meet the circumference, 
bt does not demonſtrate it, which is done here at the end of 
cor. 3. prop. 77. in the conſtruction for finding a triangle ſimi- 
ar to ABC. 


PROP. LXXVIII. 


The demonſtration of this, which is prop. 80. in the Greek, 
rendered a good deal ſhorter by help of prop. 77. 


PRO p. LXXIX. LXXX, LXXXI. 


Theſe are added to Euclid's data, as propoſitions which are 
often uſeful in the ſolution of problems. 


PROP, LXXXII. 


This, which is prop. 60. in the Greek text, is placed before 
the 83d and 84th, which in the Greek are the 58th and 5gth, 
becauſe the demonſtration of theſe two in this edition are dedu- 
ced from that of prop. 82. from which they naturally follow. 


PROP. LXXXVIIL XC. 


Dr Gregory, in his preface to Euclid's works, which he 
publiſhed at Oxford in 1703, after having told that he had 
{upplied the defects of the Greek text of the data in innume- 
rable places from ſeveral manuſcripts, and corrected Cl. Hardy's 


tranſlation by Mr Bernard's, adds, that the 86th theorem, or 


propoſition,” ſeemed to be remarkably vitiated, but which 
could not be reſtored by help of the manuſcripts; then he 
gives three different tranſlations of it in Latin, according to 
which he thinks it may be read ; the two firſt have no diſtin& 
meaning, and the third, which he ſays is the beſt, though it 


g 4 contains 
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N OT E S ON 


contains a true propoſition, which is the goth in this edition 
has no connection in the leaſt with the Greek text. And it k 
ſtrange that Dr Gregory did not obſerve, that, if prop. 8. 
was changed into this, the demonſtration of the 86th muſt be 
cancelled, and another put in its place : But the truth is, both the 
enunciation and the demonſtration of prop. 86. are quite entire 
and right, only prop. 87. Which is more ſimple, ought to have 
been placed before it; and the deficiency which the Doctor 
juſtly obſerves to be in this part of Euclid's data, and which 
no doubt, is owing to the careleſſneſs and ignorance of the 
Greek editors, mould have been ſupplied, not by changing 
prop. 86. which is both entire and neceſſary, but by adding 
the two propolitions, which are the 88th and 92th in thi; 
edition. 


NOF. ACVHL GC 


Theſe were communicared to me by two excellent peome. 
ters, the firſt of them by the Right Honourable the Earl of 
Stanhope, and the other by Dr Matthew Stewart ; to which 
I have added the demonſtrations. 

Though the order of the propoſitions has been in many pla. 
ces changed from that in former editions, yet this will be of 
little diſadvantage, as the ancient geometers never cite the da. 
ta, and the moderns very rarely. 


* that part of the compolition of a problem which is its 
conſtruction may not be fo readily deduced from the ana- 
lyſis by beginners : For their ſake the following example is gi. 
ven, in which the derivation of the ſeveral parts of the con. 
ruction from the analyſis is particularly ſhown, that they may 
be aſſiſted to do the hke in other problems. 


p R O B L E M. 


Having given the magnitude of a parallelogram, the angle of 
which ABC is given, and alſo the excels of the ſquare of its 
{ide BC above the ſquare of the {ide AB; to find its ſides, and 
deſcribe it. 

The analyſis of this is the ſame with the demonſtration of 
the 87th prop. of the data, and the conſtruction that is given 


of the problem at the end of that propoſition is thus derived 


from the analyſis. | 
Let 
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Let EFG be equal to the given angle ABC, and becauſe 
-1 the analylis it is ſaid that the ratio of the rectangle AB, 
BC to the parallelogram AC is given by the 62d prop. dat. 
therefore, from a point in FE, the perpendicular E is drawn 
o FG, as the ratio of FE to EG is the ratio of the rectangle 


A. 


B PDC fer mn 


4B, BC to the parallelogram AC by what is ſhown at the end 
of prop. 62. Next, the magnitude of AC is exhibited by ma- 
king the rectangle EG, GH equal to it; and the given exceſs 
of the ſquare of BC above the ſquare of BA, to which exceſs the 
rectangle CB, BD is equal, is exhibited by the rectangle FG, 
GL : Then, in the analy is, the rectangle AB, BC is faid to be 
oven, and this is equal to the rectangle FE, GH, becauſe the 
rectangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is, as the rectangle) FE, GH to EG, GH; and the paral- 
|:logram AC is equal to the rectangle EG, GH, therefore the 
rectangle AB, BC, is equal to FE, GH: And conſequently the 
ratio of the rectangle CB, BD, that is, of the rectangle HG, 
GL, to AB, BC, that is, of the ſtraight line DB to BA, is 
the ſame with the ratio (of the rectangle GL, GH to FE, GH, 
that is) of the ſtraight line GL to FE. which ratio of DB to 
BA is the next thing ſaid to be given in the analyſis: From 
this it is plain that the ſquare of FE is to the ſquare of GL, as 
the ſquare of BA, which is equal to the rectangle BC, CD, is 
to the ſquare of BD: The ratio of which ſpaces is the next 
thing ſaid ro be given: And from this it follows that four times 
the 1quare of FE is to the ſquare of GL, as four times the rec- 
tingle BC, CD is to the ſquare of BD; and, by compoſition, 
four times the ſquare of FE together with the ſquare of GL, 
to the ſquare of GL, as four times the rectangle BC, CD 
toz-ther with the ſquare of BD, is to the ſquare of BD, that 
is (8. 6.) as the ſquare of the ſtraight lines BC, CD taken to- 
gether is to the ſquare of BD, which ratio is the next thing 
laid to be given in the analyſis: And becauſe four times the 
ſure of FE and the ſquare of GL are to be added together; 


werefore in the perpendicular EG there is taken KG ** to 
| E, 


- 
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gle contained by the firſt and third 1s given. 


NOTES ON 


FE, and MG equal to the double of it, beca 

ſquares of MG, GL, that is, joining ML, the . th 
is equal to four times the ſquare of FE and to the ſ * 
GL: And becauſe the ſquare of ML is to the er q 
as the ſquare of the ſtraight line made up of BC and CD * 
the ſquare of BD, e (22. 6.) ML is to LG, as BC. 
gether with CD is to BD; and, by compoſition, ML and * 
together, that is, producing GL to N, fo that ML be e 10 
LN, the ſtraight line NG is to GL, as twice BC is to Bb. 
and by taking GO equal to the half of NG, GO is to GL 
BC to BD, the ratio of which is ſaid to be given in the — 
ſis : And from this it follows, that the rectangle HG, GO ; - 
HG, GL, as the ſquare of BC is to the rectangle CB BD 
which is equal to the rectangle HG, GL; and therefore the 
ſquare of BC is equal to the rectangle HG, GO; and BC; 
conſequently found by taking a mean proportional betwix: HG 
and GO, as is ſaid in the conſtruction : And becauſe it w 

ſhown that GO is to GL, as BC to BD, and that now the 
three firſt are found, the fourth BD is found by 12.6 b 
was likewiſe ſhown that LG is to FE, or GK, as DB s By 
and the three firſt are now found, and thereby the fourth BA. 
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i to be 
; | prop. 2.4 
A the propoſitions from the 1 3th to the 28th may be thought the give 
by beginners to be leſs uſeful than the reſt, becauſe they exceed 
8 ſo readily ſee how they are to be made uſe of in the ſo- AB the 
2 of problems; on this account the two following pro- making 
lems are added, to ſhow that they are equally uſeful with the And Ia 

other propoſitions, and from which it may be eaſily judged tha: Wl d. 
many other problems depend upon theſe propoſitions. For: 
| ing the 
PROBL poo, 
XN. w EF, 
ſo is L 


O find three ſtraight lines ſuch, that the ratio of B. 
the firſt to the ſecond is given; and if a given lt... 
ſtraight line be taken from the ſecond, the ratio of I Lk 
the remainder to the third is given; alſo the rectan- ren! 
KL to 


Let taken , 
RN. 
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ler AB be the firſt ſtraight line, CD the ſecond, and EF the 


11 d: And becauſe the ratio of AB to CD is given, and that 

re of 2 given ſtraight line be taken from CD, the ratio of the re- 

GL zinder to EF is given; therefore · the exceſs of the firſt AB a 24. dat. 
is i ore 2 given ſtraight line has a given ratio to the third EF : 

of® et BH be that given ſtraight line; therefore AH, the exceſs 

LG AB above it, has a given ratio to EF; and A H B 

al to nſequently ® the rectangle BA, AH, has a — b 1. 9. 


ven ratio to the rectangle AB, EF, which 
at rectangle is given by the hypotheſis CG D 

nerefore © the rectangle BA, AH is given, E Þ | c 2. dat. 
4 BH the exceſs of its ſides is given; where- 


18 t9 p 

B dre the ſides AB, AH are given 4: And be- d 85. dat. 
| Fi zuſe the ratios of AB to CD, and of AH 0 K NM E © 

C is P are given, CD and EF are © piven, 

HG 

** T he Compaſction. 

' the 

* Let the given ratio of KL to KM be that which AB is requi- 


red to have to CD; and let DG be the given ſtraight line which 
s to be taken from CD, and let the given ratio of KM to KN 


- be that which the remainder muſt have to EF; alſo let the gi- 
oo. ben rectangle NK, KO be that to which the rectangle AB, EF 


required to be equal: Find the given ſtraight line BH which 
to be taken from AB, which is done, as plainly appears from 
prop. 24. dat, by making as KM to KL, ſo GD to HB. To 


gb the given ſtraight line BH apply a rectangle equal to LK, KO e 29. * 
hey erceedin by a ſquare, and let BA, AH be its ſides: Then is 
 {o. g the firſt of the ſtraight lines required to be found, and by 


making as LK to KM, fo AB to DC, DC will be the ſecond : 

And laſtly, make as KM to KN, ſo CG to EF, and EF is the 

third. 

For as AB to CD, ſo is HB to GD, each of theſe ratios be- 

'ng the ſame with the ratio of LK to KM; therefore f AH is f 9.5 
o CG, as (AB to CD, that is, as) LK to KM; and as CG 

0 EF, ſo is KM to KN; wherefore, ex zquali, as AH to EF, 

is LK, to KN: And as the rectangle BA, AH to the rectan- 

ge BA, EF, ſo is s the rectangle LK, KO to the rectangle KN, 8 1. 6. 


den RO. And by the conſtruction, the rectangle BA, AH is equal 
of LK, KO : Therefore * the rectangle AB, EF is equal to the h 14 5. 
an- en rectangle NK, KO: And AB has to CD the given ratio of 


L to KM; and from CD the given ſtraight line GD being 
taken, the remainder CG has to EF the given ratio of KM to 
XX. Q. E. D. 25 
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a 24. dat, 


b 44. dat. 


c 32. dat. 


d 47 1. 


e 34. dat. 


1 28 dat. 


g 33 dat. 


h 29. dat. 


i 2. dat. 
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NOTES ON 


PROB. II. 


O find three ſtraight lines ſuch, that the ratio q 

the firſt to the ſecond is given; and if a give 
ſtraight line be taken from the ſecond, the ratio ofthe 
remainder to the third is given; alſo the ſum of th 
ſquares of the firſt and third 1s given. 


Let AB be the firſt ſtraight line, BC the ſecond, and BD the 
third: And becauſe the ratio of AB to BC is given, and that 
a given ſtraight line be taken from BC, the ratio of the remain. 
der to BD is given ; therefore ® the excels of the firſt AB above 
a given ſtraight line, has a given ratio to the third BD : Let 
AE be that given ſtraight line, therefore the remainder EB has 
a given ratio to BD : Let BD be placed at right angles to EB 
and join DE; then the triangle EBD is given in ſpecies; 
wherefore the angle BED is given: Let AE, which is given in 
magnitude, be given alſo in poſition, as alſo the point E, and 
the ttraight line ED will be given © in poſition: Join AD, and 
becauſe the ſum of the ſquares of AB, BD, that is 4, the ſquare 
of AD is given, therefore the {ſtraight line AD is given in mag. 
nitude; and it is alſo given © in poſition, becauſe from the gi. 
ven point A it is drawn to the ſtraight Ine ED given in poſition: 
Therefore the point D, in which the two ſtraight lines AD, ED 
given in poſition cut one another, is given f: And the ſtraight 
line DB which is at right angles to AB is given s in poſition, and 
AB is given in poſition, therefore f the point B is given: And 
the points A, D are given, wherefore b the ſtraight lines AB, 
BD are given : And the ratio of AB to BC is given, and there. 
fore | BC is given. | 


T he Compoſition. 
Let the piven ratio of FG to GH be that which AB is requi. 


red to have to BC, and let HK be the given ſtraight line 


which is to be taken from BC, and let the ratio which the re. 
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Next, as HG is to GF, ſo make HK to AE; produce AE to 
N, ſo that AN be the ſtraight line to the ſquare of which the 
um of the ſquares of AB, BD is required to be equal ; and 
make the angle NED equal to the angle GFL; and from the 
centre A at the diſtance AN deſcribe a circle, and let its cir- 
-umference meet ED in D, and draw DB perpendicular to AN, 
nd DM making the angle BDM equal to the angle GLH. 
Laſtly, produce BM to C, ſo that MC be equal to HK; then is 
AB the firſt, BC the ſecond, and BD the third of the ſtraight 
lines that were to be found. | 
For the triangles EBD, FGL, as alſo DBM, LGH being 
equiangular, as EB to BD, ſo is FG to GL; and as DB to 
BM, ſo is LG to GH; therefore, ex æquali, as EB to BM, 
{ is (FG to GH, and fo is) AE to HK or MC; wherefore x, 
AB is to BC, as AE to HK, that is, as FG to GH, that is, 
in the given ratio; and from the ſtraight line BC taking MC, 
which is equal to the given firaight line HK, the remainder 
BM has to BD the . ratio of HG to GL ; and the ſum of 
the ſquares of AB, BD is equal to the ſquare of AD or AN, 
which is the given ſpace. Q, E. D. | 
believe it would be in vain to try to deduce the preceding 
conſtrution from an algebraical ſolution of the problem. 
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PLANE TRIGONOME TRV. 


LEMMA I. Fi. 1. 


ET ABC be a rectilineal angle, if about the point B as a 

centre, and with any diſtance BA, a circle be deſcribed, 
meeting BA, BC, the ſtraight lines including the angle ABC 
in A, CG; the angle ABC will be to four right angles, as the 
arch AC to the whole circumference. 

Produce AB till it meet the circle again in F, and through B 
draw DE perpendicular to AB, meeting the circle in D, E. 

By 33. 6. Elem. the angle ABC is to a right angle ABD, as 
the arch AC to the arch AD; and quadrupling the conſe. 
quents, the angle ABC will be to four right angles, as the 
arch AC to four times the arch AD, or to the whole circum- 
ference. 


LEMMA II. Fis. 2. 
By: ABC be a plane rectilineal angle as before: About B 


as a centre with any two diſtances BD, BA, let two cir- 
cles be deſcribed meeting BA, BCin D, E, A, C; the arch 
AC will be to the whole circumference of which it is an arch, 
35 the arch DE is to the whole circumference of which it is an 
arch, | 
By Lemma 1. the arch AC is to the whole circumference of 
which it is an arch, as the angle ABC is to four right angles ; 
and by the ſame Lemma 1. the arch DE is to the whole cir- 
cumference of which it is an arch, as the angle ABC is to four 
right angles; therefore the arch AC is to the whole circumfe- 
rence of which it is an arch, as the arch DE to the whole cir- 
cumference of which it is an arch. 


DEFINITIONS. Fic. 3. 


I 


ET ABC be a plane rectilineal angle; if about B as a 

centre, with BA any diſtance, a circle ACF be deſcribed 
meeting BA, BC, in A, C; the arch AC is called the mea- 
ſure of the angle ABC. 


IT. 


The circumference of a circle is ſuppoſed to be divided into 


360 
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360 equal parts called degrees, and each degree into 60 equal 
parts called minutes, and each minute into 60 equal parts} 
called ſeconds, &c. And as many degrees, minutes, ſeconds | 
&c. as are contained in any arch, of fo many degrees, mi. 
nutes, ſeconds, &c. is the angle, of which that arch is the 
meaſure, faid to be. 

Cor. Whatever be the radins of the circle of which the mea. 
ſure of a given angle is an arch, that arch will contain the 
ſame number of degrees, minutes, ſeconds, &c. as is manifeſtf 
from Lemma 2. m | 


Let AB be produced till it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right an- 
gles, is called the Supplement of the angle ABC. z 


IV. 

A ſtraight line CD drawn through C, one of the extremities o 

the arch AC perpendicular upon the diameter paſſing throught 

the other extremity A, is called the Sine of the arch AC, or 
of the angle ABC, of which it is the meaſure. 

Cor. The Sine of a quadrant, or of a right angle, is equal to 

the radius, 2 | 


The ſegment DA of the diameter paſſing through A, one ex- 
tremity of the arch AC between the ſine CD, and that ex4 
tremity, is called the Verſed Sine of the arch AC, or angle 
ABC. 1 


A ſtraight line AE touching the circle at A, one extremity off 
the arch AC, and meeting the diameter BC paſſing througly 
the other extremity C in F, is called the Tangent of the arch 
AC, or of the angle ABC. 

VII. | 

The ſtraight line BE between the centre and the extremity of 
the tangent AE, is called the Secant of the arch AC, or an4 
gle ABC. 

Cox to def. 4. 6. 7. the fine, tangent, and fecant of any angle 
ABC, are likewiſe the ſine, tangent, and ſecant of its ſupple- 
ment CBF. 

It is manifeſt from Def. 4. that CD is the fine of the angle 
CBF. Let CB be produced till it meet the circle again it 
G; and it is manifeſt that AE is the tangent, and BE the 
ſecant, of the angle ABG or EBF, from def, 6. 7. 


Cox. 
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Co. to Def. 4. 5. 6. 7. The fine, verfed ſme, tangent, and ſe- 
cant, of any arch which is the meafure of any given angle 
ABC, is to the ſine, verfed fine, tangent, and ſecant, of any 
other arch which is the meafure of the ſame angle, as the 
radius of the firft is to the radius of the ſecond. 

Let AC, MN be meaſures of the angle ABC, according to 
Def. 1. CD the fine, DA the verſed fine, AE the tangent, 
and BE the ſecant of the arch AC, according to def. 4. 5. 
6. 7. and NO the ſine, OM the verſed fine, MP the tan- 
gent, and BP the ſecant of the arch MN, according to the 

ame definittons. Since CD, NO, AE, MP are parallel 
CD is to NO as the radius CB to the radius NB, and AE 
to MP as AB to BM, and BC or BA to BD as BN or BM 
to BO; and, by converſion, DA to MO as AB to MB. 
Hence the corollary is manifeſt ; therefore, if the radius 
be ſuppoſed to be divided into any given number of equal 
parts, the (ine, verſed ſine, tangent, and ſecant of any given 
angle, will each contain a given number of theſe parts; and, 
by trigonometrical tables, the length of the ſme, verſed fine, 
tangent, and ſecant of any angle may be found in parts of 
which the radius contains a given number; and, vice verſa, 
a number expreſſing rhe length of the fine, verſed fine, tan- 
gent, and ſecant being given, the angle of which it is the 
{ine, verſed fine, tangent, and ſecant may be found. 


VIII. Fig. 2. 


The difference of an angle from a right angle is called the 
complement of that angle. Thus, if BH be drawn perpen- 
dicular to AB, the angle CBH will be the complement of the 
angle ABC, or of CBF. 


IX. 


Let HK be the tangent, CL or DB, which is equal to it, the 
ſine, and BK the ſecant of CBH, the complement of ABC, 
according to def. 4. 6. 7. HK is called the co-tangent, BD 
the cone, and BK the co, ſecant of the angle ABC. 8 

Cor. 1. The radius is a mean proportional between the tan- 
gent and co-tangent. . 

For, ſince HK, BA are parallel, the angles HKB, ABC will 
be equal, and the angles KHB, BAE are right; therefore 

H h 2 | the 
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the triangles BAE, KHB are ſimilar, and therefore AE is to 
AB, as BH or BA to HK. 

Cor. 2. The radius is a mean proportional between the co-ſine 
and ſecant of any angle ABC. 

Since CD, AE are parallel, BD is to BC or BA, as BA to 
BE. | 


PAO PL N. 5. 


Na right angled plain triangle, if the hypothenuſe 
| be made radius, the ſides become the fines of the 
angles oppoſite to them ; and if either fide be made 
radius, the remaining fide 1s the tangent of the angle 
oppoſite to it, and the hypothenuſe the ſecant of the 
ſame angle. 


Let ABC be a right angled triangle ; if the hypothenuſe BC 
be made radius, either of the ſides AC will be the ſine of the 
angle ABC oppoſite to it; and if either ſide BA be made ra. 
dius, the other {ide AC will be the tangent of the angle ABC 
oppoſite to it, and the hypothenuſe BC the ſecant of the ſame 
angle. 

About B as a centre, with BC, BA for diſtances, let two 
circles CD, EA be deſcribed, meeting BA, BC in D, E : Sinee 
CAB is a right angle, BC being radius, AC is the fine of the 
angle ABC by def. 4. and BA Dong radius, AC is the tangent, 
and BC the ſecant of the angle ABC, by def. 6. 7. 

Cor. 1. Of the hypothenuſe a fide and an angle of a right 
angled triangle, any two being given, the third is alſo given. 

CoR. 2. Of the two ſides and an angle of a right angled tri 
angle, any two being given, the third is alſo * 


5 PROP. II. Fic. 6. 7: 


M fides of a plain triangle are to one another, 
as the ſines of the angles oppofite to them. 


In right angled triangles, this prop. is manifeſt from prop. 1. 
for if the hypothenuſe be made radius, the ſides are the ſines of 
the angles oppoſite to them, and the radius is the ſine of a right 
angle (cor. to def. 4.) which is oppoſite to the — 
| n 
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In any oblique angled triangle ABC, any two ſides AB, AC 
will be to one another as the fines of the angles ACB, ABC 
which are oppoſite to them. 

From C, B draw CE, BD perpendicular upon the oppoſite 
ſides AB, AC produced, if need be. Since CEB, CDB are- 
right angles, BC being radius, CE is the fine of the angle CBA, 
and BD the ſine of the angle ACB ; but the two triangles CAE, 
DAB have each a right angle at D and E; and likewiſe the 
common angle CAB; therefore they are ſimilar, and conſe. 
quently, CA is to AB, as CE to DB; that is, the ſides are as 
the ſines of the angles oppoſite to them. 

Cor. Hence of two ſides, and two angles oppoſite to them, 
in a plain triangle, any three being given, the fourth is alſo 
given. 


PROP. III. Fis. 8. 


N a plain triangle, the ſum of any two fides is to their 
difference, as the tangent of half the ſum of the an- 
gles at the baſe, to the tangent of half their difference. 


Let ABC be a plain triangle, the ſum of any two ſides AB, 
AC will be to their difference as the tangent of half the ſum of 
the angles at the baſe ABC, ACB to the tangent of half their 
difference. 

About A as a cefitre, with AB the greater ſide for a diſtance, 
let a circle be deſcribed, meeting AC produced in E, F, and 
BC in D; join DA, EB, FB: and draw FG parallel to BC, 
meeting EB in G. | 

The angle EAB (32. 1.) is equal to the ſum of the angles 
at the baſe, and the angle EFB at the circumference is equal 
to the half of EAB at the centre (20. 3.) ; therefore EFB is. 
half the ſum of the angles at the baſe ; but the angle ACB 
(32. 1) is equal to the angles CAD and ADC, or ABC to- 
gether ; therefore FAD is the difference of the angles at the 
baſe, and FBD at the circumference, or BFG, on account of 
the parallels FG, BD, is the half of that difference; but ſince 
the angle EBF in a ſemicircle is a right angle (1. of this) FB 
being radius, BE, BG, are the tangents of the angles EFB, 
BFG; but it is manifeſt that EC is the ſum of the ſides BA, 
AC, and CF their difference; and ſince BC, FG are parallel 
(2. 6.) EC is to CF, as 8 7 BG; that is, the ſum of the 
| 5 By ſides 
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fides is to their difference, as the tangent of half the ſum of 
the angles at the bafe to the tangent of half their difference. 


PROP. IV. Fis. 18, 


AC and baſe BC, the leſs of the two ſides which let 

e BA, is to the greater AC as the radius is to the tan- 

gent of an angle, and the radius 1s to the tangent of 

the exceſs of this angle above half a right angle as the 

tangent of half the ſum of the angles B and C at the 
baſe, is to the tangent of half their diſſerence. 


L. any plain triangle BAC, whoſe two ſides are BA, 


At the point A, draw the ſtraight line EAD perpendicular 
to BA; make AE, AF, each equal to AB, and AD to AC; 
join BE, BF, BD, and from D, draw DG perpendicular upon 
BF. And becauſe BA is at right angles to EF, and EA, AB, 
AF are equal, each of the angles EBA, ABF is half a right 
angle, and the whole EBF is a right angle; alſo (4. 1, E..) EB 
is equal to BF. And ſince EBF, FGD are right angles, EB is 


parallel to GD, and the triangles EBF, FGD are fimilar ; 


therefore EB is to BF as DG to GF, and EB being equal to 
BF, FG muſt be equal to GD. And becauſe BAD is a right 
angle, BA the lefs fide is to AD or AC the greater, as the ra- 
dius is to the tangent of the angle ABD ; and becauſe BGD is 
a right angle. BG is to GD or GF as the radius is to the tan. 
gent of GBD, which is the exceſs of the angle 
ABF halt a right angle. But becauſe EB is parallel ra GD, BG 


is to GF as ED is to DF, that is, ſince ED is the ſum of the | 


ſides BA, AC and FD their difference, (3. of this), as the tan. 
gent of half the ſum of the angles B, C, at the haſe to the tan- 
gent of half their difference. Therefore, in any plain triangle, 


PROP. V. Fid. 9. end 10. 


N any triangle, twice the rectangle contained by 
any two ſides is to the difference of the ſum of the 
ſquares of theſe two ſides, and the ſquare of the baſe, 


as the radius is to the co-ſine of the angle included by 
the two ſides. OT 2 | 
Let ABC be a plain triangle, twice the rectangle ABC con- 


tained by any two ſides BA, BC is to the difference of the * 
| | of 


ABD above 
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of the ſquares of BA, BC, and the ſquare of the baſe AC, as 
the radius to the co- ſine of the angle ABC. 


From A, draw AD perpendicular upon the oppoſite fide BC, 
then (by 12. and 13. 2. El.) the difference of the ſum of the 
ſquares of AB, BC, and the ſquare of the baſe AC, is equal to 
twice the rectangle CBD ; but twice the rectangle CBA is to 
twice the rectangle CBD; that is, to the difference of the ſum 
of the ſquares of AB, BC, and the ſquare of AC, (1. 6.) as AB 
to BD; that is, by prop. 1. as radius to the fine of BAD, which 


is the complement of. the angle ABC, that is, as radius to the 
co- ſine of ABC. 


P-AQOP; VI. Pie. . 


N any triangle ABC, whoſe two ſides are AB, AC, 

and baſe BC, the rectangle contained by half the 
perimeter, and the exceſs of it above the baſe BC, is to 
the rectangle contained by the ſtraight lines by which 
the half of the perimeter exceeds the other two ſides 
AB, AC, as the ſquare of the radius is to the ſquare of 
the tangent of half the angle BAC oppoſite to the baſe. 


Let the angles BAC, ABC be biſected by the ſtraight lines 
AG, BG ; and producing the ſide AB, let the exterior angle 
CBH be biſected by the ſtraight line BK, meeting AG wi; 
and from the points G, K, let there be drawn abc 
upon the ſides the ſtraight lines GD, GE, GF, KH, KL, 
KM. Since therefore (4. 4.) G is the centre of the circle in- 
ſcribed in the triangle ABC, GD, GF, GE will be equal, and 
AD will be equal to AE, BD to BF, and CE to CF. la like 
manner KH, KL, KM will be equal, and BH will be equal 
to BM, and AH | to AL, becauſe the angles HBM, HAL are bi- 
ſected by the ſtraight lines BK, KA: And becauſe i in the tri- 
angles KCL, KCM, the ſides LK, KM are equal, KC is com- 
mon and KLC, KMC are right angles, CL i be equal to 
CM : Since therefore BM is equal ro BH, and CM to CL; 
BC will be equal to BH and CL to ether; and, adding AB 
and AC together, AB, AC, and BC will tog ether be equal 
to AH and AL together : But AH, AL are — 2 Wherefore 
each of them is equal to half the perimeter of the triangle 
ABC: But ſince AD, AE are equal, and BD, BF, and alſo 
CE, CF, AB together with FC, will be equal to half the pe- 
rimeter of the triangle to which AH or AL was ſhewn to be 
equal; taking away therefore the common AB, the remain- 

H h 4 | der 
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der FC will be equal to the remainder BH : In the ſame man. 

ner is it demonſtrated, that BF is equal to CL : And ſince the 
points B, D, G, F, are in a circle, the _ DF will be e. 
qual to the exterior and oppoſite angle FBH, (22. 3.) ; where. 
fore their halves BGD, HBK will be equal to one another . 
The right angled triangles BGD, HBK will therefore be e. 
quiangular, and GD will be to BD, as BH to HK, and the 
rectangle contained by GD, HK will be equal to the rectangle 
DBH or BFC: But ſince AH is to HK, as AD to DG, the 
rectangle HAD (22. 6.) will be to the rectangle contained by 
HK, DG, or the rectangle BFC, (as the ſquare of AD is to 
the ſquare of DG, that is) as the ſquare of the radius to the 
ſquare of the taugent of the angle DAG, that is, the half of 
BAC : Bur HA is half the perimeter of the triangle ABC, and 
AD is the exceſs of the ſame above HD, that is, aboye the 
baſe BC; but BF or CL is the exceſs of HA or AL above the 
ſide AC, and FC, or HB is the exceſs of the ſame HA above 
the ſide AB; therefore the rectangle contained by half the pe- 
rimeter, and the exceſs of the ſame above the baſe, viz. the 
rectangle HAD, is to the rectangle contained by the ſtraight 
lines by which the half of the perimeter exceeds the other two 
ſides, that is, the rectangle BFC, as the ſquare of the radius 
is to the ſquare of the tangent of half the angle BAC oppoſite 
to the baſe. Q E. D. W A 


PRO F. VII. Fig. 12. 13. 


IN a plain triangle, the baſe is to the ſum of the ſides, 
as the difference of the ſides is to the ſum or dif, 
terence of the {ſegments of the baſe made by the per- 
pendicular upon it from the vertex, according as the 
ſquare of the greater fide is greater or leſs than the 
ſum of the ſquares of the leſſer fide and the baſe. 


Let ABC be a plane triangle; if from A the vertex be drawn 
a ſtraight line AD perpendicular upon the baſe BC, the baſe 
BC will be to the ſum of the fides BA, AC, as the difference 
of the ſame ſides is to the ſum or diffg rence of the ſegments CD, 
BD, according as the ſquare of AC the greater fide is greater 
or leſs than the ſum of the ſquares of the lefler {ide AB, and 
the baſe BC, ; 
About A as a centre, with AC the greater ſide for a di- 
* let a circle be deſcribed meeting AB produced in E, 
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the difference of the ſides; and ſince AD is perpendicular to 
GC, GD, CD will be equal; conſequently GB will be equal 
to the ſum or difference of the ſeginents CD, BD, according 
2j the perpendicular AD meets the baſe, or the baſe produced; 
that is, (by Conv. 12. and 13. 2.) according as the ſquare 
of AC is greater or leſs than the ſum of the ſquares of AB, 
BC: But (by 35. 3.) the rectangle CBG is qual to the rect, 


angle EBF; that is, (16. 6.) BC is to BF, as BE is to BG; 


that is, the bale is to the ſum of the fades, as the difference 
of the ſides is to the ſum or difference of the ſegments of the 
baſe made by the perpendicular from the vertex, according as 
the ſquare of the greater ſide is greater or leſs than the ſum of 
the ſquares of the leſſer fide and the baſe. Q E. D. 


PROP. VIII. PRO B. Fes. 14 


HE ſum and difference of two magnitudes being 
given, to find them, 


Half the given ſum added to half the given difference, will 


ve the greater, and half the difference ſubtracted from half the 
ſum, will be the leſs, 


For, let AB be the given ſum, AC the greater, and BC the 


jels. Let AD be half the given ſum ; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, 
ind DC together; that is, to BC, and twice DC; conſequent- 
ly twice DC is the difference, and DC half that difference ; 
bur AC the greater is equal to AD, DC; that is, to half the 
ſum added to half the difference, and BC the leſs is equal to 


the exceſs of BD, half the ſum above DC half the difference. 


N E. F. 
se H 0 LU M. 


Of the ſix parts of a plain triangle (the three ſides and three 
angles) any three being given, to Find the other three is the bu- 
lneſs of plane trigonometry ; and the ſeveral caſes of that 
problem may be reſolved by means of the preceding propoſi- 
tions, as in the two following, with the tables annexed. In 
theſe, the ſolution is expreſſed by a fourth proportional to three 
given lines; but if the given parts be expreſſed by numbers 
from trigonometrical tables, it may be obtained arithmetically 


dy the common Rule of Three, 
SOLUTION 


Note. In the tables the following abbreviations are uſed. R, is put for the 
Radius; T, for Tangent; and 8, for Sine. Degrees, minutes, ſeconds, &c. 
are written in this manner; 3025/13“ &c. which ſignifies 30 degiees, 25 
ſaunutes, 13 ſeconds, &c. | 


{ 
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SOLUTION of the Cass of right angled 
TRIANGLES. * 


OL 


TRI 
GENERAL PROPOSITION, 

N a right angled triangle, of the three ſides and 
three angles, any two being given beſides the right 1 an 
angle, the other three may be found, except when the three 
two acute angles are given, in which caſe the ratios of nay be 
the ſides are only given, being the ſame with the ra. en; 11 
tios of the ſines of the angles oppoſite to them. = be 
ngles « 

It is manifeſt from 47. 1. that of the two ſides and hypothe. 

nuſe any two be given, the third may alſo be found. Ir is alſo 
manifeſt from 32. 1. that if one of the acute angles of a right. hp + I 
angled triangle be given, the other is alſo given, for it is the fore | 

complement of the former to a right angle. 3B 


If two angles of any triangle be given, the third is allo gi. 
ven, being the ſupplement of the two given angles to two: | At 
right angles. Ea 

The other caſes may be reſolved by help of the preceding] angle 
propoſitions, as in the following table. one 


G1veN. SOUGHT. | W.| 4} 
i | Two ſides, AB Ihe angley AU: CY N;: T. B. off Wes 
AC. 1B, C. bench C is the complement. inch 


2 | AB, BC, a ſide and Theangled BC: BA R: S, C, off 
the hypothenuſe. B. C. [which B is the complement. 


— 


3 AB. B, a ſide and The other R 15 B: BA AC. 
an angle. | fide AC. 


4 | AB and B, a ſide 
and an angle. 


The hypo-] 8, C: R. BA: BC. 
thenuſe BC. 


o 


5| BC and B, the The ſide] R: 8, B. BC; CA. 
hypothenuſe and an AC. | | 
angle. 


— 


Theſe five caſes are reſolved by prop. 1. 
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OL UTION of che Cags of oblique-angled 
TRIANGLES» 


GENERAL PROPOSITION. 


three angles, any three being given, the other three 
nay be found, except when the three angles are gi- 
jen; in which caſe the ratios of the ſides are only gi- 
jen, being the ſame with the ratios of the ſines of the 
ges oppoſite to them. 


10 an oblique-angled triangle, of the three ſides and 


' GIVEN. SOUGHT. 


|| A} By and chere 
fore C, and the lide 


T. 


„e:, A:: : 
and alſo, 8, C: 8, B:: AB 


3B. | AC, (2.) 
; AB, AC, and B, The angles "AG AB:: 8, B: 8, C. 
two ſides and an A and E. (2.) This caſe admits of 


angle oppoſite to 


two ſplutions ;. for C may 


, Fig. 16. 17. 


included angle. 


one of them. be greater or leſs than a 
quadrjant. (Cor. to def. 4.) 

;| AB, AC, and A, The angle: e  AB—AC:: T, 
two ſides, and the B and C. C+3. T, C—B: 3. 


the ſum and difference of 
the angles C, B, being 
given, each of them! is. gi - 


ven. (7.) Otherwiſe. Fis. 


18. 
:: R: T, ABG, 

T, ABC—45 

11 B—C: :(4-) 


therefore B and C are gi- 
ven as before. (7.) 


— — mm 
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GIVEN, SoUuGHT. | 
at | 2 ACXCB: ACA 
ST. 1 


ch R: Co | 
Bg be greater tha 
| ary Fio. 1 | 
2 ACXCB : ABq—AC 
—CBg::R:CoS,C.1 
4 | AB, BC, CA, A, B. C, the ABq be greater than AC 
the three ſides. | three angles. CB. Fig. 17. (4.) 


Otherwiſe. 


Let AB+BC-þAC=2P 1 
PxP— AB: PER, | 
P—BC : Re 75,40% 


| and hence C is known, (5. 
Otherwiſe. 

| Let AD be perpendicular 

to BC. 1. If ABg be lefsÞ 

than ACq-CBg. Fis. 5 


| 
| 
| 
| 
] 
| 


WW — W.- I” 


BC: BA + AC: : BA— 


La nd 


| | [AC: BD--DC, and BC 

| | the ſum of BD, DC is given 
$ Wt; | therefore each of them is | 

| given. (7) 

2. If ABg be greater than 
ACgd=CBg. Fig. 17. BC: 
BAJ-AC :: BAA: B 
DC ; and BC the differ. 
ence of BD, DC is given, 
therefore each of them is 
given. (7.) | 

And CA: CD:: R: Co 
8, C. (1.) and C being 
found, A and B are found 
by cale 2. or 3 
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SPHERICAL TRIGONOMETRY. 


DEFINITIONS, 


I 


HE pole of a circle of the ſphere is a point in the ſuper« 
ficies of the ſphere, from which all ſtraight lines drawn 
to the circumference of the - are equal. 

A great circle of the ſphere 1s any whoſe plane paſſes through 

the centre of the ſphere, and whoſe centre therefore is the 

ſame with that of the _ 

A ſpherical triangle is a figure upon the ſuperficies of a ſphete 
comprehended by three arches of three great circles, each of 
which is leſs than a ſemicircle. 

IV. 

A ſpherical angle is that which on the ſuperficies of a ſphere is 
contained by two arches of great circles, and is the ſame with 
the inclination of the planes of theſe great circles. 


PROP. I 
(JzzaT circles biſect one another. 


As they have a common centre their common ſection will be 
2 diameter of each which will biſe& them. 


PROF-T Mou 


HE arch of a great circle betwixt the pole and 
the circumference of another is a quadrant. 


Let ABC be a great circle, and D its pole; if a great circle 
DC paſs through D, and meet ABC in C, the arch DC will be 
a quadrant. 

Let the great circle CD meet ABC again in A, and let 
AC be the common ſection of the great circles, which will 


paſs 
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paſs through E the centre of the ſphere: Join DE, DA, DC 
By def. 1. DA, DC are equal, and AE, EC are alſo I. and 
DE is common; therefore (8. 1.) the angles DEA, DEC are 
equal; wherefore the arches DA, DC are equal, and conſe 
quently each of them is a quadrant. Q. E. D. 


r ADP. ME 


F a great circle be defcribed meeting two great tit 

cles AB, AC paſting through its pole A in B, C, the 
angle at the centre of the ſphere upon the circumfe 
rence BC, 1s the ſame with the ſpherical angle BAC 
and the arch BC is called the meaſure of the ſpheric: 
angle BAC. 


Fi. 2. 


Let the planes of the great circles AB, AC interſect one an 
other in the ſtraight line AD patſſhng through D their commo 
centre ; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles; therefore (6. def. 11.) the 
angle CDB is the inclination of the planes of the circles AB 
AC; that is, (def. 4.) the ſpherical angle BAC. Q. E. P 

Cor. If through the point A, two quadrants AB, AC, be 
drawn, the point A will be the pole of the great circle BC 
paſſing through their extremities B, C. 

Join AC, and draw AE a ſtraight line to any other point E 
in BC; join DE : Since AC, AB are quadrants, the angle 
ADB, ADC are right angles, and AD will be perpendicular tc 
the plane of BC: therefore the angle ADE is a right angle 
and AD, DC are equal to AD, DE, each to each ; therefo 
AE. AC are equal, and A is the pole of BC, by def. 1. 
Q. E. D. 


PROP. IV. Fio. z. 


N iſoſceles ſpherical triangles, the angles at the baſe 
are equal. 


Let ABC be an ifoſceles triangle, and AC, CB the equal 
tides; the angles BAC, ABC, at the bafe AB, are equal. 5 


Let 
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De Let D be the centre of the ſphere, and join DA, DB, 
J. ad DC; in DA take any point E, from which draw, in the plane 
Car ADC, the ſtraight line EF at right angles to ED meeting CD 
conſe ] in F, and draw, in the plane ADB, EG at right angles to the 


ſame ED; therefore the rectilmeal angle FEG is (6. def. 11.) 
the inclination of the planes ADC, ADB, and therefore is 
the ſame with the ſpherical angle BAC: From F draw FH 
perpendicular to DB, and from H draw, in the plane ADB, 
the ſtraight line HG at right angles ro HD meeting EG in 
G, and join GF. Becauſe DE is at right avgles to EF and 
EG, it is perpendicular to the plane FEG, (4. 11.) and there- 
fore the plane FEG is perpendicular to the plane ADB, in 
which DE is: (18. 11.) In the fame manner the plane FHG 
is perpendicular to the plane ADB; and therefore GF the 
common ſection of the planes FEG, FHG is perpendicular 
to the plane ADB; (19. 11.) and becauſe the angle FHG is 
the inclination of the planes BDC, BDA, it is the ſame with 
the ſpherical angle ABC; and the ſides AC, CB of the ſphe- 
rical triangle being equal, the angles EDF, HDF, which 
ſtand upon them at the centre of the ſphere, are equal; and 
in the triangles EDF, HDF, the fide DF is common, and the 
angles DEF, DHF are right angles; therefore EF, FH are e- 
qual; and in the triangles FEG, FHG the fide GF is com- 
mon, and the ſides EG, GH will be equal by the 47. 1. and 
therefore the angle FEG is equal to FHG; (8. 1.) that is, the 
ſpherical angle BAC is equal to the ſpherical angle ABC. 


f. 


Har te 
ng F, in a ſpherical triangle ABC, two of the angles 
- BAC, ABC be equal, the ſides BC, AC oppoſite to 


them, are equal. 


Read the conſtruction and demonſtration of the preceding 
propoſition, unto the words, “and the ſides AC, CB,” &c. 

baſe and the reſt of the demonſtration will be as follows, v. 
And the ſpherical angles BAC, ABC, being equal, the 
reQilineal angles FEG, FHG, which are the ſame with them, 
are equal; and in the triangles FGE, FGH the angles at G 
are right angles, and the fide FG oppoſite to two of the _ 
angles 
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angles is common; therefore (26. 1.) EF is equal to FH; and 

in the right angled triangles DEF, DHF the OED DF is a 
mon ; wherefore (47. 1.) ED is equal to DH, and the angles 
EDF, HDF, are therefore equal, (4. 1.) and conſequently the 
ſides AC, BC of the ſpherical triangle are equal. 


PROP. VI. Fic. 4. 


Ny two ſides of a ſpherical triangle are greater 
42 the third. 


Let ABC be a ſpherical triangle, any two ſides AB, BC will 
be greater than the other ſide AC. 

Let D be the centre of the ſphere ; join DA, DB, DC. 

The ſolid angle at 2 is contained by three plane angles, 
ADB, ADC, BDC; and by 20. 11. any two of them ADB 
BDC are greater han the third ADC ; that is, any two fides 
AB, BC of the ſpherical triangle ABC, are greater than the 
third AC. 


PROP. VII. Fic. 4 


HE three ſides of a ſpherical triangle are leſs 
than a circle. 


Let ABC be a ſpherical triangle as before, the three ſides 
AB, BC, AC are leſs than a circle. 

Let D be the centre of the ſphere : The ſolid angle at D is 
contained by three plane angles BDA, BDC, ADC, which to- 
gether are leſs than four right angles, (21. 11.) therefore the 


{ſides AB, BC, AC together, will be leſs than four quadrants ; 


that is, leſs than a circle. 


PROP. VII. Fic. 5 


N a ſpherical triangle the greater angle is oppoſite 
to the greater fide; and converſely. 


Let ABC be a ſpherical triangle, the greater angle A is op- 

poſed to the greater fide BC. 
Let the angle BAD be made equal to the angle B, and 
then BD, DA will be equal, (5. of this) and therefore AD, 
De 
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DC are equal to BC; but AD, DC are greater than AC, (6. 
of this), therefore BC is greater than AC. that is, the greater 
angle A is oppoſite to the greater ſide BC. The converſe is 
demonſtrated as prop. 19. 1. El. Q. E. D. 


PROP. IX. Fi. 6. 


N any ſpherical triangle ABC, if the ſum of the ſides 
AB, BC, be greater, equal, or leſs than a ſemicircle, 
the internal angle at the baſe AC will be greater, e- 
qual, or leſs than the external and oppoſite BCD ; and 
therefore the ſum of the angles A and ACB will be 
greater, equal, or leſs than two right angles. 


Let AC, AB produced meet in D. 

1. If AB, BC be equal to a ſemicircle, that is, to AD, BC, 
BID will be equal, that is, (4. of this) the angle D, or the an- 
gle A will be equa] to the angle BCD. 

2 If AB, BC together be greater than a ſemicircle, that is, 
greater than ABD, BC will be greater than BD; and there- 
fore (8. of this) the angle D, that is, the angle A, is greater 
than the angle BCD | 

3. In the ſame manner is it ſhown, that if AB, BC together 
be leſs than a ſemicircle, the angle A is lefs than the angle 
BCD. And fince the angles BCD, BCA are equal to two 
right angles, if the angle A be greater than BCD, A and ACB 
together will be greater than two right angles. If A be equal 
io BC, A and ACB together will be equal to two right an- 
gles; and if A be leſs than BCD, A and ACB will be leſs 
than two right angles. Q E. D. 


DP. X. Fig. 7. 


F the angular points A, B, C of the ſpherical trian- 
gle ABC be the poles of three great circles, theſe 
great circles by their interſections will form another 
triangle FDE, which is called ſupplemental to the 
former; that is, the ſides FD, DE, EF are the ſup- 
I 2 plements 


SPHERICAL TRIGONOMETRY, 


plements of the meaſures of the oppoſite angles C,B, A, 


of the triangle ABC, and the meaſures of the an gles 
F, D, E of the triangle F DE, will be the 9 
of the ſides AC, BC, BA, in the triangle ABC. 


Let AB produced meet DE, EF in G. M, and AC meet FD, 
FE in K, L, and BC meet FD, DE in N, H. 

Since A is the pole of FE, and the circle AC paſſes through 
A, EF will paſs through the pole of AC, (4 . 1. Th.) and 
ſince AC paſſes through C. Thi pole © 2 FD will paſs 
through the pole of AC; therefore-the pole of AC is in the 
point F, in which the arches DF, EF interſect each other. In 
the ſame manner, Dis the pole of BC, and E the pole of AB, 

And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML tope. 
ther, are equa) to a ſemicircle. But ſince A is the pole of ML, 


ML is the meature of the angle BAC, conſequently FE is the 
ſupplement of the meaſure of the angle BAC. 


In the ſame 
manner, ED, DF are the ſupplements of the meaſures of the 
angles ABC, BCA. 

Since lik-wiſe CN, BH are quadrants, CN, BH together, 
that is, NH, BC together are equal to a ſemicircle ; and ſince 
D is the pole of Nu, NH is the meaſure of the angle FDE, 
therefore the meaſure of the anple FDE is the ſupplement of 
the fide BC. In the ſame manner, it is ſhown that the mea- 
ſures of the angles DEF, EFD are the ſupplements of the fades 
AB, AC, in the triangle ABG. Q. E. D | 


PROP. XI. FIG. 7 


HE three angles of a ſpherical triangle are great- 
er than two-ight angles, and leis than fix right 
angles. 


The meaſures of the angles A, B, C, in the triangle ABC, 
together with the three des of the ſupplemental triangle DEF, 
are (10. of this) equal to three ſemicircles; but the three ſides 
of the triangle FDE, are (7. of this) leſs than two ſemicircles; 

therefore 
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therefore the meaſures of the angles A, B, Care greater than 
a ſemicircle ; and hence the angles A, B, C are greater than 
twa right angles. ; 1s AJ | 

All the external and internal angles of any triangle are equal 
to ſix right angles; therefore all the internal angles are leſs 
than ſix right angles. | 


PROP At” Fio.'s. 


F from any point C, which is not the pole of the 
great circle ABD, there be drawn arches of great 
circles CA, CD, CE, CF, &c. the greateſt of theſe is 
CA, which paſſes through H the pole of ABD, and 
CB the remainder of ACB 1s the leaſt, and of any o- 
thers CD, CE, CF, &c. CD, which is nearer to CA, is 
greater than CE, which 1s more remote. 


Let the common ſection of the planes of the great circles 
ACB, ADB be AB; and from C, draw CG perpendicular to 
AB, which will alſo be perpendicular to the plane AUB; (4. 
def. 11.) join GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the ſtraight lines drawn from G to the circumference 
ADB, GA is the greateſt, and GB the leait ; (7. 3.) and GD 
which is nearer to GA is greater than GE, which is more 
remote. The triangles CGA, CGD are right angled at G, 
and they have the common (ide CG; therefore the ſquares of 
CG, GA together, that is, the ſquare of CA, is greater than 
the ſquares of CG, GD together, that is, the ſquare of CD; 
and CA is preater than D, and therefore the arch CA is 
greater than CD. In the fame manner, ſince GD 1s prearer 
than GE, and GE than GF, &c. it is ſhown that CD is 
greater than CE, and CE than CF, &c. and conſequently, the 
arch CD greater than the arch CE, and the arch CE greater 
than the arch CF, &c. And fince GA is the greateſt, and GB 
the leait of ail the ſtraight lines drawn from G to the circum- 
ference ADB, it is manifeſt that CA is the greateſt, and CB 
the leaſt of all the ſtraight lines drawn from C to the circum- 
ference ; and therefore the arch CA is the greateſt, and CB 
the leaſt of all the circles drawn through C, meeting ADB. 
E. D. | 


1 i 2 PROP. 
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PROP, XIII. Fic. g. 


N a right angled ſpherical triangle the ſides are of 
the ſame affection with the oppoſite angles; that 

is, if the ſides be greater or leſs than quadrants, the 
oppoſite angles will be greater or leſs than right angles. 


Let ABC be a ſpherical triangle right-angled at A, any ſide 
AB, will be of the ſame affection with the oppolite angle ACB. 

Caſe 1. Let AB be leſs than a quadrant, let AE be a qua- 
drant, and let EC be a great circle paſling through E, C. 
Since A is a right angle, and AE a quadrant, E is the pole 
of the great circle AC, and ECA a right angle; but ECA is 
greater than BCA, therefore BCA is leſs than a right angle, 
E. D. 
Caſe 2. Let AB be greater than a quadrant, make AE a qua- 
drant, and let a great circle paſs through C, E, ECA is a right 
angle as before, and BCA 1s greater than ECA, that is, greater 
than a right angle. Q. E. D. 


RU AV. 


F the two ſides of a right angled ſpherical triangle be 

of the ſame affection, the hypothenuſe will be leſs 

than a quadrant ; and if they be of different affection, 
the hypothenuſe will be greater than a quadrant. 


Let ABC be a right angled ſpherical triangle, if the two ſides 
AB AC be of the fame or of different affection, the hypothe- 
nuſe BC will be leſs or greater than a quadrant. 

Cale 1. Let AB, AC be each leſs than a quadrant. Let 
AE, AG be quadrants ; G will be the pole of AB, and E the 
pole of AC, and EC a quadrant ; but, by Prop. 12. CE is 

reater than CB, ſince CB is farther off from CGD than CE. 
fn the ſame manner, it is ſhown that CB, in the triangle CBD, 
where the two ſides CD, BD are each greater than a quadrant, 
is leſs than CE, that is, lels than a quadrant, Q. E. D. 8 
ade 
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Caſe 2. Let AC be leſs, and AB 
then the hypothenuſe BC will be greater than a quadrant ; ; for 
let AE be a quadrant, then E is the pole of AC, and EC will 
be a quadrant. But CB is greater than CE by prop. 12. ſince 
AC paſles through the pole of ABD. 2 E. D. 


Po. . 


F the hypothenuſe of a right- angled triangle be 
greater or leſs than a quadrant, the ſides will be of 


different or the ſame affection. 


This is the converſe of the preceding, and demonſtrated in 
the ſame manner, 


PROP. XVI. 


N any ſpherical triangle ABC, if the perpendicular 
1 AD from A upon the baſe BC, fall within the tri- 
angle, the angles B and C at the baſe will be of the 
ſame affection; and if the perpendicular fall without 
the triangle, the angles B and C will be of different 
affection. 


502 


greater than a quadrant ; Fig. 10. 


Let AD fall within the triangle ; then (13. of this) ſince Fig. 11. 


ADB, ADC are right-angled ſpherical triangles, the angles B, 
C mult each be of 175 ſame affection as AD. 
2 Let AD fall without the triangle, then (13. 


angle ACD is of the ſame affection as AD; therefore the angle 
ACB and AD are of different affection, and the angles B and 
ACB of different affection. 

Cor. Hence if the angles B and C be of the ſame affection, 
the perpendicular will fall within the bafe ; for, if it did not, 
(16. of this) Band C would be of different affection. 


the angles B and C be of oppoſite. affection, the perpendicular 
will fall without the triangle; for, if it did not, (16. of this), 
the angles B and C would be of the ſame affection, contrary to 
the ſuppoſition. 


And if 


of this) the pig. 12. 
angle B is of the ſame affection as AD; and by the ſame the 


Foz 
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PROP. XVII. Fic. 13. 


of the fides about the right angle, 1s to the radius 
of the ſphere, as the tangent of the remaining fide is 
to the tangent of the angle oppoſite to that fide. 


T*: right-angled ſpherical triangles, the ſine of either 


Let ABC be a trianole, having the right angle at A; and 


let AB be either of the fides, the ſine of the fide AB will be 


to the radius, as the tangent of the other fide AC to the tan. 
gent of the angle ABC, oppoſite to AC. Let D be the cen. 
tre of the ſphere ; join AD, BD, CD, and let AE be drawn 
perpendicular to BD, which therefore will be the fine of the 
arch AB, and from the point E, let there be drawn in the 
plane BDC the ſtraight line EF at right angles to BD, meeting 
DC in F, and let AF be joined. Since therefore the ſtraight 
line DE. is at right angles to both EA and EF, it will alſo be 
at right angles to the plane AEF, (4. 11.) wherefore the plane 
ABD, which paſles through DE, is perpendicular to the plane 
AEF, (18. 11.) and the plane AEF perpendicular to ABD : The 
plane ACD or AFD is alſo perpendicular to the ſame ABD: 
Therefore the common ſection, viz. the ſtraight line AF, is at 
right angles to the plane ABD: (19. 11.) And FAE, FAD are 
right angles; (3. def. 11.) therefore AF is the tangent of the 
arch AC ; and in the rectilineal triangle AEF, having a right 


angle at A AE will be to the radius as AF to the tangent of the 


angle AEF, (i. Pl. Tr.) ; but AE is the fine of the arch AB, 
and AF the tangent of the arch AC, and the angle AEF is the 
inclinat on of the planes CBD, ABD, (6. def. 11.) or the ſphe- 
rical angle ABC: Iherefore the fine of the arch AB is to the 
rarlius as the tangent of the arch AC, to the tangent of the 
opp ſire angle ABC. 
CR. 1. It therefore of the two files, and an angle oppo- 
fire to one of them, any two be given, the third will alſo be 
wen 
$ Cor. 2. And fince by this propoſition the fine of the ſide 
AB is to the radius, as the tangent of the other fide AC ro the 
tangent 
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tangent of the angle ABC oppoſite to that fide ; and as the 
radius is to the co-tangent of the angle ABC, fo is the tangent 
of the ſame angle ABC ro the radius, (Cor. 2. def. PI. Fr.) 
by equality, the finevof the (ide AB is to the co-tangent of the 
angle ABC adjacent to it, as the tangent of the other five AC 
to the radius. | 


PROP. XVII. Fits. 13. 


N right angled ſpherical triangles the fine of the hy- 
pothenuſe is to the radius, as the fine of either fide 
is to the ſine of the angle oppolite to that fide. 
| 


Let the triangle ABC be right-angled at A, and let AC be 
either of the fides ; the fine of the hypothenuſe BC will be to 
the radius as the fine of the arch AC is to the fine of the angle 
ABC. 

Let D be the centre of the ſphere, and let CG be drawn per- 
pendicular to DB, which will therefore be the ſine of the hy- 
pothenuſe BC; and from the point G let there be drawn in the 
plane ABD the ſtraight line GH perpendicular to DB, and let 
CH be joined : CH will be at right angles to-the plane ABD, as 
was ſhown in the preceding propoſition of the ſtraight line FA: 
Wherefore CHD, CHG are right angles, and CH is the {ine of 
the arch AC; and in the triangle CG, having the right angle 
CHG, CG is to the radius as CH to the line of the angle 
CGH: (1. PI. Tr.) But fince CG, HG are at right angles to 
DGB, which is the common ſection of the planes CBD, ABD, 
the angle CGH will be equal to the inclination of theſe planes z 
(6. def, 11.) that is, to the ſpherical angle ABC. The fine, 
therefore, of the hypothenuſe CB is to the radius as the fine of 
the fide AC is to the fine of the oppoſite angle ABC. Q., E D. 

Cor. Of theſe three, viz. the hypothenuſe, a fide, and the 
angle oppoſite to that fide, any two being given, the third is 
alſo given by prop. 2. | 
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PROP, XIX F16. 14. 


N right-angled ſpherical triangles, the co-fine of 

the hy pothenuſe is to the radius as the co-tangent 

of either of the angles is to the tangent of the remain- 
ing angle. 


Let ABC be a ſpherical triangle, having a right angle at A, 
the co- ſine of the hypothenuſe BC will be to the radius as the 
co- tangent of the angle ABC to the tangent of the angle ACB. 

Deſcribe the circle DE, of which B 1s the pole, and let it 
meet AC in F and the circle BC in E; and ſince the circle BD 
paſſes through the pole B of the circle DF, DF will alſo paſs 
through the pole of BD. (13. 18. 1. Theod.-ſph.) And ſince 
AC is perpendicular to BD, AC will alſo paſs through the pole 


of BD; wherefore the pole of the circle BD will be found in 


the point where the circles AC, DE meer, that is, in the point 
F: The arches FA, FD are therefore quadrants, and likewiſe 
the arches BD, BE : In the triangle CEF, right-angled at the 
point E. CE is the complement of the hypothenuſe BC of the 
triangle ABC, EF is the complement of the arch ED, which is 
the meaſure of the angle ABC, and FC the hypothenuſe of the 
triangle CEF, is the complement of AC, and the arch AD, 
which is the meaſure of the angle CFE, is the complement of 
AB. 

But (17. of this) in the triangle CEF, the fine of the ſide 
CE is to the radius, as the tangent of the other ſide is to the 
tangent of the angle ECF oppoſite to it, that is, in the triangle 
ABC, the co-ſine of the hypothenuſe BC is to the radius, as 
the co-tangent of the angle ABC is to the tangent of the angle 
ACB. Q. E. D. | 

Cor 1. Of theſe three, viz. the hypothenuſe and the two 
angles, any two being given, the third will alſo be given. 

Cor. 2. And fince by this propoſition the co-line of the 
hypothenuſe BC is to the radius as the co-tangent of the 
angle ABC to the tangent of rhe angle ACB. But as the ra- 
dius is to the co-tangent of the angle ACB, fo is the tangent 
of the fame to the radius; (Cor. 2. def. Pl. Tr.) and, ex 
æquo, the co-{ine of the hypothenuſe BC is to the co-tangent 
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of the angle ACB, as the co-tangent of the angle ABC to the 
radius, | | 


PROP. XX. Ft6. 14. 


N right-angled ſpherical triangles, the co- ſine of an 

angle is to the radius, as the tangent of the ſide ad- 

jacent to that angle is to the tangent of the hypothe- 
nuſe. 


The ſame conſtruction remaining: in the triangle CEF, 
(17. of this) the ſine of the ſide EF is to the radius, as the 
tangent of the other {ide CE is to the tangent of the angle CFE 
oppoſite to it; that is, in the triangle ABC, the co- ſine of the 
angle ABC is to the radius as (the co-tangent of the hypo the- 
nuſe BC to the co- tangent of the ſide AB, adjacent to ABC, or 
as) the tangent of the fide AB to the tangent of the hypothe. 
nuſe, ſince the tangents of two arches are reciprocally propor- 
tional to their co-tangents. (Cor 1. def. Pl. ir.) 

Cor. And ſince by this propoſition the co. ſine of the angle 
ABC is to the radius, as the tangent of the ſide AB is to the 
tangent of the hypothenuſe BC; and as the radius is to the co. 
tangent of BC, ſo is the tangent of BC to the radius; by e- 
quality, the co-ſine of the angle ABC will be to the co. tangent 
of the hypothenuſe BC, as the tangent of the ſide AB, adjacent 
to the angle ABC, to the radius, 


PROP. XXI. Fis. 14. 


N right-angled ſpherical triangles, the co- ſine of ei- 
[ ther of the fides is to the radius, as the co-ſine of 
the hypothenuſe is to the co- ſine of the other ſide. 


The ſame conſtruction remaining; in the triangle CEF, the 
ſine of the hypothenuſe CF is to the radius, as the ſine of the 


ſide CE to the ſine of the oppoſite angle CFE; (18. of this) 
that is, in the triangle ABC the co: ſine of the fide CA is to the 


radius as the co fine of the hypothenuſe BC to the co- ſine of 
the other ſide BA. Q. E. D. | 


PROP. 
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PROP. XXII. Fic. 14. 


N right-angled ſpherical triangles, the co-fine of ei- 
ther of the ſides is to the radius, as the co-ſine of 
the angle oppoſite to that ſide is to the ſine of the o- 


ther angle, 


The ſame conſtruction remaining; in the triangle CEF, the 
fine of the hy pothenuſe CF is to the radius as the fine of the 
tide EF is to the line of the angle ECF oppoſite to it; that is, 
— the 1 ABC, the co-fine of the fide CA is to the ra: 

ius, as the co-ſme of the angle ABC o te to it, is to th 
five of the other angle. Q. E. D. py . 
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Of the CIRCULAR PARTS. 


307 


[FF any right-angled ſpherical triangle ABC, the complement Fig. 15. 


of the hypothenuſe, the complements of the angles, and the 
two ſides are called The circular parts of the triangle, as if it 
were following each other in a circalar order, from whatever 
part we begin : Thus, if we begin at the complement of the 
hypothenuſe, and proceed towards the fide BA, the parts fol- 
lowing in order will be the complement of the hypothenuſe, the 
complement of the angle B, the fide BA the fide AC, (for the 
right angle at A is not reckoned among the parts), and, laſtly, 
the complement of the angle C. And thus at whatever part we 
begin, if any three of theſe five be taken, they either will be 
all contiguons or adjacent, or one of them will not be conti- 
nous to either of the other two: In the firſt caſe, the part 
which is between the other two is called the Middle part, and 
the other two are called Atjacent extremes. In the ſecond caſe, 
the part which is not contiguous to either of the other two is 
cailed the Middle part. and the other two Oppoſite extremes. 
For example, if the three parts be the complement of the hy- 
pothenuſe BC, the complement of the angle B, and the {ide 
BA; ſince theſe three are contiguous to each other, the com- 
plement of the angle B will be the middle part, and the com- 


plement of the hypothenuſe BC and the fide BA will be adjacent 


extremes : Bur if the complement of the hypothenuſe BC, and 
the ſides BA, AC be taken ; fince the complement of the hypo- 
thenuſe is not adjacent to either of the fides, viz. on account 
of the complements of the two angles B and C intervening be. 
tween it and the ſides, the complement of the hypothenuſe BC 
will be the middle part, and the ſides, BA, AC oppoſite ex- 
tremes. The moſt acute and ingenious Baron Napier, the in. 
ventor of Logarithms, contrived the two following rules con- 
cerning theſe parts, by means of which all the caſes of right- 
angled ſpherical triangles are reſolved with the greateſt eaſe. 


RU LX I. 


The rectangle contained by the radius and the ſine of the 
| middle 
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middle part, is equal to the rectangle contained by the tangents 
of the adjacent parts. 


RU LEI, 


The rectangle contained by the radius, and the fine of the 
middle part is equal to the rectangle contained by the co. 
ſines of the oppoſite parts. Nan 


Theſe rules are demonſtrated in the following manner. and 


Firſt, Let either of the ſides, as BA, be the middle part, and right a 
therefore the complement of the angle B, and the ſide AC wil 
be adjacent extremes. And by Cor. 2. prop. 17. of this, 8, BA In the f 
is to the Co T, B, as T, AC is to the radius, and therefore ding 
RxS, BASCo T, BxT, AC. be de 

The ſame ſide BA being the middle part, the complement of ted, 
the hypothenuſe, and the complement of the angle C, are op- in pr 
polite extremes; and by prop. 18. S. BC is to the radius, as 8, 
BAtoS, G; therefore RxS, BASS. BCxS, C. Caſe 

Secondly, Let the complement of one of the angles, as B, be(— 
the middle part, and the complement of the hypothenuſe, and 8 
the ſide BA will be adjacent extremes: And by Cor. prop. 20, 

Co-S Bis to C T. BC, as T, BA is to the radius, and there-M|— 
fore RxCo-S B==Co-T, BCxT, BA. 2 |: 

Again, Let the complement of the angle B be the middle |—]- 
part, and the complement of the angle C, and the fide AC will 
be oppoſite extremes: And by prop. 22. Co-S, AC is to the ra- 3 
dius, as Co-S, Bis to S, C: And therefore RxCo-S, Bz==Co-S, ll |— 
Ans, C: 

1 hirdly, Let the complement of the hypothenuſe be the mid. 
dle part, and the complements of the angles B. C, will be adja- 4 || 
cent extremes: But by Cor. 2. prop. 19. Co-S, BC is to Co. T, 
Bas Co T B to the radius: Therefore RxCo-S, BC Co- T, 
. — 

Again. Let the complement of the hypothenuſe be the mid. 
dle part, and the ſides AB, AC will be oppoſite extremes: But 
by prop. 21. Co-S, AC is to the radius. Co-S, BC to Co-S, 5 
BA; therefore RxCo-S, BC=Co-S, BAxCo-S, AC. Q. E D. 


SOLU. 6 


SPHERICAL TRIGONOMETRY. 


SOLUTION of the Sixteen Cas Es of right- 
angled Spherical Triangles. 


GENERAL PROPOSITI ON. 


Na right-angled ſpherical triangle, of the three ſides 
and three angles, any two being given, beſides the 
right angle, the other three may be found. 


In the following Table the ſolutions are derived from the prece- 


ding propoſitions. 


It is obvious that the fame ſolutions may 


be derived from Baron Napier's two rules above demonſtra- 
ted, which, as they are eaſily remembered, are commonly uſed 
in practice, 


Caſe Given | Sought 
1 Jene FS; Cr Gos;BrAndBis 
1 JAG, CB of the ſame ſpecies with CA, by 22. and 1 2 
2 | AC, BIC Cod, AC: R 1 Co; B: 8, C: By 22 
„ Od Boe Re CoB lCi-By 25 00d 
3 |S. & 43% AC is. of the ſame ſpecies with B. 13. 
R: Cos, BA :: Cos, AC: CoS, BC. 21. and 
it both BA, AC be greater or leſs than a 
4 BA, AC] BC |quadrant, BU will be leſs than a quadrant. 
But if they be ot different affe ction, BC 
will be greater thau a quadrant. 1 4. 
: Cos, BA: R:: Cos, BC: Cos, AC. 21. 
and if BC be greater or leſs than a qua 
5 Ba, BC AC drant, BA, AC will be of different or the 
| ſame affection ; By 15, 
8, BA : R T CA: T, B. 17. and B is 
6 A. ALB of the ſame affection with AC, 13. Sal 


n:! A 
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Given 


Sought 


10 


11 


„ 


BA, B 


ö \ 


AC 


— — — n — 


— 


R: 8, BA:: T. B: T, AC. r7. And AC 
is of the ſame affection with B. 13. | 


— 


BA 


7, B: R: T. CA: S, BA. 17. 


AC, C 


AC 


R: Cos, C:: T, BC: T, CA. 20. If BChe 
leſs or greater than a quadrant, C and BR 
will be of the ſame or different affection. 
18. 13. 


BC 


CoS. C: R:: T, AC: T, BC. 20. And BC 
is leſs or greater than a quadrant, accord. 
ing as C and AC or C and B are of the 
ſame or different affection. 14. 1. 


R: S, BC :: S,. B: S, AC. 18. And AC 


T BC: R:: I, CA: Cos, C. 20. If BC 
be leſs or greater than a quadrant, CA 
and AB, and therefore CA and C, are 
of the ſame or different affection. 15. 


— — — — — 


is of the ſame affection with B. | 


— 


8, B: 8, AC :: R: 8, BC: 18. 


S, BC: R:: 8, AC: 8, B: 18, And B is 
of the ſame affection with AC. 


Zreater or leſs than a quadrant. 14. 


T, C: R.: CoT, B: Cos, BC. 19. And 
according as the angles B and C are of 
different or the ſame affection, BC will be 


R : CoS, BC : T, C: CoT, B. 19. If BC 
be leſs or greater than a quadrant, C and B 


will be of the ſame or different affection. 15. 
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The ſecond, eighth, and thirteenth caſes, which are common- 
—— Zy called ambiguous, admit of two ſolutions ; For in theſe it is 
not determined whether the ſide or meaſure of the angle ſought 
d AC be greater or leſs than a quadrant, 


PROP. XXIII. Fic. 16. 


N ſpherical triangles whether right angled or o- 
blique angled, the fines of the ſides are proportional 
to the ſines of the angles oppoſite to them. 


Firſt, Let ABC be a right-angled triangle, having a right 
angle at A; therefore by prop. 18. the ſine of the hypothenuſe 
BC is to the radius (or the fine of the right angle at A) as the 
— ſne of the fide AC to the ſine of the angle B. And in like man- 
1d BY ner, the fine of BC is to the (ine of the angle A, as the line of 
ord- AB to the fine of the angle C; wherefore (11. 5) the fine of 
t the the fide AC is to the fine of the angle B, as the line of AB to 

the ſine of the angle C. 

— Secondly, Let BCD be an oblique angled triangle, the fine pig. 17. 18, 
BC of either of the ſides BC, will be to the foe of either of the o- 

CAE ther two CD, as the ſine of the angle D oppoſite to BC is to 
„are the (ine of the angle B oppoſite to the fide CD. Through the 

point C, let there be drawn an arch of a great circle CA per- 
— | pendicular upon BD; and in the right-angled triangle ABC 
(18. of this) the fine of BC is to the radius, as the fine of AC 
to the ſine of the angle B; and in the triangle ADC (by 18. of 
© this :) And, by inverſion, the radius is to the fine of DC as the 
— © {ine of the angle D to the line of AC: Therefore ex æquo per- 
turbate, the ſine of BC is to the ſine of DC, as the ſine of the 
angle D to the ſine of the angle B. Q., E. D. 


. PR OP. XXIV. Fi. 17. 18. 


N oblique angled ſpherical triangles having drawn a 
perpendicular arch from any of the angles upon the 
And N oppoſite ſide, the co-fines of the angles at the baſe are 

e ot proportional to the fines of the yerticle angles, 


512 


SPHERICAL TRIGONOMETRY. 


Let BCD be a triangle, and the arch CA perpendicular to 
the baſe BD; the co-fine of the angle B will be to the co-fine 
of the angle D, as the fine of the angle BCA to the fine of the 
angle DCA. 

or by 22. the co-ſine of the angle B is to the ſine of the 
angle BCA as (the co fine of the fide AC is to the radius; that 
is, by Prop. 22. as) the co- ſine of the angle D to the ſine of the 
angle DCA; and, by permutation, the co fine of the angle B 
is to the co-line of the angle D, as the fine of the angle BCA 
to the {ine of the angle DCA. A E. D. 


PROP. XXV. Fic. 17. 18. 


HE ſame things remaining, the co- ſines of the ſides 
BC, CD, are proportional to the co-fines of the 
baſes BA, AD. 


For by 21. the co- ſine of BC is to the co ſine of BA, as (the 
co-ſine of AC to the radius; that is, by 21. as) the co. ſine of 
CD is to the co-ſine of AD : Wherefore, by permutation, the 
co ſines of the ſides BC. CD are proportional to the co- ſines of 
the baſes BA, AD. QE. D. 


PROP. XXVI. Pts. 17. 18. 


HE ſame conſtruction remaining, the ſines of the 
baſes BA, AD are reciprocally proportional to the 
tangents of the angles B and D at the baſe. 


For by 17. the fine of BA is to the radius, as the tangent 
of AC to the tangent of the angle B; and by 17. and inverſion 
the radius is to the ſine of AD, as the tangent of D to the tan- 
gent of AC: Therefore ex æquo perturbate, the fine of BA is 
to the ſine of AD, as the tangent of D to the tangent of B. 
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PROP. XXVII. Fic. 17. 18. 


FH co- ſines of the vertical angles are reciprocally 
proportional to the tangents of the ſides. 


For by prop. 20. the co- ſine of the angle BCA, is to the ra- 
dius as the tangent of CA is to the tangent of BC; and by the 
ſame prop. 20. and by inverſion, the radius is to the co-(ine of 
the angle DCA, as the tangent of DC to the tangent of CA : 
Therefore, ex æquo perturbate, the co-fine of the angle BCA 
is to the co (ine of the angle DCA, as the tangent of DC is to 
the tangent of BC, Q. E. D. 


LEMMA. F16. 19. 20. 


N right-angled plain triangles, the hypothenuſe is to 
the radius, as the exceſs of the hypothenuſe above 
either of the ſides to the verſed fine of the acute angle 
adjacent to that fide, or as the ſum of the hypothe- 
nuſe, and either of the ſides to the verſed fine of the 
exterior angle of the triangle. 


Let the triangle ABC have a right angle at B; AC will be 
to the radins as the exceſs of AC above AB, to the verſed fine 
of the angle A adjacent to AB; or as the ſum of AC, AB to 
the verſed ſine of the exterior angle CAK. 

With any radins DE, let a circle be deſcribed, and from D 
the centre let DF be drawn to the circumference, making the 
angle EDF equal to the angle BAC, and from the point F, let 
FG be drawn perpendicular to DE : Let AH, AK be made e- 
qual to AC, and DL to DE: DG therefore is the co- ſine of 
the angle EDF or BAC, and GE its verſed fine : And becauſe 
of the equiangular triangles ACB, DFG, AC or AH is to DF 
or DE, as AB to DG : Therefore (19. 5.) AC is to the radius 
DE as BH to GE, the verſed fine of the angle EDF or BAC : 
And ſince AH is to DE, as AB to DG, (12. 5.) AH or AC 
will be to the radius DE as KB to LG, the verſed fine of the 
angle LDF or KAC. Q. E. D | 


Tk PROP. 


1 
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" R O P. XXVIII. Fis. 21. 22. 


N any ſpherical triangle, the rectangle contained by 
the fines of two ſides, is to the ſquare of the radius, 

as the exceſs of the verſed ſines of the third ſide or 
baſe, and the arch, which is the exceſs of the ſides, 
is to the verſed ſine of the angle oppoſite to the baſe. 


Let ABC be a ſpherical triangle, the rectangle contained by 
the ſines of AB, BC will be to the ſquare of the radius, as the 
exceſs of the verſed ſines of the baſe AC, and of the arch, 
which is the exceſs of AB, BC to the verſed fine of the angle 
ABC oppoſite to the baſe. | 

Let D be the centre of the ſphere, and let AD, BD, CD he 
joined, and let the fines AE, CF, CG of the arches AB, BC, 
AC be drawn; let the fide BC be greater than BA, and let BH 
be made equal to BC: AH will therefore be the exceſs of the 
ſides BC, BA; let HK be drawn perpendicular to AD, and 
ſince AG is the verſed fine of the baſe AC, and AK the verſed 
fine of the arch AH, KG is the exceſs of the verſed fines of the 
baſe AC, and of the arch AH, which is the exceſs of the ſides 
BC. BA: Let GL likewiſe be drawn parallel to KH, and let 
it meet FH in L, let CL, DH be joined, and let AD, FH meet 
each other in M. | 

Since therefore in the triangles CDF, HDF, DC, DH 
are equal, DF is common, and the angle FDC equal to the 
angle FDH, becauſe of the equal arches BC, BH, the baſe 
HF will be equal to tlie baſe FC, and the angle HFD equal 
to the righ! angle CFD: The ſtraight line DF therefore (4. 
11.) is at right angles to the plane CFH: Wherefore the plane 
CFH is at right angles to the plane BDH, which paſſes through 
DF. (18. 11.) In like manner, ſince DG is at right angles to 
both GC and GL, DG will be perpendicular to the plane 
CGL ; therefore the plane CGL is at right angles to the plane 
BDH, which paſſes through DG: And it was ſhown, that the 
plane CFH or CFL was perpendicular to the fame plane 
BDH ; therefore the common ſection of the planes CFL, 
CGL, viz. the ſtraight line GL, is perpendicular to the plane 
BDA, (19. 11.) and therefore CLF is a right angle : In the 
triangle CFL having the right angles CLF, by the lemma CF 
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is to the radius as LH, the exceſs, viz. of CF or FH above 
FL, is to the verſed fine of the angle CFL ; but the angle 
CFL is the inclination of the planes BCD, BAD, ſince FC, 
FL are drawn in them at right angles to the common ſection 
BF : The ſpherical angle ABC is therefore the ſame with the 
angle CFL ; and therefore CF is to the radius as LH to the 
verſed ſine of the ſpherical angle ABC; and ſince the triangle 
AED 1s equiangular (to the triangle MFD, and therefore) to 
the triangle MGL, AE will be to the radius of the ſphere AD, 
(as MG to ML; that is, becauſe of the parallels as) GK to LH: 
The ratio therefore which is compounded of the ratios of AE 


to the radius, and of CF to the ſame radius; that is, (23. 6.) 


the ratio of the rectangle contained by AE, CF to the ſquare of 
the radius, is the ſame with the ratio compounded of the ratio 
of GK to LH, and the ratio of LH to the verſed ſine of the 
angle ABC; that is, the ſame with the ratio of GK to the ver- 
ſed fine of the angle ABC; therefore, the reQangle contained 
by AE, CF, the fines of the ſides AB, BC, is to the ſquare of 
the radius as GK, the excels of the verted fines AG, AK, of 
the baſe AC, and the arch AH, which is the excels of the ſides 
to the verſed ſine of the angle ABC oppoſite to the baſe AC, 
A. E. D. 


ROF. . Fi0.: 23. 


HE rectangle contained by half of the radius, 

and the exceſs of the verſed ſines of two arches, 

is equal to the rectangle contained by the ſines of half 
the ſum, and half the difference of the ſame arches. 


Let AB, AC be any two arches, and let AD be made equal 
to AC the leſs; the arch DB therefore is the ſum, and the arch 
CB the difference of AC, AB: Through E the centre of the 
circle, let there be drawn a diameter DEF, and AE joined, and 
CD likewiſe perpendicular to it in G; and let BH be perpendi- 
cular to AE, and AH will be the verſed fine of the arch AB, 
and AG the verſed fine of AC, and HG the exceſs of theſe ver- 
3 ſines: Let BD, BC, BF be joined, and FC alſo meeting 

in K. | 

Since therefore BH, CG are parallel, the alternate angles 


BKC, KCG will be equal; but KCG is in a ſemicircle, and 


K k 2 therefore 
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therefore a right angle; therefore BKC is a right angle; and 
in the triangles DFB, CBK, the angles FDB, BCK, in the ſame 
ſegment are equal, and FBD, BKC are right angles; the tri. 
angles DFB, CBK are therefore equiangular ; wherefore DF is 
to DB, as BC to CK, or HG; and therefore the rectangle con. 
tained by the diameter DF, and HG is equal to that contained 
by DB, BG; wherefore the rectangle contained by a fourth 
part of the diameter, and HG, is equal to that contained by the 
halves of DB, BC: But half the chord DB is the ſine of half the 
arch DAB, that is, half the ſum of the arches AB, AG]; and 
half the chord of BC is the fine of half the arch BC, which i; 
the difference of AB, AC. Whence the propoſition is manifeſt, 


PROP. XXX, Fic. 19. 24. 


HE rectangle contained by half of the radius, 
and the verſed ſine of any arch, is equal to the 
ſquare of the ſine of half the ſame arch. 


Let AB be an arch of a circle, C its centre, and AC, CB, 
BA being joined: Let AB be biſected in D, and let CD be 
joined, which will be perpendicular to BA, and biſect it in E, 
(4. 1.) BE or AE therefore is the ſine of the arch DB or AD, 
the half of AB : Let BF be perpendicular to AC, and AF wil 
be the verſed fine of the arch BA; but, becauſe of the fimila 
triangles CAE, BAF, CA is to AE as AB, that is, twice AE to 
AF; and by halving the antecedents, half of the radius CA is 
to AE the ſine of the arch AD, as the ſame AE to AF the ver. 


ſed ſine of the arch AB. Wherefore by 16. 6. the propoſition 
is manifeſt. 


PROP, XXXI. Fis. 25. 


N a ſpherical triangle, the rectangle contained by 
the ſines of the two ſides, is ta the ſquare of the ra- 
dius, as the rectangle contained by the fine of the arch 
which is half the ſum of the baſe, and the excels 0 
the ſides, and the ſine of the arch, which is half the 


difference of the ſame to the ſquare of the fine of halt 


the angle oppolite to the baſe. 2 


Let 


and 
ſame 
tri. 
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SPHERICAL TRIGONOME TRM. 


be a ſpherical triangle, of which the two ſides are 
. Be, — date Nc and let ts leſs ſide BA be 1 
ſo that BD ſhall be equal to BC : AD therefore is the exceſs 5 
BC, BA; and it is to be ſhown, that the rectangle EP 
by the ſines of BC, BA is to the ſquare of the radius, as = 
rectangle contained by the ſine of half the ſum of AC, os 
and the ſine of half the difference of the ſame AC, AD my 
ſquare of the ſine of half the angle ABC, oppoſite to the baſe 
AC. a 
‚ op. 28. the rectangle contained by the ſines o 
hs ade, B, BA is to the Cannes of the radius, as the exceſs 


of the verſed ſines of the baſe AC and AD, to the verſed ſine 


z that is, (1. 6.) as the rectangle contained by 
N and that i to the rectangle contained * 
half the radius, and the verſed ſine of B; therefore iy. 6 pi 
this), the rectangle contained by the fines of the _ RA 
is to the ſquare of the radius, as the rectangle 2 y * 
ſine of the arch, which is half the ſum of AC, * ; an 12 
{ine of the arch which is half the difference of t : 8 * I 
AD is to the ſquare of the fine of half the angle ABC. Q. E. D. 
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SOLU TION of the twelve Cas Es of oblique. 


angled SPHERI 


CAL TRIANGLES. 


GENERAL PROPOSITION, 


N an oblique-angled ſpherical triangle, of the three 
ſides and three angles, any three being given, the 


other three may be found. 


Fig. 26. 27. | Given | Sovughr 


1 | B, D, and] C. 
BC, two an- 
les and a- 
ide oppoſite 
one of them 


| 


Co 8, BC: R:: Co T, B: T, BCA. 
19. Likewiſe by 24. Co 8, B: 8, BCA: 
Co 8, D: S, DCA; wherefore BC 
's the ſum or difference of the angle 
DCA, BCA according as the perpendi. 
cular CA falls within or without the tri. 
angle BCD; that is, (16. of this,) ac- 


ſame or different affeRion. 


cording as the angles B, D are of the 


2 | B, C, and} D. 
BC two an- 
gles and the 
ide between 
them. 


CoS,BC:R::CoT,B: I, BCA 
19 and alſo by 24. 8, BCA: 8, DC 
: Co 8, B: Co 8, D; and according 
the angle BCA is leſs or greater than 
BCD, the perpendicular CA falls withi 
or without the triangle BCD; and there. 
fore (16. of this,) the angles B,. D wil 
be of the ſame or different affection. 


R: Co 8, B:: T, BC : T, BA. 20. 


DC : Co 8. DA. 25. and BD is the 
ſum or difference of BA, DA. 


and Co 8, BC : Co 8, BA 3: Co J 


R : Co S, B:: 1 BC: T, BA. 
20. and Co 8, BA : Co 8, BC :: Co 8 
DA: Co 8, DC. 25. and according a 
DA, AC are of the ſame or differen 
affection, DC will be leſs or greate 
than a quadrant. 14. 


— —_— 


10 


So 


I1}* 


Mr) > 


ee 


he 


. 
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SPHERICAL TRIGONOMET RT. 
Given. Sought. 


5 | B, D and DB. 
BG. 

6 | BC, BD D. 
and B 

; | Bc, DCC. 
and B. 

8 B, C and Dc. 
BC. 

9 BC, DC D. 
and B. 

10 B, D andIDC. 
BC. 
111. BC, BA, B. 

AC. 
Fig. 25 


accordin 


different affection. 16. 


not of the ſame affection, DC is greater 


R: Co 8, B: : T, BC: T, BA. 20. 
and T. D: T, B: : 8, BA : 8, DA. 26. 


_ BD is the ſom or difference of BA 
A. 


R Co 8, Bro: T, BC: T. BA. 20. 
and 8, DA: S. BA:: T, B: T, D; and 


as BD is greater or leſs thai 
BA, the angles B. D-are of the ſame or 


co 8, BC: R:: Co T, B: T. BCA. 


19 and T, DC : T, BC : Co S, BCA : 
Co 8, DCA. . the ſum or difference of 
the angles BCA, DCA is equal to the an- 
gle BCD. 


Co S, BC R. Co T. B: I, BCA. 
19. alſo by 27. Co 8, DCA : Co S, BCA 
T, BC: J. DC. 27. if DCA and B be 


of the fame affection; that is, (13.) if 
AD and CA be ſimilar, DC will be lef: 
than a quadrant. 14. and if AD, CA 


than a quadrant. 14. 


8, D. S, B. 8, BC. 8, D. 


8, D: 8, BC :: 8, B: 8, DC. 


8, AB x 8, BC : Rg 
K 8, AC—AD : Sg, ABC. See Fig. 25. 


AD being the difference of the ſides BC 


:: 9, AC+ AD 


1 


'' 


BA. 


— „ tl 


SPHERICAL-TRIGONOME TRY. 
Given. Sought, _ 


—_ * — ö 


unn. 


6 See Fig. 7. 

12 A, B, C.| The] In the triangles DEF, DE, EF, FD 
Fig. 7.] ſides. are reſpectively the ſupplements of the 
meaſures of the given angles B, A, C in 
the triangle BAC; the ſides of the tri. 
angle DEF are therefore given, and by 
he preceding caſe the angles D, E, F 
may be found, and the ſides BC, BA, AC 


* are the ſupplements of the meaſures of 
; theſe angles. 


The za, 5th, 7th, gth, roth, caſes, which are commonly call. 
ed ambiguous, admit of two ſolutions, either of which will an. 
ſwer the conditions required ; for, in theſe caſes, the meaſure 
of the angle or ſide * may be either greater or leſs than a 
quadrant, and the two ſolutions will be ſupplements to each o- 
ther. (Cor. to def. 4. 6. PI. Tr.) Fi 

If from any of the angles of an oblique-angled ſpherical tri- 
angle, a perpendicular arch be drawn upon the oppoſite ſide, 
moſt of the caſes of oblique-angled triangles may be reſolved 
by means of Napier's rules. | 
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